Progress In Electromagnetics Research, Vol. 136, 561–578, 2013

DESIGN AND ANALYSIS OF MULTICHANNEL TRANSMISSION FILTER BASED ON THE SINGLE-NEGATIVE
PHOTONIC CRYSTAL
Chien-Jang Wu* , Min-Hung Lee, and Jun-Zhe Jian
Institute of Electro-Optical Science and Technology, National Taiwan
Normal University, Taipei 11677, Taiwan, R.O.C.
Abstract—In this work, the multiple filtering phenomenon in
a photonic crystal made of single-negative (SNG) materials is
investigated. We consider a finite photonic crystal (AB)N immersed
in air, in which A, B are epsilon-negative (ENG) and mu-negative
(MNG) materials, respectively, and N is the stack number. It is
found that such a photonic crystal can function as a multichannel
transmission filter with a channel number equal to N −1. The required
condition is that the thickness of MNG layer must be larger than that
of ENG layer when magnetic plasma frequency is greater than electric
plasma frequency. The channel frequencies can be red-shifted as the
thickness of MNG layer decreases. The channel positions can be tuned
by the incidence angle for both TE and TM polarizations. That is, the
peak frequency is blue-shifted when the angle of incidence increases.
Additionally, the influence of the static permeability of ENG medium
and permittivity of MNG medium is also illustrated. The proposed
structure can thus be used to design as a tunable multichannel filter
which is of technical use in signal processing.
1. INTRODUCTION
In the past decade, the use of photonic crystals (PCs) to
design multichannel transmission filters (MTFs) has attracted much
attention. MTFs are useful in the dense wavelength multiplexing
system which is important in optical communication.
A basic
feature of an MTF is that there exist multiple transmission peaks
in the transmission spectrum. In most cases, transmission peaks are
generated within the photonic band gap (PBG) in the photonic band
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structure for a PC. There are several filter structures that can exhibit
the multiple transmission peaks. A simple multilayer Fabry-Perot
resonator (FPR), (AB)N D(AB)N , can, in general, have a transmission
peak [1]. Here, D is the defect layer sandwiched by two finite host PCs
of (AB)N . The number of transmission peaks can be increased as the
thickness of layer D increases. As a result, an FPR-type multichannel
filter is obtainable [2]. Another filter structure is to replace the single
defect layer D by a photonic quantum well (PQW), (CD)M , that is,
the structure is (AB)N (CD)M (AB)N [3, 4]. The design idea is that
a certain photonic passband of (CD)M must completely overlap with
a PBG of (AB)N . Thus, in (AB)N (CD)M (AB)N , due to photonic
confinement effect, multiple transmission peaks can be produced within
the PBG and the number of peaks is just equal to M , the stack number
of the PQW. All the above-mentioned filters are based on the PBG
engineering, i.e., all transmission peaks are designed to locate within
PBG.
In addition to engineering PBG to realize a multichannel filter,
the same goal can be reached by engineering photonic passband in a
PC containing a negative-permittivity constituent. Examples of such
type are superconductor-dielectric PC [5], plasma-dielectric PC [6, 7],
semiconductor-dielectric [8]. In this type of MTF, it is not necessary to
introduce any defect layer into the PCs, i.e., the filter structure can be
simply as (AB)N , or (AB)N A. Here, one of the two constituents, say
A, may be superconductor, plasma, or semiconductor. The multiple
transmission peaks are shown to locate in the passband of an infinite
PC with N → ∞. In addition, the number of peaks is also directly
related to N .
In this work, we report that an MTF can also be obtained by
a defect-free PC made of purely single-negative (SNG) media. SNG
materials belong to a kind of electromagnetic metamaterials (MTMs),
which were first studied early in 1968 by Veselogo [9]. SNG materials
have two types. One type is called the epsilon-negative (ENG) medium
having a negative real part of complex permittivity but with a positive
real permeability. The other type called mu-negative (MNG) is that
a medium has a negative real part of complex permeability but with
a positive real permittivity. There have been reports on the basic
and applied researches based on the use of SNG materials [10–15].
Electromagnetic waves in an SNG medium will be evanescent and thus
it cannot propagate in the medium. However, waves can propagate in
layered structures composed of ENG and MNG media [16–21]. In a
one-dimensional SNG PC formed by repeating the ENG-MNG bilayers,
it is found that there is an SNG gap which is quite different from the
Bragg gap in a usual photonic crystal [22–24]. The SNG gap also
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called zero-effective-phase gap originates from the interactions of the
forward and backward evanescent waves in the SNG layers. In a recent
paper, properties of zero-effective-phase gap in this SNG PC have been
experimentally investigated by Chen et al. [25]. This gap will vanish
when both the phase-matching and impedance-matching conditions
are met simultaneously. In general, the study of PBG belongs to an
infinite PC. However, in this work, we are interested in the finite PC
and focus in the photonic passband, not the PBG.
The purpose of this paper is to study the transmission property
of an SNG-based photonic crystal, (AB)N , where A is an epsilonnegative (ENG) medium and B is a mu-negative (MNG) one. It will
be seen that this finite PC can function as an MTF with channel
number equal to N − 1. The role played by the thickness of the
constituent layer is illustrated. It will be shown that an MTF can
be obtained for the thickness of MNG layer being larger than that of
the ENG layer. We shall demonstrate that the channel frequency can
be tuned by the incidence angle for both TE and TM modes in oblique
incidence. In addition, the effects of losses and of static permeability
and permittivity are also investigated.
2. BASIC EQUATIONS
The structure of SNG PC is depicted in Figure 1. Layers A and B are
ENG and MNG media, respectively. By taking the temporal part as
exp(jωt) for all fields, the permittivity and permeability for the ENG
layer are described by a Drude-like expression, namely [26]
εA = 1 −

2
ωep
,
ω 2 − jγe ω

µA = a,

(1)

Figure 1. The structure of a photonic crystal (AB)N . Here, A, B are
ENG, MNG materials, respectively, and N is the number of periods. A
wave with incidence angle θ0 impinges obliquely on the plane boundary
of x = 0. Two polarizations, TE and TM waves, are shown.
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with a > 0. Similarly, the permeability and permittivity for the MNG
layer are given by
2
ωmp
, εB = b,
(2)
ω 2 − jγm ω
with b > 0. Here, ωep and ω mp are electric and magnetic plasma
frequencies, respectively. γ e and γ m are electric and magnetic damping
frequencies, respectively. The refractive indices of ENG and MNG
layers are written by
p
(3)
nA (ω, γe ) = Re (nA ) − jIm (nA ) = εA (ω, γe ) µA ,
p
nB (ω, γm ) = Re (nB ) − jIm (nB ) = µB (ω, γm ) εB .
(4)

µB = 1 −

In our next analysis, filtering properties of MTF in Figure 1 will
be studied through the transmittance T calculated by making use of
the transfer matrix method (TMM), with the result [27]
¯
¯
¯ 1 ¯2
¯ ,
T = ¯¯
(5)
M11 ¯
where M11 is a matrix element of the total transfer matrix given by
¶
µ
¡
¢
M11 M12
−1 N
M=
= D−1
DA PA D−1
DB PB DB
D0 . (6)
0
A
M21 M22
Here, the dynamical matrix Di ( i = 0, A, and B) is expressed as [28]
µ
¶
1
1
Di = ni cos θ − ni cos θ ,
(7)
µi

for the TE wave, and
Di =

i

µi

¶
µ
cos θi cos θi
ni
ni
− µi ,
µi

i

(8)

for the TM wave, respectively. In addition, the propagation matrix
Pi (i = A, B) is given by
µ
¶
exp(iki di )
0
Pi =
,
(9)
0
exp(−iki di )
Note that for i = 0, the medium is air. In addition to the
transmission spectrum, it is necessary to plot the photonic band
structure (PBS) for a PC. If the number of periods N in Figure 1
is infinite, the PBS can be computed by the following equation
µ
¶
1 kA µB
kB µA
cos (φeff ) ≡ cos (KΛ) = cos (kA dA ) cos (kB dB )−
+
2 kB µA kA µB
sin (kA dA ) sin (kB dB ) ,
(10)
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where K is the Bloch wave number, Λ = dA + dB is the spatial period,
and kA = (ω/c)nA , kB = (ω/c)nB are the wave numbers in ENG and
MNG layers, respectively. In addition, in the left hand side of Eq. (10),
the effective phase or the Bloch phase is defined as φeff = KΛ [29]. In
general, K is complex, i.e., K = Kr − jKi . In the photonic passband,
solution for K is purely real whereas it is purely imaginary for the
photonic band gap (stop band). It should be mentioned that Eq. (10) is
only valid for the case of normal incidence. As for the oblique incidence,
Eq. (10) will incorporate the incidence angle and can be expressed in
two different forms for the TE and TM waves, respectively [30].
3. NUMERICAL RESULTS AND DISCUSSION
3.1. Effect of Number of Periods
The plasma frequencies in Eqs. (1) and (2) for ENG and MNG media
are taken to be ωep = 10 GHz and ωmp = 17.3 GHz, respectively [31].
Without loss of generality, the damping frequencies are set to be zero,
γe = γm = 0. The effect of damping frequencies will be explored in
Subsection 3.4. The inclusion of damping frequencies, in fact, will have
a pronounced effect in lowering down the peak height like in the FabryPerot resonator [27]. In the absence of damping factor, the frequency
will be limited to below 10 GHz in order to make both εA and µB
negative.
Figure 2 shows the calculated transmission spectrum for (AB)N
at N = 2, 3, and 4, respectively. Here, dA = 5 mm, dB = 30 mm,
and a = b = 1 are taken. It is of interest to note that there exists
certain transmission peak, i.e., the total transmission with T = 1. The
number of peaks is just equal to N − 1. For N = 2, there is a single
peak with peak frequency at ω1 = 3.4137 GHz. In addition, the spacing
between two adjacent peaks is decreased as N increases. It is expected
the number of transmission peaks will be significantly increased at a
very large number of N . It is also noted that the frequency range is
limited around 3–4 GHz for the all peaks. Combining these properties,
at N → ∞, the infinite discrete peaks will pile together and form
a continuous passband shown in Figure 3, which is computed by
using Eq. (10). Figure 3 illustrates that, in the frequency region of
interest, there exists only a single pass band with band edges marked
by two vertical dashed red lines. The left and right band edges are
at ωL = 2.9895 GHz and ωR = 4.1146 GHz, respectively. Conclusively,
the results in Figure 2 reveal that a multichannel transmission filter can
be obtained by increasing the stack number N in a finite SNG-based
PC.
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ω (10 9 Hz)

Figure 2. Calculated transmittance spectra for (AB)N at N = 2, 3,
4, and 5, respectively. The number of transmission peaks is N − 1 for
a given N . Here, dA = 5 mm, dB = 30 mm, and a = b = 1.

Figure 3. Calculated PBS for (AB)N at N → ∞. The band edges are
indicated by two vertical dashed lines. Here, dA = 5 mm, dB = 30 mm,
and a = b = 1.
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The appearance discrete resonant transmission peaks can be
explored by the theory of thin film optics. The transmittance for
(AB)N can be expressed as [27]
T =1−R=

sin2 (φeff )
|C|2 sin2 (N φeff ) + sin2 (φeff )

,

(11)

where φeff is given by Eq. (10), and C is one of the matrix elements
of the transfer matrix in a single period [27]. The resonant tunneling
requires T = 1, which in turns leads to
1
sin (N φeff ) = 0 → φeff = sπ, s = 1, 2, . . . N − 1,
(12)
N
It is worth mentioning that for s = 0, there is an additional peak
which is not shown in Figure 2. This special mode only exists when
the phase-matching condition is met [11, 16]. Now, we try to identify
the resonant frequency appearing in Figure 2. First, with Eq. (12), we
can calculate the effective phase φeff for every single peak at a given
s. Then, with Eq. (10), we can numerically determine the resonant
frequency at thiss-number. For example, at N = 2, we have a single
peak with φeff = π/2, which leads Eq. (10) to
µ
¶
1 kA µB kB µA
0 = cos(kA dA ) cos(kB dB )−
+
sin(kA dA ) sin(kB dB ), (13)
2 kB µA kA µB
Using the material parameters in Figure 2, the solution for Eq. (13)
is calculated to ω1 = 3.41291 GHz, in good agreement with the first
panel of Figure 2. Similarly, for N > 2, with Eqs. (10) and (12), we
can analytically calculate the peaks frequencies which will be again
well consistent with Figure 2.
3.2. Effect of Thicknesses of ENG and MNG Layers
Now let us investigate the effect of thicknesses of ENG and MNG layers
on the transmission peaks. In Figure 4, we plot the transmittance
spectra for N = 2 and dA = 5 mm. The thickness of MNG layer is
varied at dB = 1, 5, 10, 20, 30 mm, respectively. Some features are of
note. The single peak in the first panel of Figure 2, now in black, is
red-shifted as dB decreases. The peak shape also is broadened. The
required narrowband filter is obtained for a thicker MNG layer, say
dB = 20 or 30 mm. For dB = 1, 5, and 10 mm, it can be seen that
the transmittance is strongly enhanced at frequencies greater than the
peak frequency. As a result, the symmetric filtering curve is no longer
seen. The red-shift behavior is also seen in the multiple peaks, as
illustrated in Figure 5, in which we have considered N = 3. In this
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Figure 4. Calculated transmittance spectra for (AB)N at N = 2 and
dA = 5 mm for different dB = 1, 5, 10, 20, and 30 mm, respectively.

ω (10 9 Hz)

Figure 5. Calculated transmittance spectra for (AB)N at N = 3 and
dA = 5 mm for different dB = 1, 5, 10, 20, and 30 mm, respectively.
case, there are two transmission peaks. The shape of peak at a lower
frequency does not change substantially. However, the peak shape at
a higher frequency is significantly broadened as in Figure 4.
Taking a close look at Figures 4 and 5 reveals that there exists
a cutoff frequency at dB = 1, 5, and 10 mm because of the absence
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Figure 6. Calculated transmittance spectra for (AB)N at N = 3 with
three values in dA and dB .
of narrowband filtering feature. At these three thicknesses, the
transmission spectra of the structure are continuous at frequency over
the cutoff frequency. The cutoff frequency decreases as dB decreases.
In Figure 6, we plot the transmittance at N = 3 for three values in
(dA , dB ) = (5, 30), (30, 5), and (17.5, 17.5) mm, respectively. It is
seen that the first one (dA , dB ) = (5, 30) mm is the better condition
to achieve the goal of multichannel filter in such an ENG PC. The
condition of (30, 5) or (17.5, 17.5) mm will cause the double peaks to
be shifted to the higher frequency along with the broadening in their
shapes. From the above analysis, we conclude that, in order to obtain
the multichannel filter, the thickness of MNG layer must be larger, to
some extent, than that of ENG layer.
Before going into the next subsection, we discuss the different
choices in the values of (ω ep , ω mp ) in order to obtain the abovementioned resonant peaks. As indicated in Eqs. (1) and (2), we
have taken the Drude-like dispersion expressions for the ENG and
MNG materials. These kinds of relations can be realized in special
transmission line structures [25, 32]. The values of ω ep and ω mp may
be equal or unequal in the literature reports. In the above results, we
have taken, ωep < ωmp , and the thickness of MNG is required to be
larger than that of ENG for the purpose of filtering characteristics.
The choice of ωep > ωmp is also available such in Ref. [25]. So,
if ωep = 17.3 GHz and ωmp = 10.0 GHz, we find that, in order to
attain the filtering feature, the thickness of ENG has to be larger
than that of MNG, as illustrated in Figure 7. Finally, in the case
of ωep = ωmp = 10 GHz, which has been widely adopted in many
reports [33–35], the filtering characteristics can be found when the
thickness of ENG is also larger than that of MNG [33].

570

Wu, Lee, and Jian

Figure 7. Calculated transmittance spectra for (AB)N at N = 2 and
dB = 5 mm for different dA = 5, 10, 20, and 30 mm, respectively.

Figure 8. Calculated TE-wave transmittance spectra for (AB)N at
N = 2, 3, and 4 for three different angles of incidence. The peaks are
blue-shifted as the angle of incidence increases.
3.3. Effect of Angle of Incidence
We continue to study the effect of angle of incidence layers on the
transmission peaks. To illustrate this, it is necessary to consider both
TE and TM waves, which have been depicted in Figures 8 and 9,
respectively. Here, we plot the PC with N = 2, 3, and 4 at (dA ,
dB ) = (5, 30) mm. It can be seen that the transmission peaks will be
blue-shifted as the angle of incidence increases. This shifting feature
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Figure 9. Calculated TM-wave transmittance spectra for (AB)N at
N = 2, 3, and 4 for three different angles of incidence. The blue-shift
is not pronounced as in TE wave.
is more salient in the TE wave than TM wave. For TE wave, the
peak shape is also broadened in addition to the blue-shift. However,
the shape is narrowed down as the angle increases in the TM wave.
The results shown here demonstrate that the transmission filter can
be tunable as a function of the angle of incidence.
3.4. Effect of Losses in ENG and MNG
Now let us investigate the effect of losses arising from ENG and
MNG layers on the transmission peaks. In Figure 10, we plot the
normal-incidence transmittance spectra at N = 3, dA = 5 mm, and
dB = 30 mm. Here, we have considered four combinations of (γ e ,
γm ) = (0, 0), (0, 0.01ωmp ), (0.01ωep , 0), and (0.01ωep , 0.01ωmp ),
respectively. It can be seen that the peak frequencies are slightly
affected by the inclusion of losses. The left peak is slightly moved
to the right and the right peak is slightly shifted to the left. The
inclusion of losses has a salient effect, i.e., in the lowering of the peak
height. In addition, the low-frequency (left) peak height is lowered
down more pronounced compared to the high-frequency (right) peak.
With (γ e , γm ) = (0.01ωep , 0.01ωmp ), the double-peak shape has been
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Figure 10. Calculated normal-incidence transmittance spectra for
(AB)N at N = 3 in the absence and presence of losses.

Figure 11. Calculated normal-incidence transmittance spectra for
(AB)N at N = 3 with equal values in a and b.
greatly suppressed such that the transmittance is negligibly small. The
lowering in the peak height is also seen in the Fabry-Perot resonator
when the cavity medium is lossy [27]. In this analysis, we have taken
the loss factor which is 0.01 times of the plasma frequency. This choice
is only for the illustrative purpose. The real loss factor may be on this
order of magnitude or even less than this value [36, 37].
3.5. Effect of Static Positive Parameters (a, b) in ENG and
MNG
Let us turn our attention to the effect of static positive parameters
(a, b) in Eqs. (1) and (2) on the transmission peaks. Here, a is
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the static permeability and b is static permittivity of the ENG and
MNG media, respectively. In Figure 11, we plot the normal-incidence
transmittance spectra at N = 3, dA = 5 mm, and dB = 30 mm. Here,
we do not include the losses, and a, b are assumed to be equal, i.e.,
a = b = 1, 2, and 3 are taken. It can be seen from figure that the
transmission peaks are red-shifted as the values of a and b increase. The
separation between two peaks is also decreased. Additionally, more
sharp peaks can be obtained, leading to a preference for the design of a
narrowband filter. In fact, the red-shift effect is mainly contributed by
the increase in b-value since we have found that transmittance spectra
for (a,b) = (1, 1), (1, 2), and (1, 3) are nearly the same as in Figure 11.
This may be due to the fact that the thickness of MNG layer is larger
than that of ENG one.
3.6. Extended Study on PC Heterostructure, (AB)N (BA)N
We have thus far given a detailed study on the PC of (AB)N . Before
we go to the conclusion, we pay attention to the PC heterostructure
(PCH) of (AB)N (BA)N . With the same parameters in Figures 8 and 9,
we plot the transmittance for TE and TM waves in Figures 12 and 13,
respectively. It is seen that every single transmission peak has been
split into two peaks in the PCH structure. The shifting features for

ω (GHz)

Figure 12.
Calculated TE-wave transmittance spectra for
(AB)N (BA)N at N = 2, 3, and 4 for three different angles of incidence.
The peaks are blue-shifted as the angle of incidence increases. The
original single peak is split into two peaks in the PCH.
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ω (GHz)

Figure 13.
Calculated TM-wave transmittance spectra for
(AB)N (BA)N at N = 2, 3, and 4 for three different angles of incidence.
The peaks are blue-shifted as the angle of incidence increases. The
original single peak is split into two peaks in the PCH.
TE and TM waves are also very similar to those in Figures 8 and 9.
However, the splitting is not so pronounced at a large angle of incidence
in the TE wave. The splitting is more salient as the angle of incidence
increases in the TM wave.
4. CONCLUSION
Based on the use of an SNG-PC made of ENG-MNG bilayers, a
multichannel filter can be achieved at frequencies below the plasma
frequencies of both ENG and MNG layers.
According to the
transmission properties that have been analyzed from the transfer
matrix method, some conclusions can be drawn as follows. First,
the number of transmission peaks representing the number of filtering
channels is shown to be directly determined by the stack number, i.e.,
N − 1. In addition, when N approaches infinite, the infinite discrete
peaks will pile together and then a continuous passband is built up.
Second, to achieve such a multichannel filter, the thickness of MNG
layer is required to be larger than that of ENG layer. The peak
frequency is moved to the lower frequency as the thickness of MNG
layer decreases. Third, the peak frequency, however, is shifted to the
higher frequency as a function of the angle of incidence for both TE
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and TM waves. Fourth, the inclusion of losses does not influence the
peak frequency, but only lowers down the peak height. Fifth, the
effect of static positive parameters on the transmission peaks is also
elucidated. Finally, we have investigated the splitting phenomenon in
the PCH structure.
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