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FIELD — AN ANALYTICAL APPROACH
Z. Sun, M. Guo, F. Verhaeghe, J. Vleugels, O. Van der Biest
and B. Blanpain
Department of Metallurgy and Materials Engineering
Katholieke Universiteit Leuven
Kasteelpark Arenberg 44, BE-3001 Heverlee (Leuven), Belgium
Abstract—An analytical approach is developed in the present paper
to investigate the interaction between two non-magnetic particles
migrating in a conductive fluid due to an imposed strong magnetic
field (e.g., 10 Tesla). The interaction between the conductive fluid and
a single particle migrating along the magnetic lines is influenced by the
magnetic field and can be represented by an additional fluid viscosity.
Thus the effective fluid viscosity is discussed and the magnetic field
effect on the particle migrating velocity is examined. For two particles,
two kinds of magnetic forces are induced: namely, the attractive
force due to the magnetisation and the repulsive force caused by the
conductive fluid flow around the non-magnetic particles. The forces
are then evaluated with the consideration of the magnetic field effect
on the particle migration and become significant with the increase
of the magnetic flux density. The counteracting behavior with a
critical particle size of the interparticle magnetic forces is discussed and
compared with different magnetic field densities and gradient values.

1. INTRODUCTION
Magnetic interaction is a very important phenomenon governing the
behavior of materials in a magnetic field. It has been widely recognised
in various research fields, such as magnetic field alignment [1–4],
nanocrystals manipulation [5] and particle separation [6]. In earlier
reports, most are related with ferromagnetic or super-paramagnetic
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materials or with the aid of an additional electrical field [2]. For
non-magnetic particles, the interaction forces are very weak under
ordinary fields, e.g., < 1 T, and thus have normally been neglected.
However, when the magnetic fields are strong enough, e.g., 10 T, the
magnetic interaction forces become significant and the distribution of
non-magnetic particles in a bulk material can therefore be controlled
only using the magnetic field [7]. As well, distinct phenomena can
be observed. For instance, the agglomeration of large non-magnetic
particles (e.g., several tens of µm) is restricted in a gradient magnetic
field with a magnetic field of 10 T, resulting in finer primary crystal
sizes in the metal matrix [8–10] or peculiar particle alignments [7]. The
phenomena become more obvious in stronger magnetic fields [7, 10].
In a strong magnetic field of around 10 T, both magnetic and nonmagnetic particles, even in sub-micrometer size, in a conductive liquid
can be aligned to a magnetically preferred orientation [11–13]. Their
assembly morphologies reveal non-negligible interactions between the
particles or the growing grains [12]. When the magnetic field exhibits
a high gradient, the particles are migrating in the conductive liquid
concurrently with their assembling and a local magnetic dipole would
be generated with cutting of the magnetic field lines by the pushed
liquid in front of each particle [14, 15]. An interparticle interaction
due to the conductive fluid flow occurs in parallel with the magnetic
dipole-dipole attractive force along the magnetic field direction. Some
experimental results have already indicated the presence of this
force [10]. However, the magnetic interaction forces are usually in
very small magnitudes which make experimental validation difficult.
In such cases, mathematical modeling and analytical calculation
can offer a complementary solution for the interpretation and provide
direct or intuitional descriptions.
Meanwhile, two dimensional
analytical calculations have been considered as a very useful tool
during magnet design and magnetic field processing [16]. Information
such as magnetic field distribution, interaction between the field and
materials can be easily obtained [16, 17]. For interparticle magnetic
forces, the magnetic dipole-dipole attractive force has been well
understood and measured under different conditions both analytically
and experimentally by means of ferromagnetic materials [18, 19].
However, limited work has been carried out on the interparticle force
due to a conductive melt flow [11, 12]. Therefore, an analytical model
was proposed in our previous work [14].
Here a follow-up of our previous research is presented [14, 15]. In
this study, an analytical calculation is carried out to describe the nonmagnetic particle-particle interaction behaviors in a conductive fluid
induced by a strong magnetic field with a high magnetic field gradient.
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A specific case of alumina particles migrating in an aluminum melt is
considered. Two kinds of interparticle forces, namely, the attractive
force due to the magnetisation and the repulsive force caused by the
fluid flow around the alumina particles are considered. To perform the
calculation, the interaction of the conductive fluid and a single particle
migrating along the magnetic lines is evaluated which is represented
by and additional fluid viscosity. At the same time, the influence of
magnetic fields on the conductive melt viscosity which will directly
influence the melt velocity field around the particles is firstly discussed.
Subsequently, the cases of different magnetic field densities as well
as different magnetic field gradients are investigated to examine the
magnetic interaction behaviors between two non-magnetic alumina
particles. Based on the calculations, we offer a better explanation
of the experimental observations and provide a method for controlling
the non-magnetic particles via strong magnetic fields during materials
preparation.
2. THEORETICAL BASIS AND CALCULATION
DOMAIN
With the development of superconducting technologies, a strong
magnetic field of 14 T or more becomes more readily attainable. A
vertical strong (z-direction) magnet up to 14 T with a bore size of
150 mm is chosen during the present calculation. The magnetic field
intensity as well as the field gradient can be adjusted by changing
the current in the superconducting coils. In the magnet, it includes
three distinct areas with homogeneous and gradient magnetic fields.
In the center of the magnet where r = 0 and z = 0, the magnetic
field intensity has the maximum value and the gradient is zero
(homogeneous area). At z = 0.2 m, the magnetic field gradient product
(BdB/dz) has the largest value and in the range from z = 0 to
z = 0.2 m a diamagnetic material will be pushed to lower magnetic
field area which is consistent with the gravity force direction. Figure 1
gives the magnetic field distribution along z-direction when the central
magnetic field intensity is 14 T.
2.1. Effect of the Strong Magnetic Field on the Particle
Migration
A single Al2 O3 particle in Al melt undergoes the Faraday force, gravity
force, buoyancy force and the viscosity drag force. In most cases, the
migration velocity is rather low and the viscosity drag force can be
obtained via Stokes’ law [25]. According to Fig. 1, the resultant force
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Fres for one particle in the range from z = 0 to z = 0.2 m (in the range
the Faraday force and the gravity force of a diamagnetic particle are
in the same direction) can be expressed as
Fres = FP − Fη,B = ∆Fm + ∆G − Fadd − Fη,B
(1)
where FP is the driving force and ∆Fm is the resultant Faraday force
on the non-magnetic particle, ∆G is the difference between gravity
force and buoyancy force, Fadd is the added mass force and Fη,B is the
Stokes viscosity drag force (B notates for the magnetic field density).
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Figure 1. Magnetic field distribution of the chosen superconducting
magnet (the blue arrow and the black arrow in the right figure point
at the related coordinate axis).
Figure 2 gives a schematic indication of the force analysis of a
non-magnetic particle migrating in a conductive fluid. The single
contributions in Equation (1) are defined as
∆G = V (ρP − ρM )g
(2)
where ρM and ρP are the densities of the liquid melt and of the alumina
particle, respectively, g is the gravitational constant, V is the volume
of the particle.
1
∆Fm = V (χM − χP ) B∇B
(3)
µ0
where µ0 ( = 4π × 10−7 Hm−1 ) is the magnetic permeability of
vacuum, χM and χP are, respectively, the volumetric mass magnetic
susceptibility of the liquid melt and the diamagnetic particle.
11 3
dvP
Fadd =
πdP ρM
(4)
26
dt
where vP is the particle velocity and t is the time.
For a spherical particle with Reynolds number less than 1, the
Stokes drag force is
Fη,B = 3πηM,B vP dP
(5)
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Figure 2. Schematic plot of the force analysis of a non-magnetic
particle migrating in a conductive fluid (the blue arrows indicate the
fluid direction, the black dashed circle with and an arrow indicates
the induced current by the fluid and f is the direction of the induced
Lorentz force).
where ηM,B is the viscosity of the melt under a magnetic field and dp
is the diameter.
A detailed description of the force analysis can be found in [26].
By substituting Equations (2) to (5) into Equation (1), the migration
velocities of a non-magnetic particle can be obtained via the following
equation according to Newton’s second law
µ
¶
1
1 3 dvP
1
1 dB
ρP + ρM
πdP
= πd3P (χM − χP ) B
2
6
dt
6
µ0 dz
1 3
+ πdP (ρP − ρM )g − 3πηM,B vP dP (6)
6
2.2. Effect of the Strong Magnetic Field on the
Particle-particle Interaction
According to [14], the interaction forces of two equal Al2 O3 particles
with a head-to-tail orientation (Fig. 3) along the magnetic field
direction (indicating particles migrating one after another along the
magnetic field direction) can be investigated after attaining the particle
migration velocities.
(m)
In a strong magnetic field, the potential energy (U12 ) of the
dipole-dipole interaction between particles 1 and 2 can be expressed
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as [19]
(m)

U12 =

µ0 (1 + χM )
[(m1 · m2 ) − 3 (m1 · e12 ) (m2 · e12 )]
3
4πl1−2

(7)

where m1 , m2 are the magnetic dipoles, l1−2 is the dipole-dipole
distance (the particle center is the dipole center) and e12 is the unit
vector parallel to the line joining the centers of the two dipoles.
Therefore, the interaction force due to the magnetisation between
two equal particles can be caculated by
(m)

F12 = ∇U12 = −

3µ0 (1 + χM )
[(m1 · m2 )−3 (m1 · e12 ) (m2 · e12 )]
4
4πl1−2
µ
¶
d1 d2
l1−2 ≥
+
(8)
2
2

where the particle size d1 = d2 = dP when the two particles are
attached (the separation in Fig. 2 is zero), m1 and m2 are the magnetic
dipole moments of two magnetised particles and l1−2 is the distance
between the dipole centers of the two particles (the distance can not
be smaller than d1 /2 + d2 /2).
As stated in [14], a magnetic dipole is generated at each
hemisphere (Fig. 3) when the local melt flow around the particle cuts
the magnetic lines. As shown in Fig. 2, four dipoles are induced for two
interacting particles. The particle-particle interaction due to the melt
flow is derived from the corresponding induced dipoles. The induced
dipole moments m0 can be calculated if we consider the magnetic
dipoles to be point-like according the method in [14].
m0 =

1 π 3 d4P vP BσM
16 ln( dPd+2δ )

(9)

P

√
p
where δ = dP / Re = dP / 2ρM vP rP /ηM,B is the estimated thickness
of the liquid aluminum involved [14].
Hence, the interparticle force induced by the aluminum melt
flowing around the particle can be derived as

2
µ
¶
5
3π µ0
1
1
1
1
1
2 2
´  d8P B 2 σM
vP (10)
F0 ∼
− 4 − 4 + 4 + 4  ³
=
d
512
l12 l34 l14 l23 ln P +2δ
dP

where l12 , l34 , l14 and l23 are the induced dipole-dipole distances
(Fig. 3).
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Figure 3. Principles of the magnetic interactions between two
particles (the blue arrows indicate the flowing direction around
particles; the dashed arrows indicate the induced current direction;
the induced dipoles are denoted as m01 , m02 , m03 , m04 ; l12 , l34 , l14 and
l23 are the distances between the dipoles [14]).
3. RESULTS AND DISCUSSION
A specific case of spherical Al2 O3 particles migrating in a liquid
aluminum with small Reynolds number (laminar flow) is considered in
the present investigation and the properties can be found in the related
reference books [20, 21]. The densities of Al2 O3 and liquid aluminum
at 933 K are 3970 kg/m3 and 2370 kg/m3 respectively. The viscosity
ηM of the liquid aluminum at the considered temperature is 1.25×10−3
Pa · s [20]. The magnetic susceptibilities of Al2 O3 and liquid aluminum
at 933 K are −1.81×10−5 and 1.323×10−5 (SI unit) [21]. The electrical
conductivity of liquid aluminum at 933 K is 4.132 × 106 (Ω · m)−1 [21].
In laminar flow, when two particles are too close to each other
or attached, their boundary layers would overlap and make the
conditions more complex. To simplify the calculation, we ignored
the interaction between the boundary layers. When the separation
between two particles is zero (Fig. 3, estimated), the dipole-dipole
distance l = dP and the induced dipole-dipole distances l12 , l34 , l14 ,
l23 can be calculated via the method described in [14] with the results
of l12 = 7dP /15, l34 = 23dP /15 and l14 = l23 = dP . Therefore, the
interaction force F12 due to the magnetisation and the force F 0 due
to the fluid flow can be obtained by solving Equations (8) and (9),
respectively.
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3.1. Effect of the Magnetic Field on the Melt Viscosity
Viscosity is an important physical property that describes the
resistance of a deformed fluid and also indicates the nature of the
molecules interaction. When a particle is migrating in a liquid melt,
the viscosity performs as a drag on the particle and its value depends on
the present conditions, e.g., temperature, pressure. After imposing a
magnetic field, the interaction behavior and thermodynamics status
of the molecules in the liquid melt will be changed and therefore
the viscosity of the liquid melt is expected to be modified [22].
Experimental results [23, 24] have demonstrated that the magnetic field
can increase the viscosity and some experiential equations have already
been derived from the measured data describing the magnetic field
dependence of the viscosity [23], e.g., ηM,B = ηM + AB 2 , where A is
a positive constant. However, the mechanisms of how the magnetic
field changes the viscosity are still unclear and the previous equation
can only fit a single specific case. According to earlier research [10],
the increase of the melt viscosity by the applied magnetic field can
be due to the induced restriction force when the particle is moving
in the melt. As represented in Fig. 4, an additional Lorentz force is
induced which would inhibit the particle migration when the particle
is moving along or opposite to the magnetic field direction. However,
the force is zero when the particle is moving perpendicularly to the
magnetic field and thus, the migration can not be influenced. It
means the increase of the viscosity only occurs in some specific cases.
Therefore, in the case of a particle migrating in a conductive fluid, the
increase of the melt viscosity by the applied static magnetic field is

B
f = J × B =/ 0

B
f=J×B=0

J =/ 0

J=0

Figure 4. Schematic representation of a particle migration influenced
by a magnetic field (the blue arrows indicate the flowing direction of the
conductive fluid and the dashed arrows indicate the induced current
direction).
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more of a representation of the interaction between the particle and
the surrounding fluid influenced by the magnetic field. Much more
detailed investigations are necessary to obtain a clearer understanding
of the magnetic effect on the melt viscosity. However, it is beyond the
scope of this paper. Here we will only focus on the previous case when
the migration is parallel to the magnetic lines.
When a non-conductive particle is settling along the magnetic
lines in a liquid melt under a strong magnetic field, the additional local
Lorentz force on the flowing liquid melt is induced by the local liquid
melt flow during the migration of the particle which would cut the
magnetic field lines and induce some current (Figs. 2 and 4). The local
Lorentz force acts as a pressure on the bottom surface of the settling
particle, resulting in a contribution to the viscosity drag force [8, 14].
Therefore, the melt viscosity gets a new expression associated with
the magnetic field. To represent the additional drag force, analytical
method was involved to link the Hartmann number (Ha) to the drag
force of the liquid melt on the particle [8, 25]. According to the
literatures [8, 25], the drag force DM can be expressed when Ha ¿ 1
and Ha À 1 as follows
·
¸
3
2
∼
DM = 3πηM dP vm,B 1 + Ha + O(Ha )
(Ha ¿ 1) (11)
8
·
¸
1
2
∼
DM = 3πηM dP vm,B Ha + O(Ha )
(Ha À 1)
(12)
3
M 1/2
) and σM is the electrical conductivity of liquid
where Ha = B d2P ( σηM
melt at a certain temperature and vm,B is the terminal particle velocity
under the magnetic field.
For laminar flow, the terminal velocity of the particle can be
derived via Stokes’ law [25].
1
¤ (Ha ¿ 1)
vm,B ∼
(13)
= vm £
3
1 + 8 Ha + O(Ha2 )
1
∼ vm £
¤ (Ha À 1)
vm,B =
(14)
1
2
3 Ha + O(Ha )
±
where vm = (ρP − ρM )gd2P 18ηM .
In the middle range, there is no precisely analytical equation for
DM . Yasuda [8] derived an estimated equation for the case of Ha ∼
=1
and the velocity is expressed as
1 + Ha
vm,B ∼
(Ha ∼
(15)
= vm
= 1)
11
1 + 8 Ha + 13 Ha2
The set of the expressions is complicated to use and it is not
evident to find a proper physical background [8]. To get simpler

10

Sun et al.

expressions of the melt viscosity under a strong magnetic field, some
mathematical process was conducted by fitting Equations (13) to
(15). We found the following equation (Equation (16)) fits the whole
Hartmann number range well and it is also easier to be understood
physically according to [8] (Fig. 5). The viscosity of the melt after
imposing a magnetic field can be obtained according to the Stokes’ law
and Equations (11) to (16). Therefore, in the following calculations,
we adopted Equation (17) to evaluate the magnetic field effect on the
melt viscosity (effective viscosity).
(13)

Normalised terminal velocity

1

Ha <<1
(15)
0.1

---- Equation (16)
Equations (13) to (15)
(14)

0.01

Ha>>1
1

10

100

Ha

Figure 5. Comparison of the previous and present estimations for the
normalised terminal velocity v.s. the Hartmann number.
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Figure 6. Effect of the magnetic field density on (a) the migration
velocity for an alumina particle of 10 µm; (b) the maximum velocity
with different particle size.
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vm,B ∼
= vm
ηM,B

1

1 + 13 Ha
µ
¶
1
∼
= ηM 1 + Ha
3

11

(16)
(17)

In the present case, the migration velocity of a spherical alumina
particle can be calculated according to Equations (6) and (17)
·
¸·
µ ¶¸
d2P
1
dBz
t
vP =
(χM −χP ) Bz
+(ρP −ρM )g 1−exp −
(18)
18ηM,B
µ0
dz
τ
±
where τ = (ρP + 0.5ρM )d2P 18ηM,B is the relaxation time.
Figure 6 gives the effect of the magnetic field density on the
migration velocity of an alumina particle in a liquid aluminum at
933 K. The velocity reaches a maximum value in a very short time of
around 40–100 µs and the time can be decreased by the magnetic field
according to Equation (18) (Fig. 6(a)). Additionally, the maximum
velocity will be reduced due to the increase of the magnetic field
density. In Fig. 6(b), a clear hindering of the particle migration velocity
presents when the magnetic field is high enough which can modify the
velocity of pushed melt by the particle migration that cuts the magnetic
lines (Fig. 3 and [14]). It will directly influence the interaction force
induced by the particle migration according to Equation (10).
3.2. Effect of the Magnetic Field Density on the
Particle-particle Interaction
To elucidate the strong magnetic effect on the feeble magnetic
particle-particle interaction, the interaction forces were calculated by
using Equations (7) to (10) and the theoretical model in [14]. As
illustrated in Fig. 7, with the increase of the particle size, both the
interparticle force due to the magnetisation (attractive force F12 )
and the interparticle force due to the particle migration (repulsive
force F 0 ) increase. But the repulsive force has smaller values than
the attractive force when the particle size is smaller. However, it
increases faster with the particle size, resulting in a critical diameter
where the resultant magnetic interaction force becomes from attractive
(positive values) into repulsive (negative values) as shown in Fig. 8.
The white dashed line in Fig. 8 represents the change of the critical
particle size with different magnetic field densities. It means that,
in a conductive fluid, the strong magnetic field effect depends on the
particle size, indicating a counteracting behavior and controlling the
particle assembly morphologies. This is one of the reasons why the
agglomeration of large particles in conductive fluid can be limited and
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the particles repulse each other in a strong magnetic field and such
phenomenon has been verified by recent experimental observations [7–
11]. With the decrease of magnetic flux density, the magnitudes of the
forces drop dramatically and become negligible compared with other
forces, e.g., gravity force or convection [14]. This means that only
under a magnetic field with high enough densities, Al2 O3 particles
become controllable by the magnetic field and those smaller than the
critical size tend to be attracted to each other, while those larger than
the critical size tend to be repelled.

(a)

(b)

Figure 7. Comparison of (a) the attractive force F12 and (b) the
repulsive force F 0 under different magnetic fields.

Figure 8. Effect of the magnetic
flux density on the critical diameter.

Figure 9. Effect of magnetic field
gradient on the critical particle
size.
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3.3. Effect of the Magnetic Field Gradient on the
Particle-particle Interaction
According to Equation (18), the particle velocity can be increased
by the increase of magnetic field gradient product (BdB/dz). The
interparticle force due to the fluid flow is directly related with
the particle velocity F 0 ∝ vP2 (Equation (10)). It indicates that
the interaction behavior would be different under different gradient
magnetic fields. A specific magnetic field gradient or gradient product
can be obtained by adjusting the current in the superconducting
coils of the magnet. Therefore, the dependence of the resultant
interaction force (F12 + F 0 ) on the magnetic field gradient product
(BdB/dz) was investigated. As shown in Fig. 9, for two attached
Al2 O3 particles, the value of the resultant force decreases with the
increase of the Faraday force (related with the magnetic field gradient,
Equation (3)). It can be concluded that the interparticle repulsive force
F 0 becomes more dominated when the particle migration is accelerated.
Additionally, the critical particle size with an attractive-to-repulsive
transition reduces at the same time as indicated by the white dashed
line in Fig. 9. In a strong magnetic field, the magnetic field effect
on micrometer sized non-magnetic particles becomes stronger with the
increase of the magnetic field density [27]. However, their migration in
a conductive fluid will be constrained due to the additional contribution
to the fluid viscosity by the magnetic field (Equation (17)) according
to Fig. 6. At the same time, the transition critical particle size is
increased by increasing the magnetic field density (Fig. 8). During
materials preparation, in most cases where we want to manipulate
particles, the sizes should be as small as possible, e.g., sub-micrometer
particles [28]. Therefore, the results from Fig. 9 can provide methods
to control the separation of smaller particles by increasing the magnetic
field gradient or by increasing the particle migrating velocity according
to Equation (6). In practice, the critical particle size can be decreased
by raising the conductive fluid velocity as well and a method related
with non-magnetic particles (even in sub-micrometer sized) dispersion
in a conductive fluid and/or assembly morphology controlling can be
further proposed.
4. CONCLUSIONS
The magnetic interaction behaviors between two migrating nonmagnetic particles and particle-fluid in a conductive fluid are
analytically calculated and compared. The magnetic interaction forces
become dominant only with a strong enough magnetic field. The
counteracting behavior makes the particles controllable by adjusting
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the external magnetic fields. In addition, by increasing the gradient
product (BdB/dz) or the particle migrating velocity, the critical
particle size for attractive-to-repulsive transition can be decreased.
With a further understanding of this phenomenon we can not
only explain the behavior of particle movement and interaction in
strong magnetic field as reported in the literature, a method to
non-magnetic particle manipulating using strong magnetic fields in
materials preparation can also be provided.
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