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Abstract—Magnetic response based on a two-level magnetic dipole
transition in rare earth ions doped crystals was studied. Semi-classic
theory and Wigner-Eckart theorem were used to calculate the magnetic
permeability. It is found that negative permeability can be attained
near the transition frequencies. In order to realize simultaneously
negative permittivity and negative permeability, an electric dipole
transition at the same frequency was also adopted, and a negative
refraction region with a bandwidth of 0.57 MHz is demonstrated in
(Yb0.02 Sm0.02 Y0.96 )3 Al5 O12 crystal. This explores a new route to
obtain magnetic response and negative refraction at optical frequencies
with nature-existed materials instead of metamaterials.
1. INTRODUCTION
Artificially engineered electromagnetic (EM) structures, so called
metamaterials, provide a route to create new materials with
unprecedented electromagnetic properties and new prospects for
manipulating EM wave [1–6]. Metamaterials were first demonstrated
for microwave frequencies [7, 8], but it has been challenging to build
three dimensional one for optical frequencies, especially in visible
region, because of nanofabrication limitation, mesoscopic physics
problem, and strong energy dissipation in metals [9–11].
Well-used structure unit for metamaterials are sub-wavelength
components with electric and magnetic dipole resonance, such as split
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ring resonator (SRR) and derivatives [8, 12]. Such structures are
analogous to atoms while they interact with EM wave. Whereas,
to break the limitation of optical metamaterials, electron transition
between energy levels in atoms might be a useful alternative as
a unit to achieve EM resonance in visible optical region [13]. A
mechanism on the basis of electric and magnetic dipole transitions
in gas media was proposed recently [14, 15]. However, compared to
electric dipolar oscillator, magnetic dipolar oscillator in most atoms is
much weaker, so direct magnetic transition is usually omitted. In order
to obtain simultaneously negative permittivity and permeability, multilevel model and quantum coherence method are adopted to generate
effective magnetic transition [16], however, an additional beam present
besides the signal or probe beam should be required to keep the state
of coherence, so the complexity of system is added. Based on quantum
optics methods, the possibility of realizing negative refraction in doped
semiconductors has also been investigated [17, 18]. The coherent
electric dipole and magnetic dipole transitions in the hydrogen-like
dopant atom response to the probe light and generate the negative
permittivity and permeability, respectively.
Rare-earth ions in solids supply a special system for the electric
and magnetic dipole transitions. In general, the electric dipole (ED)
transitions between the states of 4f electronic configurations of an
isolated rare-earth ion are forbidden by the parity selection rules,
however, the magnetic dipole (MD) transitions between of 4f states
are allowed [19]. Rare earth ions with plenty of energy levels
possess relatively strong magnetic dipole oscillator. The electric-dipole
transitions become partly allowed if odd-order terms in the expansion
of the static or dynamic crystalline-field potential admix states of
higher and odd-parity configurations into 4f [20]. So it is possible to
keep the strength of electric and magnetic dipole transitions in a similar
level. A left-handed property of Er-doped crystal was demonstrated
in a finite domain of parameters, however, the general theoretical
feasibility is under investigation [21, 22].
In this paper, f -f MD transition in rare-earth doped crystals
is investigated and general expressions of magnetic permeability are
derived according to semi-classic theory and Wigner-Eckart theorem.
As an example, the EM parameters of Sm3+ and Yb3+ co-doped
Y3 Al5 O12 (abbreviated as YAG) crystal are calculated numerically,
and a frequency band with negative refractive index is observed. As
compared to the previous works, two-level scheme in condensed matter
and weak field condition are designed, which simplify the model to a
large extent.
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2. MAGNETIC DIPOLE TRANSITION
Let us consider the electronic resonant transition between an excited
state |1 > and the ground state |2 >, as shown in Fig. 1. According
to selection rules, the same parity of the two states suggests magnetic
dipole transition is allowed. Excited by a weak enough light, in semiclassical theory, the density matrix element related to magnetization
has the following form [23, 24]:
−i
ρ11 − ρ22
ρ12 =
µ12 B
(1)
~
i∆ + γ
where µ12 and B are magnetic dipole matrix element and the amplitude
of magnetic component of probe light, respectively. Under MaxwellBoltzmann distribution, the density matrix elements ρ11 and ρ22 are
set to be 0 and 1, respectively. ∆ is frequency detuning with the form
of ∆ = ω0 − ω, where ω0 is the resonant transition frequency of the
two-level system and ω is the angular frequency of the probe light. γ
is the average of γ1 and γ2 , which represent the decay rates of level
|1 > and level |2 >, respectively.

Figure 1. The scheme of two-level electronic resonant transition under
a weak probe field, where ω is the angular frequency of probe light, and
frequency detuning ∆ is the difference between the transition frequency
ω0 and ω.
By denoting that m = ρ12 µ21 and m = µ0 αm B, we find the atomic
magnetic susceptibility has the following expression
−i
ρ11 − ρ22
αm =
|µ21 |2
(2)
µ0 ~
i∆ + γ
Here, m is the magnetization of a single atom or ion, and µ0 is the
permeability of vacuum.
Since the host crystal does not response to the magnetic field, the
relative magnetic permeability in Gauss units can be written as
µr = 1/ (1 − 4πN αm )
(3)
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Now, let us deduce the expression of the magnetic dipole matrix
element µ21 . In the case of 4f electrons of rare earth ions, the
initial and the final states have the state functions of |4f N SLM Ji and
|4f N S 0 L0 M 0 J 0 i, respectively, where N is the number of 4f electrons,
S, L and J are the spin, orbital and total angular moments, M is the
projection of J on the z axis. Using the Wigner-Eckart theorem [25],
we can get
µ
¶
J
1 J0
J+M e~
µ21 = (−1)
0
2mc −M q M
 N
®
4f SLM JkL + 2Sk4f N S 0 L0 M 0 J 0
(4)
For magnetic dipole transition, ∆S = 0, ∆L = 0, and if J 0 = J −1,
the reduced matrix element can be calculated as follows.
 N
®
4f SLM J kL + 2Sk 4f N S 0 L0 M 0 J 0
= [(S +L+J +1)(S +L−J +1)(S −L+J)(−S +L+J)/4J]1/2 (5)
With Eqs. (3), (4) and (5), the magnetic permeability near the
transition frequency in rare earth doped crystal can be calculated. As
a typical example, here we analyze the magnetic response in Yb : YAG
crystal with the component of (Ybx Y1−x )3 Al5 O12 . YAG with the
cubic symmetry has isotropic optical properties and excellent physical
and chemical features, and therefore it is widely used as the host
crystal of solid state lasers [26]. Rare earth ions, from Ce3+ to Yb3+ ,
possess especial electronic structure and abundant energy levels, so
relatively strong MD transition is not difficult to find. In Yb3+ , the
4f 13 electron configuration has only two energy-level manifolds, the
ground state 2 F7/2 and an excited state 2 F5/2 , which are separated by
about 10600 cm−1 [27]. According to selection rules, MD transition is
allowed between them. It is assumed that M = M 0 = 1/2 and q = 0.
The magnitude of γ12 is about 105 Hz.
The numerical results are presented at Fig. 2. In order to
investigate the effect of dopant concentration on magnetic response,
we design three values of Yb3+ content, which are x = 0.01, 0.02 and
0.05. It is found that the permeability shows an obvious resonance
characteristic near the transition frequency and abnormal magnetic
response is obtained in the resonant range, especially the highfrequency part. With the increase of Yb3+ concentration, the resonant
frequency exhibits a red shift, the resonant region gets wider and the
amplitude becomes larger according to Fig. 2(a). Fig. 2(b) shows
that the imaginary part of permeability increases obviously with the
increasing x value. Now, let us take the crystal x = 0.02 for example to
discuss the magnetic resonant behavior in detail. From the detuning
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frequency of −10 MHz, the real part of permeability (µr ) becomes less
than one, and comes to be negative from 0.04 MHz, and hence the
bandwidth for negative permeability is 0.66 MHz. The imaginary part
(µi ) which is related to attenuation arrives at a maximum of 6.95 at
the detuning frequency of 0.70 MHz. Far from this point, µi reduces
quickly to zero. In addition, the minimum of µr reaches −2.47 with
the µi of 3.56.

(a)

(b)

Figure 2.
The relation between magnetic permeability of
(Ybx Y1−x )3 Al5 O12 crystal and frequency detuning. (a) µr , real
part of magnetic permeability. (b) µi , imaginary part of magnetic
permeability. The concentrations of Yb3+ ion are x = 0.01, 0.02 and
0.05 respectively.

3. NEGATIVE REFRACTION BEHAVIOR
A two-level system with opposite parity can also be investigated by
this method. The key idea is to use reduced matrix element U (λ)
and oscillator strength Ω(λ) to describe the electric dipole matrix
element ℘12 . According to Judd-Ofelt theory [28–30], we have
X
¯ N
¯ ¯
®¯
1
¯ 4f JM ¯Dq1 ¯ 4f N J 0 M 0 ¯2 =
Ωλ U (λ)
(6)
3 (2J + 1)
λ=2,4,6

where Dq1 is a component of the electric dipolar operator corresponding
to the transition from the ground state |2 > to the excited state |1 >.
Considering ℘12 = e|h4f N JM |Dq1 |4f N J 0 M 0 i|, we can get
s X
e
℘12 = p
Ωλ U (λ)
(7)
3 (2J + 1) λ=2,4,6
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Figure 3. The frequency-dependent dielectric function curves. εr and
εi represent real part and imaginary part of permittivity, respectively.
For the ED transition, the expression of atomic polarizability is
similar with Eq. (2), which is given by
αe = −

i
ρ11 − ρ22
|℘12 |2
ε0 ~
i∆ + γ12

(8)

Finally, by combining Eqs. (7) and (8) we can easily get the atomic
polarizability of rare-earth ions in crystal, and hence, considering the
local field correction, the relative permittivity according to ClausiusMossotti relation [31] in SI units could be described by
µ
¶
N αe −1
χe = εc + N αe 1 −
(9)
3
where εc is the relative permittivity of the host crystal.
Here, we use the transition between 6 H5/2 and 6 F11/2 in Sm3+
in order to realize electric dipole resonance at the same frequency
with magnetic resonance. The following electric dipole parameters
Ωλ (λ = 2) = 1.20 × 10−24 /m2 , Ωλ (λ = 4) = 2.08 × 10−24 /m2 ,
Ωλ (λ = 6) = 1.72 × 10−24 /m2 , U (2) = 0, U (4) = 0.001, and
U (6) = 0.052 are adopted [32, 33]. The magnitude of γ12 is set to
be 106 Hz. εc is about 3.31 with a negligible imaginary part [34].
Figure 3 shows the curve of dielectric function of YAG crystal
with 2% Sm3+ . Similar resonance behavior is also observed near
the electronic transition frequency and abnormal dielectric response is
obtained in the resonant range. When frequency detuning is between
0.01 × 107 Hz and 0.63 × 107 Hz, the real parts of dielectric function are
negative, and its bandwidth is 6.2 MHz. The minimum of real part is
−6.34 with an imaginary part of 9.61.
As previously mentioned, rare earth ions doped crystal can realize
simultaneously ED and MD resonances at optical frequencies, and
the strength of two kinds of oscillators are of the similar order of
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magnitude if appropriate ions and their concentrations are exploited.
Therefore, negative refraction can be obtained at the frequency region
with both negative permittivity and magnetic permeability. The
underlying requirement is that the ED and MD transitions can be
excited by one probe light (the uniform frequency and wave vector
direction). And then the induced moments can be e//E and µ//B,
where e and µ are the ED and MD moments, respectively, and E and
B correspond to electric field and magnetic field. Thus the electric
response is perpendicular to the magnetic response, which makes the
left-handed property possible. In order to satisfy this condition, the
two sets of two-level transitions should be selected according to the
selection rules under a certain crystal since the crystal symmetry plays
a role in determining the transition probabilities [13]. In this work,
we take the Yb and Sm co-doped YAG crystal as an example, in
which simultaneous magnetic and electric dipolar resonances can be
achieved around 10600 cm−1 and negative refraction is observed near
that frequency as shown in Fig. 4. In (Yb0.02 Sm0.02 Y0.96 )3 Al5 O12
crystal, the bandwidth for negative refraction is about 0.57 MHz, and in
this frequency range, electromagnetic wave may experience a negative
refraction behavior. In the negative-refraction region, FOM (defined
by n/k) has a maximum of 0.54 when frequency detuning is 0.45 MHz,
where the complex refractive index is −0.56 + 1.03i.
However, the magnitude of negative refractive index is a little
smaller and its bandwidth is also much narrower compared to negative
refraction materials based on metallic periodic structures [35–37].
According to Eqs. (2) and (8), the amplitude and bandwidth of
magnetic (electric) resonance are determined by dipole matrix element,
atomic concentration and decay rate of levels. Sample with bigger
matrix element and higher ion concentration is prone to possessing a
bigger amplitude and wider bandwidth. In contrast, the effects of decay
rate on them are opposite. For certain rare earth ions, dipole matrix
element is fixed, whereas decay rate changes with temperature and
concentration. If temperature is invariant and concentration changes
in a small range, decay rate can also be treated as a constant and then
atomic concentration is the dominant factor. Therefore, increasing the
ratio of rare earth ions is an effective way to enhance the magnitude
and bandwidth of negative refraction. In addition, if we refer to the
absorption spectra of rare earth ions at room temperature, it is easily
found that the FWHM usually reaches up to several nanometers due
to phonon broadening and stark levels. As a result, the amplitude of
electromagnetic resonance will decrease further and abnormal dielectric
and magnetic response may disappear. In order to lower the effect of
phonon, low-temperature environment is required.
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Figure 4. The optical constants v.s. frequency detuning. n and
k denote the real part and imaginary part of refractive index,
respectively.
4. CONCLUSIONS
In conclusion, we explored the magnetic and electric dipole transitions
in rare earth ions doped crystals for realizing electromagnetic resonance
and negative refraction at optical frequencies. Under the twolevel approximation and weak field approximation, we analyzed the
magnetic response and dielectric response in this system. It is found
that negative permeability and permittivity can be attained near
respective transition frequencies. By degenerating the two sets of
levels, negative refraction can be achieved. As a typical example, the
EM parameters of (Yb0.02 Sm0.02 Y0.96 )3 Al5 O12 crystal are calculated
numerically. It is shown that the frequency range for negative refraction
is about 0.57 MHz and the optimum refractive index is −0.56 + 1.03i.
The simplicity of level model and free of strong controlled or driven
field makes the scheme more practicable and applicable. What is more,
the conditions of low temperature and high ion concentration may be
adopted in order to get strong enough EM response in consideration
of the phonon interference. It is believed that the proposed naturally
occurring material would be a promising candidate material to realize
magnetic response and negative refraction at optical frequencies.
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