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Abstract—A dual-frequency cloak based on lumped LC-circuits is
proposed. Multiple LC-resonant tanks are employed to satisfy the
specific conditions for dual-frequency operations. In this way, the
designed cloak features greatly reduce scattering cross sections at
the two working frequencies simultaneously. Besides, explicit design
equations are derived for the developed circuit systems. Based on these
formulas, the range of the realizable frequency ratio of the presented
cloak (the ratio between the two operating frequencies) is discussed. To
verify the theoretical predictions, full-wave electromagnetic simulations
are implemented. Good consistency between the numerical results and
the design theories is achieved.
1. INTRODUCTION
With the development of metamaterials, the concept of invisible
cloak as an important topic has drawn much attention. By the
aid of the cloaking structures, the waves can propagate through
the target with very small perturbations to the total fields. Many
methods have been proposed for this purpose. In Ref. [1], anomalous
localized resonance is applied to achieving the cloaking effect. Alù
and Engheta [2, 3] propose to use plasmonic shell as a cloak to
reduce the total scattering cross section of a particle. Especially, the
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spatial coordinate transformation method has been widely employed
since its appearance [4–8]. These ideas have also been extended
to other applications such as electromagnetic wormholes [9], field
concentrator [10], field rotator [11], and beam forming [12, 13].
Meanwhile, recent advance in complex systems has imposed more
stringent system requirements including dual-frequency operation [14–
27]. As for the cloaking applications, it is noted that most of the
proposed cloaking structures can only work at single frequency due to
the causality constraints imposed by the metaterials [28]. To relax
this limitation, Chen et al. [29] show a cloak design with broader
bandwidth, which is realized by the sacrifice of the scattering cross
section. Meanwhile, Alù and Engheta [30] propose to use multilayered
plasmonic shells to cancel the scattering at different frequencies,
leading to multi-frequency cloaks. After that, several multi-frequency
cloaks have been achieved by using different methods [31–34]. In this
paper, we demonstrate how to construct a dual-frequency cloak based
on the coordinate transformation method. Metamaterials based LCcircuits are proposed to realize the desired parameters at different
frequencies, where the concept of multiple resonances is applied.
Cylindrical cloak with ten layers is studied. Each layer of the
cloak is then approximated by the proposed circuit. The simulation
results show the desired dual-frequency operation of the whole cloak.
The same concept can be also applied for other cloaking structures
designed by the spatial coordinate transformation method for multiplefrequency operations.
2. THEORETICAL ANALYSIS
The general schematic of the cloak studied is shown in Fig. 1. It
is cylindrical in shape. Applying the coordinate transformation r =
R1 + r0 (R2 − R1 )/R2 , the original cylindrical region, 0 6 r0 6 R2 , is
compressed into a concentric cylindrical shell, R1 6 r 6 R2 , where
r0 is the coordinate in the original space and r is the coordinate in
the transformed space. By doing this, the region 0 6 r 6 R1 (the
dark grey area marked in Fig. 1) is excluded from the transformed
space so that anything can be placed into it without affecting the wave
propagation in the whole space, resulting in the cloaking of the region.
After the transformation, the relative permeability and permittivity in
the cloaking shell are expressed as:
r − R1
r
r
εθ = µθ =
r − R1
εr = µr =

(1)
(2)
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‘µ r’ are replaced by the proposed
metamaterial based LC-circuits for
each layer
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‘ε z’ ,‘ µ θ ’ are replaced by the
conventional metamaterial based
LC-circuits

Figure 1. Schematic of the proposed dual-band cloak.
µ
εz = µz =

R2
R2 − R1

¶2

r − R1
r

(3)

To study the performance of the cloaks, time harmonic plane
waves with transverse-electric (TE) polarization, transverse-magnetic
(TM) polarization or mix of them are excited. Without loss of
generality, in the following, we will focus our analysis on the TE case.
The same theory can be easily extended to the other cases. It is found
that, under the TE illuminations, the wave propagations depend on
three parameters, namely, µr , µθ and εz . For single frequency cloak,
these parameters are calculated by Eqs. (1)–(3) and can be emulated
using the well defined metamaterial structures. In practice, for the
ease of implementation, the permittivity and permeability are further
reduced to:
µ
¶2
µ
¶
R2
r − R1 2
εz =
, µθ = 1, µr =
(4)
R2 − R1
r
In Eq. (4), both µθ and εz are constant and can be realized with
the conventional substrate. As for µr (the permeability in the rdirection), it is found that, when r is close to R1 , the required
permeability is quite small (close to 0), which cannot be realized
using conventional material. Therefore, metamaterials are employed
to realize this parameter [6]. However, as mentioned before, due to
the causality of the metamaterials, the designed parameters can be
satisfied only at the single assigned frequency. For dual-frequency or
multiple-frequency operations, metamaterials with different structures
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Figure 2. The general circuit model with the analogy to the effective
medium.
are required. In general, two types of metamaterials are widely used,
one is composed of metal wires and split-ring resonators [35] and the
other is based on the LC-loaded transmission line networks [36–40].
In our case, we find that it is possible to employ the second type
metamaterial to achieve the dual-frequency operation of the cloak. A
typical illustration of this type of metamaterials is shown in Fig. 2,
where “Z” is the impedance of the circuit in series and “Y ” is the
admittance of the circuit in shunt. Due to the analogy between the
circuits and the electromagnetic wave propagation models, we have:
Y
ε =
(5)
jωε0
Z
(6)
µ =
jωµ0
Applying Eqs. (5) and (6), the µθ and εz can be realized by the LCloaded circuits shown in Fig. 3. And the relations between the lumped
components and the permittivity and permeability are:
Lθ
Cθ
µθ =
, εθ =
(7)
µ0 ∆
ε0 ∆
Cz
Lz
εz =
, µz =
(8)
ε0 ∆
µ0 ∆
where ∆ is the length of the total LC-circuit and the other
parameters are labeled in Fig. 3. From Eqs. (7) and (8), the resulting
µθ and εz are not dependent on the frequency and further calculation
show that both of them can be realized by lumped inductor and
capacitor with practical values. Therefore, they are suitable for the
dual-frequency cloak application. However, for µr , due to its very
small value at the region close to the inner boundary (r = R1 as
shown in Fig. 1), it is impossible to achieve the desired parameter
using the conventional LC-loaded circuit as shown in Fig. 3 (e.g., if
µr = 0.002, the corresponding inductor should be as small as 0.025 nH
with ∆ = 0.01 m, which is not practical). This motivates us to propose
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(a)

(b)
Figure 3. Schematics of the LC-loaded circuits for the medium in
(a) θ-direction and (b) z-direction.

Figure 4. The proposed LC-loaded circuit with multiple resonances
to support dual-frequency operation.
the circuit as shown in Fig. 4 to satisfy the assigned conditions for µr
at two distinct frequencies.
Based on Eqs. (5) and (6) and after some derivations, the effective
permittivity and permeability of the proposed circuit systems (as
shown in Fig. 4) are expressed as:
·
¸
1
L1
L2
µr =
L0 +
+
(9)
µ0 ∆
1 − ω 2 L1 C1 1 − ω 2 L2 C2
Cr
εr =
(10)
ε0 ∆
Two additional LC-resonant tanks are added to the original circuits.
Both of these LC-resonators contribute to the effective permeability
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of the medium. By exploiting the additional freedom introduced by
these circuits, it is possible to realize the unconventional permeability
at two different frequencies. Physically, this behaves similarly as a
two-component system [41] and it is a metamaterial with very flexible
properties.
3. SIMULATION RESULTS
To prove the theoretical predictions of the proposed dual-frequency
cloak, we have designed a prototype as shown in Fig. 1, where
R1 = 0.1 m and R2 = 0.2 m. This concentric cloaking shell is further
decomposed into ten layers so that each layer has a uniform thickness
of 0.01 m. In the θ- and z-directions, the media are constructed by
the LC-loaded circuits as shown in Fig. 3. Applying Eq. (4), µθ = 1
and εz = 4 are held for all of these ten layers. Plug these values into
Eqs. (7) and (8) with ∆ = 0.01 m, it is found that Lθ = 12.6 nH,
Cθ = 0.35 pF, Lz = 12.6 nH and Cz = 0.35 pF. In the r-direction, the
permeability is a function of the position. With Eq. (4), the calculated
µr are: 0.0041, 0.018, 0.0405, 0.0672, 0.0963, 0.1259, 0.1552, 0.1837,
0.2111, 0.2373, respectively, for the ten layers from inside to outside.
Each layer is then approximated by the proposed LC-circuits as shown
in Fig. 4 with different LC-component values. For a dual-frequency
system, one parameter of particular note is the ratio between the two
working frequencies (f2 /f1 ). In our case, the range of this ratio is
constrained by the practical values of the inductors and capacitors.
Table 1. Calculated LC-loaded circuit parameters for each layer when
f1 = 3 GHz and f2 = 5 GHz.
Layer
1
2
3
4
5
6
7
8
9
10

C1 = C2 (pF)
0.5
0.6
0.7
1
1.1
0.8
0.9
1
1.1
1.2

L1 (nH)
2.55
2.03
1.69
1.12
1
1.47
1.29
1.14
1.03
0.94

L2 (nH)
8.37
6.65
5.5
3.55
3.18
4.76
4.14
3.66
3.28
2.97
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(a)

(b)

(c)
Figure 5. The E-field distributions of the proposed dual-frequency
cloak at different frequencies (a) 3 GHz (first working frequency, f1 ),
(b) 5 GHz (second working frequency, f2 ), (c) at 4 GHz.
Based on Eq. (9), a numerical algorithm is applied to calculate
the corresponding circuit components values with different frequency
ratios. It is found that, for the ratio from f2 /f1 = 4 GHz/3 GHz to
f2 /f1 = 9 GHz/3GHz or even higher, the proposed dual-frequency
cloaks work well (e.g., for frequency ratio within this range, the dualfrequency cloak can work properly). Some of the typical calculation
results are listed in Table 1, for which L0 = 12.6 nH and Cr = 0.88 pF.
Based on the above calculations, a dual-frequency cloak working
at 3 GHz and 5 GHz is designed and its performance is simulated by
the full wave simulator COMSOL Multiphysics. In the simulations, the
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Figure 6. The calculated differential scattering cross sections of the
proposed cloak along with the results for the bare PEC, (a) at 3 GHz
and (b) at 5 GHz.
plane waves are incident from the left to the right with the frequency
range from 2 to 6 GHz. Perfectly matched layers (PML) boundaries
and scattering boundaries are placed on all four sides of the simulation
domain to remove the undesired reflections. The simulated E-field
distributions for this cloak are shown in Fig. 5 at different frequencies.
As desired, at 3 and 5 GHz as shown in Figs. 5(a) and (b), the incident
waves are bent smoothly around the cloaked area (the perfect electric
conductor (PEC) as labeled in Fig. 5) with small perturbations to
the far fields (due to singular values of the designed parameters).
Meanwhile, at other frequencies (e.g., 4 GHz as shown in Fig. 5(c)),
strong scattering is observed because the corresponding permeability
and permittivity at those frequencies do not satisfy the suitable cloak
parameters.
To further evaluate the performance of the designed dualfrequency cloak, the differential scattering cross section of the cloak
is calculated at the two working frequencies. The results are plotted in
Fig. 6, where the bistatic scattering is calculated as a function of the
scattering angle ϕ. Also in Fig. 6, the bistatic scatterings with bare
PEC cylinder at those two operating frequencies are plotted for the
purpose of comparison. It is observed that, at 3 GHz, the scattering
cross section at ϕ = 0◦ for the proposed cloak is 11 dB lower than that
of the bare PEC. For most of the other angles (scattering angle), the
scattering cross section of the cloaked area is reduced by the aid of the
designed cloak. At 5 GHz, similar reductions of the scattering cross
section are achieved. Besides, the oscillations of the cloak’s differential
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Figure 7. Calculated normalized total scattering cross section of the
proposed dual-frequency cloak over the frequency range from 2 GHz to
6 GHz.
scattering cross section in Fig. 6 are faster than that of the bare
PEC. This indicates that the zeroth order scattering is reduced by
the proposed cloak at the two operating frequencies.
Finally, the normalized total scattering cross section (normalized
to the bare PEC) of the proposed cloak is investigated. The results
are plotted in Fig. 7 over the frequency range from 2 to 6 GHz. It
is observed that, at the working frequencies (3 and 5 GHz), the total
scattering cross section of the cloak is only 30% and 16% of those of
the bare PEC, respectively, demonstrating great scattering reductions.
Deviated from the center frequency, the total scattering cross section
increases dramatically so that the bandwidth of the proposed cloak is
narrow. This is due to the highly resonant property of the proposed
LC-loaded metamaterials.
So far, the performance of the dual-frequency cloak is verified
by the results presented above. In addition, it is worth pointing out
that, applying the same design concept, it is possible to design cloak
for multiple-frequency operations (e.g., triple-frequency, quadruplefrequency, etc.). For these applications, high order LC-based circuits
similar with that shown in Fig. 4 but with multiple resonant tanks
are needed to satisfy the corresponding requirements. Moreover,
for practical implementations, several issues need to considered
including the loss of applied components and the physical size of the
corresponding components and interconnects.
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4. CONCLUSION
We have developed a dual-frequency electromagnetic cloak based on
the LC-loaded circuits. The limitations imposed by the causality and
the extreme small value of the permittivity/permeability for cloaking
applications are relaxed by the proposed LC-circuit with multiple
resonances. Full-wave simulations are then carried out to prove the
design concept, where a cylindrical cloak working at 3 and 5 GHz is
designed and simulated. The simulation results including the E-field
distributions and the scattering cross sections show the desired dualfrequency operations of the cloak. Moreover, the proposed structures
are suitable for other applications (e.g., field concentrator, beam
forming, etc.) featuring dual-frequency operations. Based on the same
concept, it is even possible to design cloaking structures with multiplefrequency operations.
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