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1.

Introduction

In this paper we consider the problem of a wire in the presence of
a hollow body of revolution (BOR) . The geometry of the wire/BOR
conﬁguration is depicted in Figure 1, where one sees a hollow BOR
with a circular aperture at the top of the hollow body. The plane of
the aperture is parallel to the xy plane and the wire can be located
inside the body, outside the body, or partially inside and partially
outside. In special cases, the wire can be mounted on the body. The
conﬁguration depicted in Figure 1 is representative of many practical
situations.
The coupling between a wire antenna and general bodies of revolution has been treated by several investigators [1–10]. Glisson and
Butler [1] have analyzed an arbitrarily-oriented, thin-wire antenna located near a BOR, but not attached to it, by a method incorporating a
numerical Green  s function. Newman and Pozar [2] used the sinusoidal
reaction method to solve the integral equation for the current on composite wire and surface structures. Shaeﬀer and Medgyesi-Mitschang
[3,4] have investigated a thin wire attached to a BOR by introducing
a special junction basis function. Richmond [5] treated a thin wire attached to a circular disk, and Perez-Leal and Catedra have determined
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the input impedance of a thin wire attached on-axis to a conducting
BOR and fed at the attachment point [6]. For a dipole mounted on
a cylinder, Tsai [7] developed a model which depends on the determination of the elements of an array of magnetic ring sources. Yung
and Butler [8] studied the interaction between the radiating portion of
the antenna and its feed system, and a hybrid technique, based on the
method of moments and the geometric theory of diﬀraction, has been
used to investigate the input impedance of a monopole located on a
disk [9,10].
The coupling between the wire and the body has not been studied
for the case where the wire is located partially inside the BOR shell
and partially outside, and the full mode current on the two conductors
has not been reported to date. In this paper, a technique is presented
for modeling a wire antenna in the presence of a BOR, including the
case where the wire is attached to the BOR surface. The total electric
current induced on the wire and BOR is computed for diﬀerent types
of excitation, including antenna sources and incident plane waves. Full
account is taken of the coupling between the wire and BOR, including
the eﬀects of the wire-to-BOR and BOR-to-wire coupling for all Fourier
modes. The technique is based on the BOR theory alone and the wire
and BOR are treated as either parts of a whole body of revolution or
as two constituent parts of a composite body. In addition, the wire
is not restricted to be thin. For the special case that a wire probe is
mounted on the cap of a cylinder, the input admittance is measured
and computed. Good agreement between measurements and numerical
results is obtained.

2.

Formulation

Figure 1 illustrates a wire in the presence of a hollow body of revolution. The wire can be located inside, outside, or partially inside and
partially outside the hollow BOR. Both the wire and BOR are perfect
conductors (pec) and the BOR is considered to have a vanishingly thin
(shell) wall. They share a common axis and are treated as a composite
body of revolution whose generating arc comprises that of the wire
and that of the BOR. As usual, the body of revolution is generated by
rotating its composite arc through 2 π radians about its axis.
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Figure 1. A wire in the presence of a hollow body of revolution.

Coupled integral equations for the Fourier coeﬃcients of the electric current induced on the wire and BOR are given in Appendix A.
To solve these equations, one can expand the Fourier coeﬃcients of
t,wire
t,BOR
and ρJm
(see Figure
the t -directed currents (times ρ ) ρJm
1) on the wire and BOR, respectively, as linear combinations of known
t,wire
t,BOR
basis functions. Instead of expanding Jm
and Jm
directly, the
coupled integral equations are simpliﬁed somewhat, if
t,wire
(t) =
ρ(t)Jm

Nt1


t,m
Jn,w
Λn (t)

(1a)

t,m
Jn,b
Λn (t),

(1b)

n=1

t,BOR
ρ(t)Jm
(t)

=

Nt2

n=1

t,m
t,m
and Jn,b
are unknown coeﬃcients, Nt1 and Nt2 are
where Jn,w
the numbers of unknowns on the wire and BOR, respectively. The
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generating arc is approximated by an arc comprising piecewise straightline segments joining points designated ..., n−1 , n , n+1 , ... that fall
on the original arc. Λn (t) is a triangle function deﬁned on the genera
ting arc in the usual way:


t − tn−1


, t ∈ (tn−1 , tn )


∆n−1/2



(2)
Λn (t) = − t − tn+1 , t ∈ (tn , tn+1 ).


∆
n+1/2





0
, otherwise
where tn−1 , tn , and tn+1 are the arc displacements measured from
the reference at t = 0 to the (n − 1)th , nth , and (n + 1)th points on
the original generating arc. The lengths of the straight-line segments
joining points n−1 to n and points n to n+1 are designated ∆n−1/2
and ∆n+1/2 , respectively.
φ,wire
φ,BOR
The Fourier coeﬃcients Jm
and Jm
of the φ -directed
currents on the wire and BOR are expanded in pulses as
φ,wire
Jm
(t) =

Nφ1


φ,m
Jn,w
Πn−1/2 (t)

(3a)

n=1

φ,BOR
Jm
(t)

=

Nφ2


φ,m
Jn,b
Πn−1/2 (t)

(3b)

n=1
φ,m
φ,m
where Jn,w
and Jn,b
are unknown coeﬃcients and Nφ1 and Nφ2
are the numbers of unknowns on the wire and BOR, respectively.
Πn−1/2 is a pulse function deﬁned by


 1 , t ∈ (tn−1 , tn )
Πn−1/2 (t) =
(4)

 0 , otherwise.

If the wire is attached to the BOR, the t -directed and φ -directed
current on the wire and BOR can be simply expressed as
t
ρ(t)Jm
(t) =

Nt

n=1

Jnt,m Λn (t)

(5)
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and
φ
(t)
Jm

=

Nφ


Jnφ,m Πn−1/2 (t)
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(6)

n=1

where Nt and Nφ are the numbers of unknown coeﬃcients of the t directed and φ -directed currents on the wire and BOR. We test the
t -directed electric ﬁeld equation by means of pulse functions
Tqt (t) = Πq (t)

(7)

To test the φ -directed ﬁeld equation, we choose point-matching:
Tqφ (t) = δ(t − tq−1/2 ),

(8)

where tq−1/2 is the mid point of segment q .
An impedance matrix is formed and the expansion coeﬃcients
in (1), (3), (5) and (6) are computed by the usual moment method
procedure. The excitation can be an incident plane wave or a voltage
source. The incident electric ﬁeld is assumed to be of the form
Ei (ρ, φ, z) = E inc θ̂(θi , φi ) · ejk(ρ sin θ

i

cos(φ−φi )+z cos θi )

(9)

where E inc is the magnitude of the ﬁeld, and θ is the angle between
the z axis and the ray from the origin to the observation point. ρ, φ, z
are cylindrical coordinate variables.
To determine the input admittance of a coax-fed wire attached to
the BOR, one excites the wire by the ﬁeld which penetrates the coaxial
aperture. To model this coaxial source, one appeals to the equivalence
theorem. The aperture is shorted and an appropriate surface magnetic
current is impressed on this resulting conducting surface. The ﬁeld from
this magnetic frill current in free space is given by Butler and Tsai [11].
With this source, one can solve the coupled integral equations for the
electric current on the wire and determine the input admittance of the
wire antenna as the ratio of the electric current at this feed point and
the voltage across the coaxial aperture. The far-ﬁeld radiation pattern
can be calculated by integrating the electric current on the wire and
BOR against the far-zone, free-space Green  s function:
Eθ =

2πkη −jkr
(F1 (θ) + F2 (θ))
e
4πr

(10)
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where


L

F1 (θ) =

ρ(t )Jt (t )(ρ̂ · t̂ ) cos θ ejkr



cos θ cos θ

J1 (kr sin θ sin θ )dt

0

(11a)

and

F2 (θ) = j

L

ρ(t )Jt (t )(ẑ · t̂ ) sin θ ejkr



cos θ cos θ

J0 (kr sin θ sin θ )dt

0

(11b)
in which Jt (t) is the t -directed electric current on the wire and BOR
and L is the total length of the wire and generating arc of the BOR.
J0 (·) and J1 (·) are the zero and ﬁrst order Bessel functions.

3.

Results

In this section, we present and discuss data obtained from solutions of the integral equations mentioned above and in the appendix.
Also, in the case of selected conﬁgurations, we report experimental results obtained from measurements made on laboratory models. The
experimentally-determined data serve to corroborate those obtained
from the theoretical/numerical techniques. Several conﬁgurations of
interest are treated.

Figure 2. A cross-sectional view of thin-wire antenna located in a circular
apperture at the center of a circular disk.
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A cross-sectional view of a thin-wire antenna located in a circular
aperture at the center of a circular disk is presented in Figure 2. The
antenna, perpendicular to the plane of the disk, is of length L = 1.5λ
( λ being wavelength) and radius a = 0.001λ and is excited by a
voltage source located at a displacement of z = Lg = 1.125λ from the
lower end of the wire. The disk and aperture radii are R = 10λ and
r = 0.1λ , respectively.
In Figure 3a is depicted the current on the thin-wire antenna of
Figure 2 in free space (no circular disk), which is excited by a one-volt
slice generator. In Figure 3b is shown the current on the same wire
subject to the same excitation as in Figure 3a, except in this case the
disk is returned at the wire center ( d = 0.75λ ). One observes from
Figure 3a and Figure 3b that the currents in the two cases are almost
the same, which implies that the pec disk has virtually no eﬀect on the
wire current as one expects, because the disk is located at a position
corresponding to a zero derivative of electric current where the radial
electric ﬁeld due to the wire current is zero or small. With the disk
located at z = d = 0.375λ where the current has a large derivative,
corresponding to a position of large charge density, it has a strong
inﬂuence on the wire current as can be seen by a comparison of the
current presented in Figure 3c with that presented in Figure 3b. The
values of the current distributions of Figures 3b and 3c on the wire
through the hole in the large conducting disk are very close to those
on the wire through the hole in a pec screen reported by Butler and
Martin [12]. The inﬂuence of a circular disk having large diameter to
wavelength ratio on the current on a wire through its center hole is
essentially the same as that of a pec screen on the current on a wire
through a hole in such a screen. The radial electric ﬁeld normal to
the wire surface is parallel to the surface of the pec disk and, hence,
interacts with the disk. Because this electric ﬁeld is proportional to
the charge on the wire or, equivalently, to the derivative of the wire
current, one does expect the presence of the disk at a location of rapidly
changing current, i.e., large derivative, to strongly inﬂuence the wire
current, as is observed to be the case in the data presented here. On
the other hand, as is evident from Figure 3, when the disk is located
at a point where the derivative is small, it has little inﬂuence on the
wire current.
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3(a)

3(b)
Figure 3. Current distribution on a thin-wire antenna (L/λ = 1.5, a/λ =
0.001, Lg /λ = 1.125, V=1 volt). (a) no PEC Disk, (b) PEC Disk at
d/λ = 0.75, R/λ = 10 and r/λ = 0.1.
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3(c)
Figure 3. Current distribution on a thin-wire antenna (L/λ = 1.5, a/λ =
0.001, Lg /λ = 1.125, V=1 volt). (c) PEC Disk at d/λ = 0.375, R/λ = 10
and r/λ = 0.1.

In Figure 4 is an illustration of a wire in the presence of a hollow
tube with closed bottom and open top, with the two bodies sharing a
common axis. The wire is of length L = 0.3λ and radius b = 0.01λ ,
and the thin-wall “cup” is of height H = 0.5λ and radius a = 0.125λ .
The excitation is an incident plane wave (Eq. (9)). The total t -directed
and φ -directed electric currents on the cup, normalized with respect
to the magnitude of the incident magnetic ﬁeld ( H inc ) times (1/ η )
(see ﬁgures), are shown in Figure 5 for the case in which the wire is
located outside the cup ( s > H ). Since the two components of current
are dependent upon φ , these data are presented as families of curves of
current for selected discrete values of φ around the cup. Notice that the
total t -directed and φ -directed currents on the cup are functions of φ
and t and that the φ -directed current approaches inﬁnity at the edges
of the cup. However, the total electric current on the wire depends only
slightly on φ and the φ -directed current is approximately zero, or is
very small compared to that in the t direction, except at the two edges,
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as is seen in Figure 6. The lower end of the wire for the data of Figure 6
is at z = 1λ and the upper at z = 1.3λ . The currents of Figures 7 and
8 are for the case that the wire is partially inside and partially outside
the cup (s = 0.35λ) , with the lower end of the wire now at z = 0.35λ
and the upper end outside the cup at z = 0.65λ . One observes from
Figures 5 and 7 that the cup currents are essentially the same for the
diﬀerent wire locations, even though, as seen in Figures 6 and 8, the
wire currents are quite diﬀerent. Hence, one concludes that the wire to
cup coupling is weak, i.e., the inﬂuence of the wire current on the cup
current is small.

Figure 4. A cross-sectional view of a thin-wire in the presence of a cup.
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5(a)

5(b)
Figure 5. Current distribution on a cup near a wire due to an incident
plane wave(a/λ=0.125, H/λ=0.5, b/λ=0.01, L/λ=0.3 and s/λ=1). (a)
magnitude of t-directed current, (b) phase of t-directed current.
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5(c)

5(d)
Figure 5. Current distribution on a cup near a wire due to an incident
plane wave(a/λ=0.125, H/λ=0.5, b/λ=0.01, L/λ=0.3 and s/λ=1). (c)
magnitude of φ-directed current, (d) phase of φ-directed current.
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6(a)

6(b)
Figure 6. Current distribution on a thin wire near a cup due to an incident plane wave (a/λ=0.125, H/λ=0.5, b/λ=0.01, L/λ=0.3 and s/λ=1).
(a) magnitude of t-directed current, (b) phase of t-directed current.
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6(c)

6(d)
Figure 6. Current distribution on a thin wire near a cup due to an incident plane wave (a/λ=0.125, H/λ=0.5, b/λ=0.01, L/λ=0.3 and s/λ=1).
(c) magnitude of φ-directed current, (d) phase of φ-directed current.
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7(a)

7(b)
Figure 7. Current distribution on a cup near a wire due to an incident
plane wave (a/λ=0.125, H/λ=0.5, b/λ=0.01, L/λ=0.3, and s/λ=0.35).
(a) magnitude of t-directed current, (b) phase of t-directed current.
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7(c)

7(d)
Figure 7. Current distribution on a cup near a wire due to an incident
plane wave (a/λ=0.125, H/λ=0.5, b/λ=0.01, L/λ=0.3, and s/λ=0.35).
(c) magnitude of φ-directed current, (d) phase of φ-directed current.
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8(a)

8(b)
Figure 8. Current distribution on a thin wire near a cup due to an incident plane wave (a/λ=0.125, H/λ=0.5, b/λ =0.01, L/λ=0.3 and s/λ
=0.35). (a) magnitude of t-directed current, (b) phase of t-directed current.
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8(c)

8(d)
Figure 8. Current distribution on a thin wire near a cup due to an incident plane wave (a/λ=0.125, H/λ=0.5, b/λ =0.01, L/λ=0.3 and s/λ
=0.35). (c) magnitude of φ-directed current, (d) phase of φ-directed current.
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For the special case in which the wire is a monopole (antenna)
mounted on and driven against a ﬁnite-length cylinder end cap, erected
over a ground plane (Figure 9), the reﬂection coeﬃcient at the end capwire junction is obtained and presented in Figure 10. Γ is determined
experimentally in order to corroborate the theoretical results. In the
experimental model, the antenna is the extended center conductor of
an 0.085 mil semi-rigid coax which is fed through an access hole in the
ground plane. Measurements were made with an HP8510B network
analyzer.The input admittance at the base (coax aperture) is obtained
from the theory and from measured data. Good agreement between
the measured and numerical results is observed in Figure 11.

Figure 9. A cross-sectional view of a coax-fed wire antenna mounted on
the upper cap of a ﬁnite-length cylinder, erected over a ground a plane.
Tube 2a = 5.085cm H = 16.554cm Wire L = 5.222cm 2b = 0.0912cm
2c = 0.29845cm l = 26.27cm
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10(a)

10(b)
Figure 10. Reﬂection coeﬃcient at the base of a thin wire monopole
antenna on a capped cylinder (2a=5.085cm, H =16.554cm, L=5.222cm,
2b=0.0912cm and 2c=0.29845cm).(a) magnitude, (b) phase.
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Figure 11. Input Admittance at the base of a thin wire monopole antenna
on a capped cylinder(2a = 5.085cm, H = 16.554cm, L = 5.222cm, 2b =
0.0912cm and 2c = 0.29845cm). Tube 2a = 5.085cm H = 16.554cm Wire
L = 5.222cm 2b = 0.0912cm 2c = 0.29845cm

The current on a “shielded” wire antenna is depicted in Figure 12.
The wire is on the axis of a “capped cup” and extends through a circular hole in the cup  s upper end cap as suggested in cross-section in the
insert of Figure 12. The antenna, which is of total length L = 0.75λ
and radius b = 0.001λ , is driven at its base against the interior surface
of the cup  s lower end cap. The total height of the cup is H = 0.5λ
and its radius is a = 0.125λ . The diameter of the hole in the upper
end cap is d = 2a1 = 0.125λ . In Figure 12 are shown values of the
t-directed electric current on the thin-wire antenna and on the cup due
to a one-volt slice generator. To read the values of current from Figure
12, at points on the structure, one begins at t = 0 at the top end
of the exposed wire where the current is zero, proceeds downward in
the direction of positive t displacement to the point where the wire
is driven against the interior side of the cup bottom, moves radially
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outward on the cup bottom, then up to the upper cap, and ﬁnally
inward on the cup cap to the edge of its hole where the current is
again zero. Even though only one-third of the wire is not shielded
by the cup, substantial radiation takes place as one infers from the
observation that the real part of the current is signiﬁcant (actually
large) compared to the imaginary part.

Figure 12. t-directed current on a thin wire and a cup, fed where the
wire and cup join (2a/λ=0.25, 2a1 /λ=0.125, H/λ=0.5, b/λ=0.001 and
L/λ=0.75). Cup: 2a=0.25λ 2a1 =0.125λ H =0.5λ Wire: b=0.001λ L=0.75λ
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Appendix A: Bor Integral Equations
The boundary condition that the tangential component of the
total electric ﬁeld is zero on the surface of body can be stated through
the use of the following equations,
  
η 2 T π
(Jt (t , φ )t̂ · t̂ + Jφ (t , φ )φ̂ · t̂)G(t, φ; t , φ )ρ dφ dt
j
k
k
0
−π
 
δ T π δ 
δ
+
(ρ Jt (t , φ )) +  Jφ (t , φ ) G(t, φ; t , φ )dφ dt

δt 0 −π δt
δφ
(12)
= − Eti (t, φ)
  T π
η 2
k
Jt (t , φ )t̂ · φ̂ + Jφ (t , φ )φ̂ · φ̂ G(t, φ; t , φ )ρ dφ dt
−j
k
0
−π
 T π
δ 
1 δ
δ
+
(ρ Jt (t , φ )) +  Jφ (t , φ ) G(t, φ; t , φ )dφ dt

ρ δφ 0 −π δt
δφ
= − Eφi (t, φ)

(13)

where t̂ and φ̂ are the unit tangent vectors on the surface of the body
along the generating arc as suggested in Figure 1. t is arc displacement
from a reference at t = 0 along the generating arc.
In Eqs. (12) and (13), we note that the unknown t -directed ( Jt )
and φ -directed ( Jφ ) electric currents both depend on position ( t , φ )
on the surface S on which the two equations are enforced. In general, it
is very diﬃcult and time-consuming to solve these two coupled integral
equations in two variables. However, by taking advantage of the φ symmetry of the BOR, one can expand all terms in the two equations
in Fourier series. The two coupled integral equations for the unknown
electric current components can then be simpliﬁed to equations for the
Fourier coeﬃcients of the electric current components which depend
on only t :
− j2π

η
k2
k

t
cos γ cos γ  Gm (t; t )Jm
(t )


1
t
(t )
sin γ sin γ  Gm+1 (t; t ) + Gm−1 (t; t ) Jm
2

1
φ 
(t ) ρ dt
+ j sin γ Gm+1 (t; t ) − Gm−1 (t; t ) Jm
2
+

(14)

24

Qiu and Butler


d
 t

φ 
ρ
+
J
(t
)
+ jmJm
(t ) Gm (t; t )dt
m
dt


t
= −Em
(t),

t ∈ (0, T )

and

t
(t )
jkπ k 2 −j sin γ  Gm+1 (t; t ) − Gm−1 (t; t ) Jm




φ 
(t ) ρ dt
+ Gm+1 (t; t ) + Gm−1 (t; t ) Jm

2
+ jm
ρ





t
(t )
ρ Jm

(15)

+

φ 
jmJm
(t )



Gm (t; t )dt



φ
= −Em
(t),

t ∈ (0, T )

t and J φ are the m th order Fourier coeﬃcients of J and J
Jm
m
t
φ
p 
Jm
(t ) =

1
Jp dφ ,
2π

(16)

where p represents t or φ . The m th coeﬃcient of the Green  s function is given by
1
cos mζdζ
(17)
Gm =
2π
1/2


, and the m th coeﬃcient
where R = ρ2 +ρ 2 −2ρρ cos ζ +(z −z  )2
of the electric ﬁeld of the incident plane wave is computed from
p
=
Em

1 i −jmφ
dφ.
E e
2π p

(18)
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