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1.

Introduction

Random medium models have been widely used to study electromagnetic and acoustic scattering properties of inhomogeneous geophysical media and turbulent atmosphere [1–9]. In these models, the
permittivity is assumed to be a random function of space variables and
spatial correlation functions are employed to describe the two point
statistics of the permittivity ﬂuctuations.
The purpose of this study is to investigate in detail the statistical
description of a random medium and how it relates to the scattering
properties of the random medium. The main focus of the study is on
the correlation function since this function reﬂects important physical
properties of the medium and plays a central role in scattering calculations. To be rigorous, a speciﬁc physical model is considered which
consists of a collection of spheres with a given size distribution, and
the computation of the correlation function is carried out for this welldeﬁned conﬁguration. It is very important to consider the size distribution of scatterers since power scattered from a particle varies rapidly
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with the size. In fact, in the Rayleigh limit, the scattering cross section
of a spherical particle is proportional to the sixth power of the radius which results in signiﬁcant scattering from larger particles even if
their number density is small. An accurate correlation function should
reﬂect this eﬀect.
To determine the correlation function, a novel technique is used:
The scattering problem is ﬁrst solved by the continuous random
medium model leaving the correlation function as unknown. The scatteing problem is then solved by the discrete scatterer model which requires the speciﬁcation of shapes and distributions of the scatterers but
not the correlation function. Finally, the results from two approaches
are equated to obtain an equation for the correlation function. The
solution of this equation is facilitated by treating the weak scattering
case and employing the Born approximation to solve for the correlation
function. However, the result is valid in general since the correlation
function depends only on the geometric organization of particles and
is independent of their scattering properties. In other words, if the correlation function can be uniquely determined in the weak scattering
limit, it must be the correct solution for all scattering conditions since
it is independent of such conditions. Sparse and dense distribution of
particles are considered separately. For densely distributed particles,
pair distribution functions [10–11] are introduced and the correlation
functions are related to them. Various physical conﬁgurations are investigated by changing the size and fractional volume of the particles.
The implications of multi-scale correlation functions are discussed.
The chapter consists of four sections. Following this introductory
section, the random medium model is reviewed and the role of the correlation function is explained. In section 3, a review of previous results
for single-scale correlation functions is given and the new computation
technique is discussed for diﬀerent physical conﬁgurations. Numerical
results are presented for both single-scale and multi-scale correlation
functions. Furthermore a unique relation between the size distribution
of particles and the correlation function is established for sparsely distributed media which results in an explicit formula to determine the
size distribution from the correlation function. In the ﬁnal section, implications of the new results are discussed and conclusions are given.
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Random Medium Model

A random medium is a mathematical model of a structurally complex medium. It consists of an ensemble of media and a probability
distribution over the members of the ensemble.The random medium
model represents a given medium well if each member of the ensemble
is similar to it, or if the mean of the random medium is close to the
given medium with small variance [12]. For instance,for electromagnetic propagation studies, the permittivity is assumed to be a random
function of space variables which model three dimensional variations
of permittivity ﬂuctuations. In order to represent wave propagation in
the medium, a random wave is considered which is a family of waves,
one in each medium of the ensemble. The mean of the random wave,
and its other statistics provide information about the wave in the given
complex medium [12].
In random medium models, correlation functions play a signiﬁcant role in propagation and scattering calculations. To demonstrate
the importance of correlation functions, we will consider a random
medium with strong permittivity ﬂuctuations and apply strong ﬂuctuation theory [13]; [14] to calculate scattered ﬁelds from the medium:
Consider a medium with permittivity (r) which is a random
function of position. The vector wave equation for this medium is
∇ × ∇ × E(r) − ko2

(r)
E(r) = 0
o

(1)

√
where ko = ω µo o is the free-space wavenumber. To determine the
eﬀective permittivity of the random medium under the strong ﬂuctuation theory, a deterministic permittivity g is introduced in both sides
of this equation to get
∇ × ∇ × E(r) −

g
ko2 E(r)
o


=

ko2

(r) − g
o


E(r)

(2)

The permittivity g has physical signiﬁcance because in the low frequency limit, the eﬀective permittivity can be well approximated by
this quantity [8]. The eﬀective permittivity in turn is one of the most
important parameters in random medium models since the propagation of the mean ﬁeld inside the random medium is solely determined
by the eﬀective permittivity. In fact, the mean ﬁeld satisﬁes the wave
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equation in a homogeneous medium with the given eﬀective permittivity which implies that the attenuation of the mean ﬁeld is described
by the imaginary part of the eﬀective permittivity.
If Gg (r, r ) is the dyadic Green’s function that satisﬁes the vector
√
wave equation with wavenumber kg = ω µo g , then
∇ × ∇ × Gg (r, r ) − kg2 Gg (r, r ) = Iδ(r − r )

(3)

and

E(r) = E o (r) +

ko2

dr Gg (r, r )

(r ) − g
· E(r )
o

(4)

where E o (r) is the ﬁeld that satisﬁes the homogeneous wave equation
with wavenumber kg .
When the dyadic Green’s function is decomposed into its principal
value plus the singularity term for a spherical exclusion volume, it takes
the following form:
Gg (r, r ) = P V Gg (r, r ) −

I
δ(r − r )
3kg2

Substituting this into (4) gives

2
F (r) = E o (r) + ko dr P V Gg (r, r )ξ(r )F (r )

(5)

(6)

where
(r) + 2g
E(r)
3g


g (r) − g
ξ(r) = 3
o (r) + 2g
F (r) =

(7)

(8)

In these equations, F (r) and E(r) play the roles of external and
internal ﬁelds, respectively.
Upon applying the bilocal approximation [8] to (6), an integral
equation for the mean external ﬁeld is obtained as

Multi-scale correlation functions for random medium models


F (r) = E o (r) +

ko2

dr
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dr P V Gg (r, r ) · ξ ef f (r , r ) · F (r )
(9)

with
ξ ef f (r , r ) = ko2 P V Gg (r , r )Cξ (|r − r |)

(10)

Cξ (|r − r |) = ξ(r )ξ(r )

(11)

where

is the spherically symmetric correlation function of ξ(r) where g is
chosen such that < ξ(r) >= 0 [13]. It is seen that the correlation function plays a central role in the propagation calculations. Furthermore,
the eﬀective permittivity under bilocal approximation is given as [8]
2
ef f = g + o ko2
3


0

∞

2
drrCξ (r) + i ko2 kg o
3



∞

drr2 Cξ (r)

(12)

0

which demonstrates the importance of the correlation function. Further
considerations of propagation in random media can be found in [15–
17]. In the following section we discuss the computation of diﬀerent
correlation functions and their implications.

3.

Computation of Correlation Functions

In the literature, several correlation functions have been derived
and used for diﬀerent physical conﬁgurations. Debye calculated a correlation function of exponential form for a medium which has scatterers of arbitrary shape and size [18]. When scatterers are of spherical
shape, simple expressions for the correlation functions have been obtained for penetrable scatterers [19]. In addition, Hole-correction and
Percus-Yevick pair distribution functions have been used to describe
the statistics of impenetrable spheres [20–21].
However, in random medium models, much of the correlation
functions used thus far have been assumed to be exponential [18; 22–
23]. This is because the exponential correlation function is simple in
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form and has been considered to be a reasonable approximation. Also,
simple physical arguments have been used to obtain a correlation function for the random medium model [24–25]. However, to be rigorous in
the modeling, the random medium should ﬁrst be described in terms
of the shape and size of the scatterers. The correlation function can
then be derived and used in the random medium model. This approach
gives a direct relationship between the physical conﬁguration and the
results obtained from the random medium model.

3.1 Overview
Consider the conﬁguration shown in the Figure 1. The medium
is described by a random permittivity function (r) . The correlation
function for this medium can be deﬁned in terms of the permittivity
function as follows
C(r − r ) = [(r)− < (r) >][(r )− < (r ) >]∗ 

(13)

Figure 1. Problem Conﬁguration.

For the conﬁguration considered, < (r) > is independent of r , and
the correlation function depends on the diﬀerence vector r − r . A
random medium with these properties is called homogeneous [1].
The permittivity function can be expressed in terms of a new
function H(r) which takes the value 1 within the scatterer and 0
elsewhere:
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(r ) = (2 − 1 )H(r ) + 1
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(14)

By substituting this expression in the deﬁnition of the correlation function above and simplifying, we obtain a new expression for the correlation function
C(r) = |1 − 2 |2 (< H(r )H(r + r) > −f 2 )

(15)

where f is the fractional volume of the scatterer (medium 2). Here,
the term within the angular brackets deserves special attention because
once this function is determined the correlation function can be simply
calculated. Let
P22 (r) =< H(r )H(r + r) >

(16)

It can be shown that P22 (r) is the probability that both ends of a rod
of length r = |r| which lies along r is located in medium 2 (Figure 2).
For an isotropic random medium, P22 (r) is a function of r only.

Figure 2. Illustrations for P11 (r) and P22 (r).

At this point, we note that P22 (r) is in a sense more fundamental than the correlation function as deﬁned in Equation (13) because
deﬁnitions of correlation functions may vary for diﬀerent applications.
In fact we have seen in Section 2 that under strong ﬂuctuation theory
it is more convenient to deﬁne a correlation function in terms of ξ(r)
rather than (r) . In either case however, the correlation function can
be expressed in terms of P22 (r) which indicates the signiﬁcance of this
probability function.
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A similar expression for the correlation function can be obtained
in terms of P11 (r) , the probabilty that both ends of the rod is within
medium 1 (the background medium). Thus, the correlation function
can be computed by either calculating P11 (r) or P22 (r) .
C(r) = |1 − 2 |2 (P22 (r) − f 2 )

(17)

= |1 − 2 |2 (P11 (r) − (1 − f )2 )

(18)

The normalized correlation function, which can be used in the calculation of eﬀective permittivity and backscattering coeﬃcients can then
be deﬁned as
R(r) =
=

C(r)
P22 (r) − f 2
=
C(0)
f − f2

P11 (r) − (1 − f )2
(1 − f ) − (1 − f )2

(19)
(20)

These are general deﬁnitions of the correlation and probability functions we will use in the subsequent sections of the chapter.

3.1.a Impenetrable model
In the case of impenetrable spheres, where the spheres cannot
overlap with each other, it is convenient to calculate the correlation
function by considering P22 (r) which breaks down into two components: a self term and a cross term. The self term arises from the case
in which both ends of the rod is contained within one scatterer and the
cross term arises when the ends of the rod are in diﬀerent scatterers.
These two terms can be evaluated giving the following form for the
probability function:
3r 1 r 3
+ ( ) ]+f 2
P22 (r) = f [1−
4 a 16 a





4
d3 r2 g(|r2 −r1 |)/( πa3 )2
3
V2
V1
(21)
where a is the radius of the spherical scatterer [21]. The derivation of
this result will be given in the following section where it will also be
generalized to multi-scale correlation functions.
3

d r1

Multi-scale correlation functions for random medium models

287

It is interesting to see that the self term is proportional to the
common volume between two intersecting spheres of radius a which
are separated by a distance r . In other words, the probability that
both ends of a given rod of length r is contained within one scatterer
is proportional to the commom volume between a sphere and its replica
which is displaced from the center of the original sphere by a distance
r . At this point, it is important to note that the medium under consideration consists of impenetrable spheres; the discussion of intersecting
spheres is an abstract geometrical construction to explain the form of
the self term.
The cross term, on the other hand, can be expressed in terms
of a double volume integral over spheres located at r(V 1) and at
the origin (V 2) . This term will be shown to be proportional to the
convolution of the self term and the function g(r)·g(|r2 −r1 |) is the pair
distribution function [10–11] which gives the probabilistic distribution
of the scatterers in space for any given fractional volume. Depending on
the type of pair distribution used, various correlation functions can be
obtained. Shown in the Figure 3 is the Percus-Yevick pair distribution
function for various fractional volumes [8].

Figure 3. Percus-Yevick pair distribution function.
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We note that at high fractional volume there is oscillation due to
the crowding of the spheres to form a tight lattice. At low fractional
volume, the pair distribution function is nearly ﬂat since the spheres
are far apart and almost independent of each other. In all cases, the
pair distribution function is zero for r less than the diameter of the
spheres since the spheres are impenetrable. For low fractional volume,
a good approximation to the Percus-Yevick pair distribution function
is the Hole-correction approximation [20–21]. The correlation function
under this approximation can be carried out analytically by evaluating
Equation (21) with the Hole-correction pair distribution function and
using Equation (17). The result is given as


 9  1  r 6

1  r 3
3 r
+
+ f2
C(r) = ∆ f 1 −
4 a
16 a
16 1260 a
1  r  4 1  r 3
− 1 , r < 2a
+
10 a
3 a

9
1  r 4 5  r  3
1  r 6
= ∆ f2
+
−
−
16 1260 a
10 a
9 a
−

+
= 0,

32  r  128 256 a
−
+
5 a
9
35 r

(22)

, 2a ≤ r < 4a

4a ≤ r

where ∆ = |1 − 2 |2 . The correlation function in the Percus-Yevick
model can also be carried out analytically; however, the expressions
become tedious and numerical evaluation is much simpler to use. This
is done by reducing the six-fold integral in Equation (21) into a single
integral which can easily be integrated numerically. Comparison of the
normalized correlation functions obtained from the Percus-Yevick and
Hole-correction pair distribution functions show good agreement for
small fractional volume as seen in Figure 4.
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Figure 4. Comparisons of Percus-Yevick and Hole Correction results.
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3.1.b Penetrable model
The correlation function for a random collection of penetrable
spheres is obtained by ﬁrst calculating P11 (r) , which is the probability
of ﬁnding both ends of a rod of length r within medium 1 (background
medium).This can be computed by considering a thought experiment of
randomly adding spherical scatterers one by one into a total scattering
volume V . Each addition of a scatterer is assumed to be independent
of others. The probability of ﬁnding the two points outside the spheres
is equivalent to that of having the sphere centers outside the union
volume of two auxiliary spheres located with centers at each of the two
endpoints (Figure 5).

Figure 5. A collection of penetrable spheres.

Therefore, the probability function is given as
P11 (r) = lim

N →∞

V − V∪ (r)
V

N

= lim 1 −
N →∞

no V∪ (r)
N

N

(23)

where V∪ is the union volume of spheres with centers located at the
endpoints of the rod and N is the total number of scatterers. As the
total number of scatterers approaches inﬁnity, P11 (r) approaches an
exponential form.
P11 (r) = exp[−no V∪ (r)]

(24)

The union volume of two spheres of radius a which are separated by
a distance r is given as

V∪ (r) =

4πa3
3r
1 r
[1 +
− ( )3 ] r < 2a
3
4 a 16 a
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=

8π 3
a
3

r ≥ 2a
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Since the scatterers are allowed to interpenetrate each other, there
is no direct proportional relation between the number density and the
fractional volume unlike in the impenetrable case. To ﬁnd this relation,
we consider P11 (0) . P11 (0) is the probability of ﬁnding a rod of length
zero, or a point, within medium 1.
P11 (0) = exp[−no V∪ (0)]

(26)

This is simply one minus the fractional volume. The union volume at
r equal to zero is just the volume of one sphere
4
1 − f = exp[−no πa3 ]
3

(27)

Substituting these values in the original expression and solving for no ,
we arrive at the relation needed
no = −

3
ln(1 − f )
4πa3

(28)

On the other hand, the correlation function of the permittivity is given
as
C(r) = |1 − 2 |2 (exp[−no V∪ (r)] − (1 − f )2 )

(29)

which implies that the normalized correlation function can be written
in the following form by substituting the expressions for the union
volume and the number density into the deﬁnition of the correlation
function:
1
1
3
(1 − f )[3r/4a−(r/a) /16] − (1 − f ), r < 2a
f
f
r ≥ 2a
= 0,

R(r) =

(30)

Figure 6 shows the plot of normalized correlation functions for various
fractional volumes. As in the impenetrable case, the function drops oﬀ
faster as the fractional volume increases. However, there is no oscillation nor much variation as a function of fractional volume unlike in the
impenetrable case.
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Figure 6. Normalized correlation functions for penetrable spheres.

3.2 Basic Formulation
In this section we discuss a novel technique to calculate the correlation function for a collection of impenetrable spheres with multiple
sizes. As outlined in Section 1, the ﬁrst step towards determining the
correlation function is to solve the scattering problem using the random
medium model employing the Born approximation. Assume permittivity ﬂuctuations are weak so that |2 − 1 | << 1 . Let
(r) = 1 + f (r)

(31)

Here, 1 is the background permittivity which diﬀers from the mean
permittivity slightly and f (r) represents the permittivity ﬂuctuations. The wave equation for this conﬁguration can be written as

∇ × ∇ × E(r) − k 2 E o (r) = ω 2 µf (r)E(r) = Q(r)E(r)

(32)

where the right hand side acts as a random source. The solution can
be written in terms of the dyadic Green’s function G(r, r ) as
E(r) = E

(0)


(r) +
VT

dr G(r, r )Q(r )E(r )

(33)
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(0)

where E
is the solution in the absence of scatterers and VT is the
total volume that contains the scatterers. Under the Born approximation, the average scattered intensity takes the following form:
 

(0)
2
dr dr G(r, r )E (r )
|E s (r)| =
VT VT
(34)

∗

(0)
G(r, r )E (r )
Q(r )Q∗ (r )
In the far ﬁeld the dyadic Green’s function is

ikr
[ĥ(k s )ĥ(k s ) + v̂(k s )v̂(k s )]−iks ·r
4πr
and if the homogeneous solution is taken as

G(r, r ) =

E

(0)

(35)

= Eo ĥ(k i )iki ·r

(36)

the scattered intensity becomes
|E s (r)|2  =

|Eo |2 4
k |[ĥ(k s )ĥ(k s ) + v̂(k s )v̂(k s )] · ĥ(k i )|2 B(k i − k s )
16π 2 r2
(37)

with








dr dr rf (r )∗rf (r )i(ki −ks )·(r −r )
VT VT
 


2
= rf
dr dr H(r )H(r )i(ki −ks )·(r −r )
VT VT


2
= rf
dr dr P22 (r − r )i(ki −ks )·(r −r ) (38)

B(k i − k s ) =

VT

VT

where Equation (16) has been used and rf is assumed to be real.
When VT is large compared to the spread of P22 , B(k i − k s )
can be approximated as
 ∞

dr P22 (r )i(ki −ks )·r
(39)
B(k i − k s ) 2rf VT
−∞

giving a Fourier relation. It is this relation which makes it possible to
solve for the correlation function when the scattering problem is solved
with another model and the two results are equated.
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For the conﬁguration considered, P22 (r) is isotropic so that
P22 (r) = P22 (r) and
 ∞
4πr
2
drP22 (r)
B(h) = rf VT
sin hr
(40)
h
0
where
h = |k i − k s |

(41)

Therefore, in terms of B(h) the probability function can be evaluated as
 ∞
1
dhB(h)h sin hr
(42)
rP22 (r) = 2
rf VT 2π 2 0
For the next step, we calculate B(h) using the discrete scatterer model.
The problem will be solved for sparse and dense distribution of particles
separately.

3.3 Sparse Distribution of Particles
Consider a single sphere of radius a located at the origin. Under
Born approximation, the scattered ﬁeld can be written as

Es =

ikr
Eo k 2 [ĥ(k s )ĥ(k s ) + v̂(k s )v̂(k s )] · ĥ(k i )rf Va F (|k i − k s |a) (43)
4πr

Where Va is the volume of the sphere and F (ha) determines the
scattering pattern and is given as
F (ha) =

3
h3 a3

(sin ha − ha cos ha)

(44)

Assuming incoherent addition of power, the scattering intensity for the
discrete scatterer model becomes

|E s (r)|2  =

|Eo |2 4
k |[ĥ(k s )ĥ(k s ) + v̂(k s )v̂(k s )] · ĥ(k i )|2
16π 2 r2 
· 2rf NT

∞

0

dap(a)F 2 (ha)Va2

(45)
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where NT is the total number of scatterers and p(a) is the size density
function. Comparing Equations (37) and (45) we see that
 ∞
2
dap(a)F 2 (ha)Va2
(46)
B(h) = rf NT
0

so that using Equation (42) the probability function can be obtained
as


∞



∞

sin ha − ha cos ha 2
)
hr
h3
0
0
(47)
which relates the size distribution function to the probability function
for impenetrable particles. It should be noted that this equality is exact
in the limit as the fractional volume goes to zero since we assumed
incoherent addition of power in the discrete scatterer model. If we
assume all the particles have identical size so that p(a ) = δ(a − a) ,
the probability function becomes
NT
P22 (r) = 8
VT

dhh

NT a6
P22 (r) = 8
VT r

2 sin hr



da p(a )(

∞

dhh sin hr(
0

sin ha − ha cos ha 2
)
h3 a3

(48)

3 r
1 r
= f [1 − ( ) + ( )3 ]
0 ≤ r ≤ 2a
(49)
4 a
16 a
where f denotes the fractional volume of the scatterers. The second
equality is obtained using the identity
6
π


0

∞

duu2 (

sin u − u cos u 2 sin uα
3
1
)
= 1− α+ α3 0 ≤ α ≤ 2 (50)
3
u
uα
4
16

Note that the common volume between two spheres of radius a whose
centers are separated by r is given as

V ∩ (r, a) =


 4π


3

0,

a3 1 − 34 ( ar ) +

1 r 3
16 ( a )

, 0 ≤ r ≤ 2a
otherwise

which indicates that the expression given in Equation (49) is determined by this function. This result is true for sparse distribution of
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particles and additional terms are required for the general case as indicated by Equation (21). Note that in the sparse distribution result,
f 2 term is neglected. The derivation of the general result will be given
when we treat densely distributed particles. Using Equation (47) the
probability function can also be expressed as
P22 (r)




 ∞
sin ha − ha cos ha 2
NT ∞
6
2 sin hr
=8
dap(a)a
dhh
(52)
VT 0
hr
h3 a3
0

NT ∞
daV∩ (r, a)p(a)
(53)
=
VT 0
where V∩ (r, a) is given in Equation (51). This is the ﬁnal expression
for the probability function of sparsely distributed spheres with the size
distribution described by p(a) . Given this expression,the correlation
function can be determined easily using Equation (17).
In Figure 7 the eﬀect of particle size on the correlation function
is demonstrated. It is seen that the correlation length (the length at
which the correlation function decreases to 37% of its peak value) increases with increasing particle size. This is expected since for sparse
distribution of particles, the correlation function is determined by the
common volume between two spheres of radius a which are displaced
with respect to each other by a distance of r (see Equations (17), (49),
and (51)). For sparse distribution of particles the correlation function
can be computed for any size distribution using Equations (53) and
(17). In Figure 8 we demonstrate the eﬀect of multiple scales on the
correlation function. Here two species are considered with diﬀerent particle sizes and fractional volumes. In these ﬁgures ns is the number of
species, f1 and f2 denote fractional volumes for the respective species
and a1 and a2 represent corresponding radii. Note that in Figure 8a
the parameters are chosen such that species contribute equally to the
scattered ﬁeld under the Rayleigh scattering approximation. This condition requires f1 a31 = f2 a32 since the scattered power from a given
particle is proportional to the sixth power of the radius. The comparison between Figures 7a and 8a is very signiﬁcant because we see that
the functions are only slightly diﬀerent from each other although the
scattered power is twice as high in the latter case. This indicates the
importance of considering multiple size in the computation or measurement of correlation functions. In Figure 8b the eﬀect of multiple sizes
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is seen more clearly as giving the probability function a characteristic
shape with two scales. In other words, it is not possible to describle
such a medium with a single correlation length since the scattering
properties of that medium would be signiﬁcantly diﬀerent.

(a)

(b)
Figure 7. Eﬀect of particle size on correlation length.
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(a)

(b)
Figure 8. Eﬀect of multiple scales on correlation function.

The fact that the correlation function is related ro the common
volume of two intersecting particles is not peculiar to spherical particles
only. In fact, in the following we show that this is the case for particles
of arbitrary shape. For this purpose, consider the scattered ﬁeld from
a particle of arbitrary shape. Under Born approximation,

Multi-scale correlation functions for random medium models

ikr
Es =
Eo k 2 [ĥ(k s )ĥ(k s ) + v̂(k s )v̂(k s )] · ĥ(k i )rf
4πr
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dr i(ki −ks )·r



V

(54)
where V denotes the volume of the scatterer. Therefore, the scattered
intensity is

|E s (r)|2  =

|Eo |2 4
k |[ĥ(k s )ĥ(k s ) + v̂(k s )v̂(k s )]
16π 2 r2
 



dr dr i(ki −ks )·(r −r

· ĥ(k i )|2 2rf ·

V



)

(55)

V

Using Equations (37) and (39), we see that
 
2rf NT



 i(ki −ks )·(r  −r )



dr dr 
V

=

V

2rf VT

∞

−∞

dr P22 (r )i(ki −ks )·r



(56)
Introducing U (r) which is unity on a given particle and zero elsewhere
(note the diﬀerence between U (r) and H(r) , where the latter is unity
on all particles) we obtain
 
V



dr dr i(ki −ks )·(r −r

V


=
=
=

∞

−∞
 ∞
−∞
 ∞
−∞





)





dr U (r )




∞



−∞
 ∞

dr U (r )

−∞

dr i(ki −ks )·r

dr U (r )i(ki −ks )·(r −r



)

(57)






i(ki −ks )·r 

dr U (r − r )





∞

−∞

dr U (r )U (r − r )

so that
P22 (r) =

NT
VT



∞

−∞

dr U (r )U (r − r)

(58)

It is seen that the integral gives the common volume between intersecting particles separated by r .
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3.3.a Correlation function vs. size distribution
The relationship between the correlation function and the size
distribution function was established above. Equations (17) and (53)
demonstrate that when the size distribution of a collection of sparsely
distributed particles is known the correlation function can be computed. In this section we will discuss the inverse problem of calculating
the size distribution function when the correlation function is known.
Mathematically this requires the solution of the integral equation given
as

P22 (r) =

NT
VT



∞

dap(a)
0

3 r
4π 3
1 r
a 1 − ( ) + ( )3
3
4 a
16 a

(59)

In this equation we wish to determine p(a) when P22 (r) is known for
all r .
An integral equation of the form (59) can be solved using the
Mellin transform. The integral
 ∞
dxxz−1 φ(x)
(60)
Φ(z) =
0

is called the Mellin transform of the function φ(x) with respect to the
complex parameter z . If Φ(z) is regular in the strip S = {z : a <
σ < b} , then the inverse transformation is given as
1
φ(x) =
2πi



c+i∞

dzx−z Φ(z)

(61)

c−i∞

where a < c < b . An important property of the Mellin transform is
the relation
 ∞
dtφ1 (x/t)φ2 (t) → Φ1 (z)Φ2 (z + 1)
(62)
0

which implies that an integral equation of the form
 ∞
g(y) =
dxf (x)k(y/x)
0

can be solved for f (x) as

(63)
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1
f (x) =
2πi



c+i∞

c−i∞

dzx−z

G(z − 1)
K(z − 1)
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(64)

where G(z) and K(z) are the Mellin transforms of g(y) and k(y) ,
respectively.
Employing these properties, Equation (59) can be solved to obtain
an explicit expression for the size distribution function in terms of the
correlation function as
a−3
p(a) =
2πi



c+i∞

dza
c−i∞

−z (z

− 1)z(z + 2)
2z−2 6


0

∞


drP22
(r)rz−2

(65)

 (r) = 3V /(4πN )P (r) . This equation indicates that there
where P22
22
T
T
is a one-to-one relationship between the size distribution function and
the correlation function for sparsely distributed particles and that this
relationship can be expressed in terms of explicit formulas given by
(59) and (65).

3.3.b Thin sections and correlation functions
Thin sections are commonly used in sea ice research to determine
the correlation function of a random medium [26,27]. A thin section is
obtained by cutting a block of ice into a thin layer and marking the
scatterers. The correlation function is then calculated by correlating
the thin section with its replica which is displaced from the original
by a distance r . In the following we will show that this process does
in fact provide the correct correlation function as deﬁned above. This
is not obvious because in the process, a two-dimensional cut of the
three-dimensional random medium is used.
Consider a collection of spheres with unity radius which are uniformly distributed in a given volume V . When a cut is made through
the volume, the cutting plane will intercept some of the spheres and
the centers of the intercepted spheres will be at diﬀerent distances from
the cutting plane. Therefore, the intersection of the spheres and the
cutting plane will consist of circles with varying radii. Since the number density is uniformly distributed as a function of distance from the
cutting plane, the number distribution as a function of circle radius
takes the form
2no a
(66)
n(a) = √
1 − a2
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where no is the volume number density, and a is the radius of circles
on the cutting plane (Figure 9).

Figure 9. Intersection of the cutting plane and a sphere.

When the thin sections are displaced by a distance r and the
common area between displaced circles are calculated, the following
integral is obtained which gives the probability function:



 1
r
2no a
r2
r
2
−1
2
da √
2 a cos
a −
−
(67)
P22 (r) =
2a 2
4
1 − a2
r/2
where we have used the fact that the common area between two circles
of radius a which are displaced by a distance of r is given as



2
r
r
r
(68)
a2 −
A∩ = 2 a2 cos−1
−
2a 2
4
Upon evaluating the integral of (67) we obtain


3
4π
1 3
P22 (r) =
no 1 − r + r
3
4
16
as before.

r < 2a

(69)
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Although we have shown that the thin section analysis provides
the correct correlation function for a collection of sparsely distributed
spheres with identical radii, this result is far more general. In fact for
any isotropic random medium, each thin section should give the same
result due to symmetry, but the volume calculation can be obtained
from a stack of thin sections each of which gives identical result; therefore thin section result (2-D) must be identical to volume result (3-D)
for any isotropic random medium. However, this is true only in the
limit when the thickness of thin sections go to zero. In practice the
ability to obtain volume information from thin sections is limited by
the actual thickness of thin sections compared to the size of the smaller
particles.

3.4 Dense Distribution of Particles
When particles are densely distributed, pair distribution functions are needed to describe the structure of the medium. To calculate
scattered ﬁelds, consider a collection of spherical particles which have
identical size. Let the center of the i, th particle be at ri (Figure 10).
Under the Born approximation the scattered ﬁeld from this particle
can be written as

Figure 10. Conﬁguration for densely distributed particles.

Es =

ikr
Eo k 2 [ĥ(k s )ĥ(k s ) + v̂(k s )v̂(k s )]
4πr



dr i(ki −ks )·r i(ki −ks )·ri

· ĥ(k i )rf
V

(70)
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which implies that the total scattered ﬁeld is
Es =

NT


AJi

(71)

i=1

where Ji = exp(i(k i −k s )·ri ) is the phase factor and A is the scattered
ﬁeld from a particle located at the origin.
Similarly , the scattered intensity can be expressed as
2

2

|E s (r)| = |A| [NT +

NT 


2Re{Ji Jj∗ }]

(72)

i=1 j>i

Upon ensemble averaging, we obtain
|E s (r)|2  = |A|2 [NT + L]

(73)

where

L=

NT 




dr1 . . . drNT p(r1 . . . rNT )i(ki −ks )·(ri −rj )

2Re

(74)

i=1 j>i

Here p(r1 . . . rNT ) denotes N − point distribution function. Note that
incoherent addition assumption is not made. Performing (NT −2) -fold
integration and summing we obtain




L = NT (NT − 1)Re
VT

NT2
Re
VT2



(75)

VT



VT

dri drj p2 (ri , rj )i(ki −ks )·(ri −rj )

dri drj g(ri , rj )i(ki −ks )·(ri −rj )

(76)

VT

where g(ri , rj ) is commonly known as the pair distribution function.
Using this equation, the averaged scattered intensity can be written as

|E s (r)|2  =

|Eo |2 4
k |[ĥs ĥs + v̂s v̂s ] · ĥi |2
16π 2 r2 

{2rf NT



dr dr i(ki −ks )·(r −r

Vs

Vs



)
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+

2rf





VT



dr dr i(ki −ks )·(r −r ) ·

 Vs  Vs

n2o Re
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dri drj g(ri , rj )i(ki −ks )·(ri −rj ) }

(77)

VT

where Vs denotes the volume of the sphere and no is the number
density. An equation for the probability function can be obtained by
comparing Equations (37) and (77). Deﬁning the function U (r) as
before we get

VT





dr dr P22 (r − r )iα·(r −r

VT





VT

+ n2o


VT





)

VT






dr dr U (r )U (r )iα·(r −r



)

VT

· Re
VT

)

dr dr U (r )U (r )iα·(r −r

= NT




dri drj g(ri , rj )iα·(ri −rj )

(78)

VT

where α = k i − k s . After some manipulations, the solution of this
equation for the probability function gives
 ∞
Co (r − r)
2
dr g(r )
(79)
P22 (r) = f Co (r) + f
Vs
−∞
where f is the fractional volume of the scatterers and
 ∞
1
dr U (r )U (r − r)
Co (r) =
Vs −∞

(80)

Note that the ﬁrst term is identical to the result we got for sparsely
distributed particles, which indicates that for sparsely distributed particles the second order term in fractional volume is neglected. It can
also be shown that this result is identical to that of Equation (21).
In Figure 11 we show that numerical results for a collection of
densely distributed particles where it is assumed that |1 − 2 | = 1 .
The pair distribution function for the conﬁguration is shown in Figure
11a. This function is evaluated using the algorithm described below.
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In Figure 11b the “intrinsic” correlation function (self-term) is demonstrated. This function does not include the interaction term between
diﬀerent particles and is given by the common volume between two
spheres displaced with respect to each other. The interaction term
which involves the pair distribution function is depicted in Figure 11c.
The actual correlation function which includes both the intrinsic correlation function and the interaction term is depicted in 11d. It is seen
that for densely distributed particles interaction term is signiﬁcant and
the correlation function might become negative.

(a)

(b)

(c)

(d)

Figure 11. Single scale densely distributed particles.
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For a two-component system which consists of particles of two
diﬀerent sizes, the method can be easily extended. For this case, twocomponent pair distribution functions are introduced. The ﬁnal result
can be obtained as

P22 (r) = f1 C11 (r) +

f12

∞

−∞

dr g11 (r )



+ f2 C22 (r) + f22

+ 2f1 f2

∞

−∞

∞

−∞

 (r  − r)
C11
V1 V 1

dr g22 (r )

dr g12 (r )

 (r  − r)
C22
V 2 V2

(81)

 (r  − r)
C12
V1 V 2

where fi and Vi denote fractional volumes and particle volumes for
the two components (i = 1, 2) , respectively. Pair distribution functions
are expressed as gij , and
 ∞

dr Ui (r )Uj (r − r)
(82)
Cij (r) =
−∞

It is easy to see that

lim P22 (r) = f1 + f2

(83)

lim P22 (r) = (f1 + f2 )2

(84)

r→0

and

r→∞

as expected.
Figures 12 and 13 demonstrate results for a two scale densely distributed collection of particles. In 12 pair distribution functions are
depicted and in 13, the corresponding correlation functions are illustrated (|1 −2 | = 1) . The eﬀect of the interaction term is again clearly
seen which indicates that as the density of the particles increases the
scale of correlation decreases.
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Figure 12. Pair distribution functions for two scale densely distributed
particles.

Figure 13. Correlation functions for two scale densely distributed particles.
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Summary and Conclusions

In this chapter, a continuous random medium model was considered to describe a collection of multi-scale spherical scatterers to
determine the correlation function for this conﬁguration. Sparse and
dense distribution of particles were considered separately. For sparse
distribution of particles it was shown that the correlation function can
be expressed in terms of the common volume between two spheres
displaced with respect to each other. For densely distributed particles pair distribution functions were introduced and the correlation
functions were related to them. Various physical conﬁgurations were
investigated by changing the size and fractional volume of the particles.
To determine the correlation function, a novel technique was used:
The scattering problem was ﬁrst solved by the continuous random
medium model leaving the correlation function as unknown. The scattering problem was then solved by the discrete scatterer model which
requires the speciﬁcation of shapes and distributions of the scatterers but not the correlation function. Finally, the results from two approaches were equated to obtain an equation for the correlation function. The solution of this equation was facilitated by treating the weak
scattering case and employing the Born approximation. However, the
result has been shown to be valid in general since the correlation function is a function of the geometric organization of the particles and
independent of their scattering properties.
In this study, the emphasis has been on the consideration of multiple size spheres. It is very important to consider multiple sizes since
in the Rayleigh limit scattering cross section of spherical particles is
proportional to the sixth power of the radius. This nonlinear relation
results in signiﬁcant scattering from larger particles even if their number density is small. An accurate correlation function should reﬂect
this eﬀect. In fact it has been observed that multiple sizes give the correlation function a characteristic shape which can be subtle although
resultant scattering is signiﬁcant. This is the counterpart of the discrete scatterer picture in which a small number of larger particles can
contribute as much as a great number of smaller particles. Since different size particles are reﬂected in the correlation function with the
presence of diﬀerent scales it is in general not possible to describe the
conﬁguration accurately with a single correlation length.
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It has also been shown that there is a one-to-one correspondence
between the size distribution function and the correlation function
for sparsely distributed particles and that this relationship can be
espressed in terms of explicit formulas, which means that given the
correlation function, the size distribution function can be calculated
and vice versa.

5.

Appendix

Multi-Component Pair Distribution Functions
In Equation (81) the correlation function is related to the multicomponent pair distribution functions. In the following we give a review
of the Percus-Yevick approximation and the computation of the pair
distribution functions [28–29].
The pair distribution function gij (r) is proportional to the conditional probability of ﬁnding a particle of type j at a distance r
from the origin given that there is a particle of type i at the origin. A
related function hij (r) is deﬁned as
hij (r) = gij (r) − 1

(85)

The generalized Ornstein-Zernike relation [30]-[31], relates hij (r) to
cij (r) , the direct function, as
hij (r) = cij (r) +

L



nl

dr cil (r )hlj (|r − r |)

(86)

l=1

where L is the number of species, and nl are corresponding number
densities.
Under Percus-Yevick approximation, the interparticle forces are
zero except for the fact that two particles cannot interpenetrate each
other. Let ai and aj be the particle radii of species i and j respectively. Then
gij (r) = 0,

r < ai + aj

(87)

Similarly, it is assumed that for non-interpenetrable particles cij (r) is
zero for separations larger than ai + aj . Thus,
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cij (r) = 0,
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r > ai + aj

(88)

−cij (r), r ≤ Rij
gij (r),
r > Rij

(89)

Next, let

Yij (r) =

where Rij = ai + aj . Then using (85),(87)-(89), the Ornstein-Zernike
relation can be expressed entirely in terms of Yij .

Yij (r) = 1 +
−

L

l=1
L

l=1


nl

dr Yil (r )

r <Rlj ;|r−r  |<Ril


nl



r  <Rlj ;|r−r |<Ril

dr [Yil (r − r ) − 1]Ylj (r )

i, j = 1, 2, . . . , L

(90)

The Equation (90) for the case of single species has been solved by
Wertheim [31]. The solution for the case of two species can be found
in Lebowitz [30]. For the general case of L species, the solution is
obtained by Baxter [28] based on a generalized Wiener-Hopf technique:
Let H̃ij (p) and C̃ij (p) be proportional to the three dimensional
Fourier transform of hij (r) and cij (r) as follows

1/2
(91)
drip·r hij (r)
H̃ij (p) = (ni nj )

1/2

C̃ij (p) = (ni nj )

drip·r cij (r)

(92)

then in matrix form the Ornstein-Zernike relation becomes
H̃(p) = C̃(p) + C̃(p)H̃(p)

(93)

Because of spherical symmetry, the transform only depends on p = |p| .
The matrices are of size L × L . Using the generalized Wiener-Hopf
technique, the solution of (93) can be factorized as [28]
C̃(p) = E − Q̃T (−p)Q̃(p)

(94)
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where E is the L × L unit matrix, and the subscript T denotes
transpose operation. The matrix Q̃ is given as

Q̃ij (p) = δij −

Rij

dripr Qij (r)

(95)

Sij

where δij is the Kronecker delta, and
Sij = ai − aj

(96)

Rij = ai + aj

(97)

Qij (r) = 2π(ni nj )1/2 qij (r)

(98)

The functions Qij (r) and qij (r) are only nonzero over the range Sij ≤
r ≤ Rij . The solution for qij (r) is given in [28] as
qij (r) = Ai
Ai =

r2
+ Bi r + Dij
2

1 − ξ3 + 6ai ξ2
(1 − ξ3 )2

Bi = −
Dij = −Ai

ξα =

(99)
(100)

6a2i ξ2
(1 − ξ3 )2

(101)

2
Rij
− Bi Rij
2

(102)

L
π
nj (2aj )α
6

(103)

j=1

α = 1, 2, 3
The computation can be carried out as follows: By using (96)–(99),
Qij (r) for Sij ≤ r ≤ Rij can be evaluated. Then, Q̃ij (p) is calculated
by using (95). Next, the matrix C̃(p) is computed using (94). Finally,
the matrix equation (93) is solved for H̃(p) and pair distribution functions are calculated by inverse Fourier transformation.
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