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1. Introduction
Broadband traveling-wave tubes (TWT’s) continue to be of interest for its applications such as in electronic warfare systems. The
helix suitably dispersion-shaped is used in such devices as a slow-wave
structure (SWS). The dispersion characteristics of a helical SWS depend upon the support parameters and also on the location of the
metal envelope, if any, in the structure. However, if the support parameters are chosen to remain unaltered, then the dispersion curves,
it has been found, can be ﬂattened or made to have a negative dispersion as desired in a broadband TWT, only when the metal envelope
is brought very close to the helix. The close proximity of the metal
envelope, however, entails the reduction in the value of the interaction
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impedance of the structure and hence in the gain and eﬃciency of the
device. Moreover, this also enhances the risk of arcing in the tube.
Two alternative methods of dispersion shaping the helix, without
bringing the overall metal envelope much close to the helix and without
causing much deterioration in the value of the interaction impedance,
in vogue are: loading the helix i) anisotropically or/and ii) inhomogeneously. In the anisotropic loading, the helix is enclosed in a metal
envelope of anisotropic conductivity which may be realized typically by
providing metal vanes projecting radially inward from the envelope [1–
3]. The radial and angular dimensions of vanes control the dispersion
characteristics of such a structure [4–6]. Such loading has also been reportedly realized by the metallic coating of the support dielectric rods
[7]. In an alternative type of loading, namely, inhomogeneous loading,
the helix has to be surrounded by a dielectric of permittivity varying in
the radial directions which, for instance, could be realized in practice
by using properly shaped, discrete number of dielectric supports for
the helix [8]. The inhomogeneity of the structure becomes the controlling parameter for the dispersion characteristics of such a structure.
This scheme allows the envelope which is the only metallic part of the
structure to remain far from the helix and thus increase the interaction
impedance of the structure. It may be mentioned that, for an eﬀective
dispersion control, one could use the inhomogeneous loading over and
above the anisotropic loading [3,9] of the structure.
The inhomogeneous loading of a helix for ultra-band tubes has
been earlier realized by using helix support rods of tapered crosssections such as of half-moon shaped and doubly-curved geometries
[8]. These geometries are derived from a basic circular support crosssection. This motivates the present authors to explore newer inhomogeneous support structures for broadband TWT’s derived from both
circular and rectangular support cross-sections each of which is known
not to individually exhibit such broadband characteristics.
In this paper we take up the analysis of two types of structures
(Figure 1). In the ﬁrst of these structures, labeled as I, the crosssection of dielectric support bars is derived from a rectangular crosssection prototype. In the second type, labeled as II, similarly the support structure is derived from a system of circular cross-section prototype. A portion of circular-arc sectorial cross-section is scooped out
from the rectangular cross-section to give an azimuthally-concave support cross-section (structure I-A; Figure 1d). Similarly, the addition
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of a circular-arc sectorial cross-section to the rectangular prototype
gives an azimuthally-convex support cross-section (structure I-B; Figure 1e). In this type of “thick optical lens”-type support cross-section,
the thickness and radius of curvature of the supports are the controlling parameters for the helix dispersion and interaction impedance
and hence for the device bandwidth. The second type (labeled as structure II) employs a system of dielectric helix-supports, typically three,
which is basically a dielectric structure complementary to three dielectric supports, the latter being either three rods of circular cross-section
(structure II-A; Figure 1f) or three pairs of such rods (structure II-B;
Figure 1g). In structure II-B, the angle (ξ) between the rods of each
pair can be used as a parameter to control the helix dispersion for
device bandwidths (Figure 1g).

Figure 1. Cross-section of helical slow-wave structures supported by discrete dielectric support bars/rods: rectangular (a), circular (b), circular
pair (c), concave, derived from rectangular (structure I-A) (d), convex,
derived from rectangular (structure I-B) (e), complementary to circular (structure II-A) (f ), complementary to circular pair (structure II-B)
(g) and an equivalent structure model showing a number of ‘eﬀective’
dielectric tube regions into which discrete supports are smoothed out
(h).
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For the evidence demonstrating the potentials of the proposed
structure the analysis is carried out, for the sake of simplicity, in the
sheath model [10]. However, once the structure parameters are optimally selected by the analysis in such a simpler model, it should not
be diﬃcult for one to extend the results of the model to those of the
tape model if required for a greater rigor, by using a method outlined
by the authors previously [11].

2. Analysis

2.1

Model

The structure under study is essentially an inhomogeneously
loaded helix consisting of a helix supported by a number of discrete
tapered-geometry dielectric bars symmetrically arranged around the
helix. The usual ﬁeld-analytical approach to the problem of a homogeneously loaded helix such as one supported by wedge bars is well
known. The structure is analyzed in a model in which the helix is replaced by an inﬁnitesimally thin anisotropically conducting sheath of
mean radius equal to the radius of the actual helix which is surrounded
by a continuous dielectric tube of an eﬀective permittivity. However,
when the supports deviate from the simple wedge geometry, one could
use a model in which the discrete supports are azimuthally smoothed
out into a number (n) of homogeneous continuous dielectric tube regions of appropriate permittivity values instead of a single dielectric
tube [11,12]. The problem is then essentially a boundary-value problem involving boundaries between (n + 2) continuous regions: 1) the
free-space region inside the helical sheath, 2) the free-space region of
the gap between the sheath and the beginning of the dielectric which
is usually considered to take into account the eﬀect of the ﬁnite helix
wire/tape thickness [13,14], 3) n continuous, homogeneous dielectric
tube regions simulating the discrete supports. In this model one may
increase the number of such discrete tubes until convergence in results
is obtained.
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Dispersion Relation

For the (n + 2) regions of the above model one may write, for an
azimuthally symmetric mode (∂/∂θ = 0) , the following expressions for
the axial and azimuthal components of the electric (E) and magnetic
(H) ﬁelds in the diﬀerent regions of the structure [13]:
Ezp = Ap I0 {γp r} + Bp K0 {γp r},
Hzp = Cp I0 {γp r} + Dp K0 {γp r};
Eθp = −(jωµo /γp )(Cp I1 {γp r} − Dp K1 {γp r}),
Hθp = (jωεo εr,p /γp )(Ap I1 {γp r} − Bp K1 {γp r});

(1)

Erp = (jβ/γp )(Ap I1 {γp r} − Bp K1 {γp r}),
Hrp = (jβ/γp )(Cp I1 {γp r} − Dp K1 {γp r});

(1 ≤ p ≤ n + 2).

expressions
 In ﬁeld
 (1) the factor exp j(ωt − βz) is understood.
2
2

1/2
and β are the radial and the axial propagation
γp = (β − k εr,p )
constants, respectively, k being the free-space propagation constant.
Iν {γp r} and Kν {γp r} represent the modiﬁed Bessel functions of order
ν(0, 1) of the ﬁrst and second kinds, respectively, r being the radial
coordinate. εr,p is the eﬀective relative permittivity of the pth of the
(n + 2) regions of the model (Section 2.1). Here, εr,1 = 1 and εr,2 =
1 for p = 1 and 2 , referring respectively to the free-space region
inside the helix and to the free-space region between the helix and
the beginning of the dielectric. εr,p (3 ≤ p ≤ n + 2) stands for the
relative permittivity of the pth continuous dielectric tube region of the
model. At this stage, for the sake of simpliﬁcation, it is worth making
an approximation
for smaller helical angles: γ1 = γ2 = γ3 = . . . =

2
2
∼
γp = γ = (β − k )1/2 which, in other words, means that the radial
propagation constants in the diﬀerent regions of the structure are the
same. One may, however, remove this approximation for the sake of
rigor, though for many structures not much diﬀerence in the result is
observed by removing such approximations as has been discussed in
Appendix (Section 6). In this appendix a method (due to the reviewer
of this paper) is given as to how to take into account in the analysis the
eﬀects of varying radial propagation constants in the diﬀerent regions
of the structure and its implications.
Thus we have here, in all, (4n + 6) non-zero ﬁeld constants
( Ap , Bp , Cp , Dp for 1 ≤ p ≤ n + 2 barring B1 and D1 each of which
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is zero, as required to make ﬁelds ﬁnite at the helix axis (r = 0) ). One
may form a set of (4n + 6) homogeneous simultaneous equations in
these (4n+6) constants by substituting ﬁeld expressions (1) in (4n+6)
boundary conditions: i) the usual four at the sheath helix [10], ii) four
at each of the n interfaces between the dielectric tube regions arising
from the continuity of the axial and the azimuthal ﬁelds, both electric
and magnetic, and iii) two at the metal envelope, considered as perfectly conducting where both the axial and the azimuthal electric ﬁelds
vanish. For a non-trivial solution one may now put equal to zero the
determinant that is formed by elements which are essentially the coefﬁcients of the constants occurring in the (4n + 6) equations obtained
in these constants. This yields the dispersion relation of the structure
as follows:




I0a K0a
k cot ψ 2
2
DLF
=
(2)
γ
I1a K1a
where Iνr = Iν {γr} and Kνr = Kν {γr}; ν = 0, 1 . ψ is the helix
pitch angle, and DLF is a function of the structure parameters known
as the dielectric loading factor which is given by [15]:


DLF

I0a P0 + K0a Q0
=
K0a Q0 (1 − IK1a1aKI1c
)
1c

1/2
(3)

where a is the sheath-helix radius, being equal to the mean radius
of the actual helix of a ﬁnite thickness; and c is the metal envelope
radius. P0 and Q0 are the functions of structure parameters deﬁned
in Appendix (Section 4).

2.3

Interaction Impedance

The interaction impedance of the slow-wave structure may be
deﬁned as [10]
E 2 {0}
(4)
K = z2
2β Pt
where Pt is the power propagating down the structure, the expression
of which may be obtained by taking half the real part of the integration
of the complex Poynting vector over the structure cross-section. Substituting the expression for Pt thus obtained into (4) one may write
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the expression for K as follows:
K=



1
η0
ζVp
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(5)

where η0 [= (µ0 /ε0 )1/2 ] is the free-space intrinsic impedance, Vp is a
dimensionless phase velocity, normalized with respect to the velocity
of electromagnetic waves in free space, ζ is a dimensionless function
of the structure geometry and materials given by [15]:
n+2

ζ = π(γa)2

Gp

(6)

p=1

the expressions for Gp (1 ≤ p ≤ n + 2) being given in Appendix (Section 5).

2.4

Eﬀective Relative Permittivity of the Continuous
Dielectric Tube Regions of the Model

The eﬀective relative permittivity εr,p of the pth of the n ‘eﬀective’ dielectric tube regions into which the discrete supports have been
smoothed out (see Section 2.1) is found by considering the relative
volume of the support rods in the pth region as [12]:
εr,p = 1 + (εr − 1)Asp /Ap

(3 ≤ p ≤ n + 2)

(7)

where Asp is the cross-sectional area of the pth tube region of the
model occupied by only the actual discrete dielectric support rods in
the structure, and Ap is the cross-sectional area of the entire pth tube,
εr is the relative permittivity of the dielectric support material.
From geometrical considerations one can easily obtain the following expression for Asp and Ap for structures I and II deﬁned in Section
1 whence one can ﬁnd εr,p with the help of (7).
For structure I (Figures 1d and e):



d 2
d 2
b + (p − 2)
− b + (p − 3)
Ap = π
,
n
n


As,p = N A1,p − 2A2,p (structure I-A, Figure1d) (3 ≤ p ≤ n + 2)


= N A1,p + 2A2,p (structure I-B, Figure1e),
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with





sin 2ϕp
sin 2ϕp−1
Xd
2
2
A1,p =
+ b p ϕp −
− bp−1 ϕp−1 −
,
n
2
2

 
1/2
d(p − 2)
(g − 2bp sin αp )(g − 2R sin χp )
A2,p = g g −
n




sin 2αp
sin 2χp
2
2
+ R χp −
− A2,p−1 ,
+ bp αp −
2
2

in which A2,2 = 0 ;


X
−1
,
ϕp = sin
2bp




 1
X
1
1
(n − 2(p − 2)) 2 2
−1
−1
2
− sin
R −
αp = sin
d
2
2bp
2
2n

1  
2
2
R −d 2
−
/bp  ,
4

 

1
d
1
−1
−1 (n − 2(p − 2)) d
− sin
− χp−1 ,
χp = sin
2
2R
2
2n
R
in which χ2 = 0 ; and


d(p − 2)
g=
+ bp sin αp + R sin χp .
2n
For structure II (Figures 1f and g):



 
(p − 2)d 2
(p − 3)d 2
b+
− b+
Ap = π
,
n
n
Asp = Ap − N A3,p

(structure II-A, Figure1f) (3 ≤ p ≤ n + 2)

= N (A4,p − A3,p ) (structure II-B, Figure1g),
and

 

sin 2τp
(p − 2)d 2
τp −
A3,p = b +
n
2

 2 
sin 2φp
d
− A3,p−1 ,
φp −
+
2
2
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in which A3,2 = 0 ;



 

(p − 2)d 2
(p − 3)d 2
b+
A4,p
− b+
n
n


(p−2)d 2
d 2
d 2
−1 (b + 2 ) + (b +
n ) − (2)
τp = cos
,
(2b + d)(b + (p−2)d
n )


(p−2)d 2
d 2
d 2
)
+
(
)
−
(b
+
)
(b
+
2
2
n
.
φp = cos−1
d(b + d2 )
ξ
=
2

Here, N is the number of discrete dielectric support bars; b(=
a + s) is the outer radius of the helix, a being the mean helix radius
and s half the helix wire/tape thickness; bp is the radius of the pth
dielectric tube; d(= c − b) is the radial extent of the dielectric support
bar, c being the metal envelope radius; X is the thickness and R the
radius of curvature of the support bar (see Figures 1d and e).

3. Results and Discussion
In this section the broadband potentials of two types of inhomogeneously loaded helical structures, namely, I(A& B) and II(A& B)
each analyzed in Section 2 have been explored by varying the relevant
structure parameters and seeing the eﬀects thereof on helix dispersion. Subsequently, once a structure has been identiﬁed as a potentially
broadband structure it is also examined with respect to its value of interaction impedance. Study is also made to see the improvement in
performance characteristics of these structures over those loaded with
the conventional rectangular and circular cross-section supports from
which these structures, namely, I and II have respectively been derived.
In the analytical model (Section 2.1) the number of continuous
dielectric tube regions (Figure 1h) simulating the discrete supports is
increased till converging results for dispersion (Section 2.2) and interaction impedance (Section 2.4) are obtained. Taking ﬁrst the rectangularsupport structure and the structures derived therefrom (structures I-A
and I-B), the dispersion plot (k cot ψ)/γ , a quantity proportional to
phase velocity, versus ka cot ψ , a quantity proportional to frequency, is
presented for two diﬀerent dielectric support materials, namely APBN
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(εr = 5.1) and alumina (εr = 9.0) (Figure 2a). This shows that with
high-permittivity material supports we obtain ﬂatter dispersion characteristics though at a reduced value of phase velocity. The study also
reveals that structure I-B (convex lens-type supports, Figure 1e) has
more potential for exhibiting ﬂatter-to negative dispersion than others
in this group of structures (Figure 2a). This has motivated us to study
the dispersion of structure I-B further by varying the other relevant
structure parameters controlling the inhomogeneity of the structure
(Figures 2b and c). Thus we have found for this structure that by
changing the thickness (X) of the supports one can have a better control over dispersion shaping (Figure 2b) than by changing their radius
of curvature (R) (Figure 2c). It can also be seen that thicker supports
(large values of X/a ) can yield even a negative dispersion though at
a decreased value of phase velocity (Figure 2b).

2(a)
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2(b)

2(c)
Figure 2. Dispersion characteristics of helical structures with rectangular
dielectric supports and those with rectangular-derived (structures I-A
and I-B) taking APBN (εr = 5.1) and alumina (εr = 9.0) as the support
materials (a) and dispersion characteristics of structure I-B with X/a
(b) and R/d (c) as the parameters.
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Taking next the circular-support structure and the structures derived therefrom one sees that, while the conventional circular rods do
not exhibit ﬂatter-to-negative dispersion, the same can be achieved in
structures II-A and II-B by controlling the values of εr . It has been further noted that, for structure II-B, the additional parameter N ξ has
a signiﬁcant role on dispersion characteristics (Figure 3b). A suitable
higher value of N ξ can yield the desired ﬂatter-to-negative dispersion.
It may be mentioned that, as a limiting case (N ξ = 2π) , structure IIB passes on to structure II-A that exhibits more negative dispersion
than others in this group, though at the cost of the value of the phase
velocity.
In studying the dispersion characteristics of these structures one
should monitor the values of both the phase velocity and the interaction impedance. For a broadband TWT the phase velocity ought to
be high enough for a higher value of π -point frequency which is the
potential backward-mode oscillation frequency. Similarly, care must be
taken to see that the interaction impedance of the structure does not
deteriorate while varying the structure parameters(for instance, εr , X
and R for structure I-B and εr and N ξ for structure II-B) for the
desired shape of the dispersion characteristics. From these considerations, it is worth comparing these structures with the basic structures,
namely, those with circular and rectangular supports as well as with
other similar tapered-geometry supports proposed elsewhere [8] (Figure 4). Study of this comparison shows that from the standpoint of the
desired dispersion and the values of the phase velocity (Figure 4a) and
interaction impedance (Figure 4b), structures I-B and II-B proposed
here certainly stand as potentially broadband structures for TWTs.
Further it is felt that the supports in these structures could easily
be constructed from their prototypes, namely, circular and rectangular supports. It can also be appreciated that these support structures
would provide suﬃcient contact areas with the helix and the overall
metal envelope making them suitable from mechanical and thermal
considerations as well. Also the proposed tapered-geometry supports,
since they can be used with a metal envelope relatively far from the
helix, would reduce the risk of arcing in the tube.
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3(a)

3(b)
Figure 3. Dispersion characteristics of helical structures with circular
dielectric supports and those with circular-derived dielectric supports
(structures II-A and II-B) taking APBN(εr = 5.1) and alumina (εr = 9.0)
as the support materials (a) and dispersion characteristics of structure
II-B taking Nξ as the parameter showing also the corresponding characteristics of a circular support structure for comparison (b).
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4(a)

4(b)
Figure 4. Comparison of dispersion characteristics (a) and interaction
impedance (b) between structures with conventional rectangular, circular, proposed tapered-geometry (I-A, I-B, II-A & II-B) and half-moon
shaped [8] supports.
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4. Appendix: Functions of P0 and Q0 occurring in the
expression (3) for DLF

P0 = (I0b K1b + εr,3 I1b K0b )P1 + (1 − εr,3 )K0b K1b Q1
Q0 = (1 − εr,3 )I0b I1b P1 + (I1b K0b + εr,3 I0b K1b )Q1 ,
where P1 and Q1 can be found from the following recurrence relations:
Pp−2 =(εr,p I0bp−2 K1bp−2 εr,p+1 I1bp−2 K0bp−2 )Pp−1
+ (εr,p − εr,p+1 )K0bp−2 K1bp−2 Qp−1

(3 ≤ p ≤ n),

Qp−2 =(εr,p − εr,p+1 )I0bp−2 I1bp−2 Pp−1
+ (εr,p I0bp−2 K0bp−2 + εr,p+1 I0bp−2 K1bp−2 )Qp−1

(3 ≤ p ≤ n),

where


Pn−1

Qn−1


I1bn−1 K0c
=
1+
K1bn−1 I0c


I0bn−1 K0c

− εr,n+1 1 −
K0bn−1 K1bn−1 ,
K0bn−1 I0c



I1bn−1 K0c

= εr,n+2 I0bn−1 K1bn−1 1 +
K1bn−1 I0c


K
I
0c
0b
n−1
+ εr,n+1 I1bn−1 K0bn−1 1 −
.
K0bn−1 I0c
εr,n+2



5. Appendix: Functions of Gp (1 ≤ p ≤ n + 2) occurring in
(5), the expression for interaction impedance (K) ,
through (6)

2
G1 = 2
a



1 I0a K1a
1+ 2
DLF K0a I1a


0

a

2
I1r
rdr
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2I 2
G2 = 0a
a2




P02

b

a


2
I1r
rdr

+

Q20

a

b



2

/ (I0a P0 + K0a Q0 ) + I1a K1a




b

− 2I1c K1c


2
K1r
rdr



2
K1c

− 2P0 Q0

b

a

I1r K1r rdr
a

2
I1r
rdr

+



b



2
I1c

a

b

2
K1r
rdr



2
I1r K1r rdr / I0a K0a DLF
(I1a K1c − K1a I1c )2

a



and
 

 bp−2
bp−2
εr,p
2
2
2
2
2
Ap
Gp = 2
I1r rdr + Bp
K1r
rdr
a Ez2 (0)
bp−3
bp−3
 bp−2
I1r K1r rdr
+ Ap Bp
bp−3





2
+ I0a I1a K1a K1c


/

2
K1a DLF

bp−2

bp−3


2
I1r
rdr + I1c K1c

2

(I1a K1c − K1a I1c )




,



bp−2

I1r K1r rdr
bp−3

(3 ≤ p ≤ n + 2),

where

Ap =

Bp =

I0a Pp−2
I0a P0 + K0a Q0
I0a Qp−2
I0a P0 + K0a Q0


An+2 =

Kco
I0c


Bn+2 = − 



n+1

q=2













p−1

q=2
p−1

q=2

n+1

q=2


εr,q
 Ez (0),
γbq


εr,q

γbq

Ez (0),

(3 ≤ p ≤ n + 2)




εr,q

γbq

I0a
I0a Po + K0a Qo


Ez (0),




εr,q
I
0a

Ez (0).
γbq
I0a P0 + K0a Q0
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6. Appendix: Rigorous dispersion relation for large helical angles
Using ﬁeld expressions (1), the normalized admittance (or susceptance) functions WEp and WHp may be written as
WEp
and
WHp


kεr,p I1 {γp r} −
η0 Hθp

=
=
j Ezp
γp
I0 {γp r} +


γp  I0 {γp r} +
η0 Hzp
=−
=−
j Eθp
k I1 {γp r} −



Bp
Ap K1 {γp r}

Bp
K
{γ
r}
Ap 0 p



Dp
Cp K0 {γp r}
.
Dp
K
{γ
r}
1
p
Cp

Applying the sheath-helix boundary conditions the determinantal
equation may be expressed in terms of the above admittance functions
deﬁned at the sheath helix (r = a) as:


WH1 + WE1 cot2 ψ = WH2 + WE2 cot2 ψ r=a
which may be read, since WH1 = (−γ1 /k)I0 {γ1 a}/I1 {γ1 a} and
WE1 = (k/γ1 )I1 {γ1 a}/I0 {γ1 a} in view of the constants B1 and D1
becoming null (to ensure the ﬁniteness of the ﬁelds at the helix axis)
as follows:
I0 {γ1 a}


k
k cot ψ 2
I {γ a} + γ (WH2 )r=a
= I1 {γ1 a} γ1
.
1
1
1
γ1
−
(W
)
E2
r=a
k
I0 {γ1 a}
Now the outermost admittance can easily be obtained in terms of the
ratio of the relevant ﬁeld constants, since the ﬁeld intensities become
null at the metal envelope. Then the admittance can be successively
transformed inward region by region to obtain the functions WH2 and
WE2 which may be evaluated at r = a and substituted in the above
dispersion relation. The procedure ﬁnally leads to the dispersion relation for a helix surrounded by n dielectric sleeves as follows:

k cot ψ 2
=
γ1


I0 {γ1 a}K0 {γ1 a} K1 {γ1 a} M0 (P0 I0 {γ1 a} + Q0 K0 {γ1 a})
=
.
I1 {γ1 a}K1 {γ1 a} K0 {γ1 a} Q0 (M0 K1 {γ1 a} − N0 I1 {γ1 a})
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Here γ1 corresponds to the region inside the helix and has to be interpreted as γ1 = γ = (β 2 − k 2 )1/2 . P0 , Q0 , M0 and N0 are given
by:


γ2

εr,3 K0 {γ2 b}I1 {γ3 b} P1
= K1 {γ2 b}I0 {γ3 b} +
γ3

 

γ2

+ K1 {γ2 b}K0 {γ3 b} −
εr,3 K0 {γ2 b}K1 {γ3 b} Q1
γ3

 

γ2
εr,3 I0 {γ2 b}I1 {γ3 b} P1
Q0 = I1 {γ2 b}I0 {γ3 b} −
γ3

 

γ2

εr,3 I0 {γ2 b}K1 {γ3 b} Q1
+ I1 {γ2 b}K0 {γ3 b} +
γ3
.

 

γ2


I0 {γ2 b}K1 {γ3 b} M1
M0 = I1 {γ2 b}K0 {γ3 b} +
γ3

 

γ2
I0 {γ2 b}I1 {γ3 b} N1
+ I1 {γ2 b}I0 {γ3 b} −
γ3

 

γ2

K0 {γ2 b}K1 {γ3 b} M1
N0 = K1 {γ2 b}K0 {γ3 b} −
γ3

 

γ2
K0 {γ2 b}I1 {γ3 b} N1
+ K1 {γ2 b}I0 {γ3 b} −
γ3
P0





where P1 , Q1 , M1 and N1 can be found from the following recurrence
relations for 3 ≤ p ≤ n :


Pp−2


= εr,p I0 {γp+1 bp−2 }K1 {γp bp−2 }+



γp


+
εr,p+1 I1 {γp+1 bp−2 }K0 {γp bp−2 } Pp−1
γp+1

+ εr,p K0 {γp+1 bp−2 }K1 {γp bp−2 }−



γp

−
εr,p+1 K1 {γp+1 bp−2 }K0 {γp bp−2 } Qp−1
γp+1
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Qp−2


Mp−2


Np−2


= εr,p I1 {γp bp−2 }I0 {γp+1 bp−2 }−



γp

εr,p+1 I0 {γp bp−2 }I1 {γp+1 bp−2 } Pp−1
−
γp+1

+ εr,p I1 {γp bp−2 }K0 {γp+1 bp−2 }+



γp

εr,p+1 I0 {γp bp−2 }K1 {γp+1 bp−2 } Qp−1
+
γp+1

= I1 {γp bp−2 }K0 {γp+1 bp−2 }+



γp

I0 {γp bp−2 }K1 {γp+1 bp−2 } Mp−1
+
γp+1

+ I0 {γp+1 bp−2 }I1 {γp bp−2 }−



γp

I0 {γp bp−2 }I1 {γp+1 bp−2 } Np−1
−
γp+1

= K0 {γp+1 bp−2 }K1 {γp bp−2 }−



γp

−
K0 {γp bp−2 }K1 {γp+1 bp−2 } Mp−1
γp+1

+ K1 {γp bp−2 }I0 {γp+1 bp−2 }+



γp

+
K0 {γp bp−2 }I1 {γp+1 bp−2 } Np−1
γp+1

which, for p = n , may be read with the help of the following:

Pn−1



γn+1
εr, n+2 K0 {γn+1 bn−1 }K1 {γn+2 bn−1 }
=
γn+2


I1 {γn+2 bn−1 }K0 {γn+2 c}
1+
I0 {γn+2 c}K1 {γn+2 bn−1 }
− εr, n+1 K0 {γn+2 bn−1 }K1 {γn+1 bn−1 }


I0 {γn+2 bn−1 }K0 {γn+2 c}
1−
I0 {γn+2 c}K0 {γn+2 bn−1 }
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γn+1
εr, n+2 I0 {γn+1 bn−1 }K1 {γn+2 bn−1 }
γn+2


I1 {γn+2 bn−1 }K0 {γn+2 c}
1+
I0 {γn+2 c}K1 {γn+2 bn−1 }

Qn−1

=−


Mn−1

+ εr, n+1 I1 {γn+2 bn−1 }K0 {γn+2 bn−1 }


I0 {γn+2 bn−1 }K0 {γn+2 c}
1−
I0 {γn+2 c}K0 {γn+2 bn−1 }

= I1 {γn+1 bn−1 }K0 {γn+2 bn−1 }



Nn−1


I0 {γn+2 bn−1 }K1 {γn+2 c}
1+
K0 {γn+2 bn−1 }I1 {γn+2 c}


γn+1
+
I0 {γn+1 bn−1 }K1 {γn+2 bn−1 }
γn+2


I1 {γn+2 bn−1 }K1 {γn+2 c}
1−
K1 {γn+2 bn−1 }I1 {γn+2 c}

= K1 {γn+1 bn−1 }K0 {γn+2 bn−1 }



I0 {γn+2 bn−1 }K1 {γn+2 c}
1+
K0 {γn+2 bn−1 }I1 {γn+2 c}


γn+1
K0 {γn+1 bn−1 }K1 {γn+2 bn−1 }
−
γn+2


I1 {γn+2 bn−1 }K1 {γn+2 c}
1−
K1 {γn+2 bn−1 }I1 {γn+2 c}

The eﬀect of taking diﬀerent radial propagation constants in different regions of the structure, using the dispersion relation deduced
in this appendix, is to cause a decrease in the value of the phase velocity, however, to a small extent, as shown with reference to a typical
structure (Figure 5).
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Figure 5. Comparison of dispersion characteristics of structure II-B taking N ξ as the parameter and alumina (εr = 9.0) as the support material,
showing the eﬀect of diﬀerent radial propagation constants in diﬀerent
regions of the structure.
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