Progress In Electromagnetics Research, PIER 24, 77–96, 1999

PERFORMANCE ANALYSIS OF A GLRT IN LATE-TIME
RADAR TARGET DETECTION
J. E. Mooney
Department of Electrical Engineering
200 Broun Hall
Auburn University
Alabama 36849, USA
Z. Ding
Department of Electrical and Computer Engineering
University of Iowa
Iowa City, IA 53346, USA
L. S. Riggs
Department of Electrical Engineering
200 Broun Hall
Auburn University
Alabama 36849, USA

1.
2.
3.
4.
5.

Introduction
Problem Formulation
Overview of the Likelihood Ratio Test
The Generalized Likelihood Ratio Test
Analytical and Simulated Results
5.1 Analytical Results
5.2 Simulation Results
5.3 Results
6. Conclusions
References

78

Mooney et al.

1. INTRODUCTION
In the last two decades, a number of researchers have expended considerable eﬀort researching techniques useful for radar target discrimination. Virtually all of these schemes attempt to extract some unique feature from a target’s transient scattered ﬁeld. Most of these techniques
[1, 2] have utilized primarily the late-time portion of the transient response where the natural resonances of the target dominate. Because of
the aspect independent characteristic of the natural resonances, these
methods are an attractive approach to target discrimination. Recently,
one of these schemes, the E-pulse technique, was applied to the early
time component of the transient response with success [3]. Despite the
highly aspect dependent behavior of the early-time region, this region
is attractive since it contains the majority of the scattered energy. A
common assumption implicit in all of these discrimination techniques
is that a target has been detected and that it belongs to a family of
possible candidates. In this paper, the issue of target detection will
be addressed. Speciﬁcally, the objective is to detect a single target in
Gaussian noise based on its transient scattered ﬁeld return.
Previous work by Mooney et al. [1] demonstrated a robust target
discrimination method using the late-time portion of the transient response and fundamental principles of detection and estimation theory,
namely, hypothesis testing. As in the discrimination problem, the issue
of target detection can be addressed by considering either the late-time
or early-time portions of the scattered response. Building on the success of the approach presented in [1], a generalized likelihood ratio test
is constructed using the singularity expansion method representation
[4] of the late-time scattered ﬁeld to decide whether a target is present
or not.
To measure the performance of the GLRT, analytical expressions
for the probability of detection and the probability of false alarm will
be developed. These two parameters are normally plotted against one
another for varying threshold levels to produce a curve known as the
receiver operating characteristic (ROC). Results illustrating the ROC
as a function of SNR for two diﬀerent thin wire targets will be provided.
The analytical results will be veriﬁed by generating the ROC curve
through direct simulation. In addition, analytical and simulated results
of a likelihood ratio test (LRT) will be given in order to provide an
upper bound on performance. Finally, an analysis of how the modal
content of the return aﬀects the receiver operating characteristic will
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be provided.
2. PROBLEM FORMULATION
The detection problem can be described in terms of a simple binary
hypothesis test as follows:
H1 :
H0 :

y(t) = r(t) + n(t)
y(t) = n(t)

(1)

where r(t) represents the scattered ﬁeld from a target, and n(t) is
additive white Gaussian noise with zero mean and variance σ 2 . Using
the well known SEM representation of the late-time scattered ﬁeld [4],
the two hypotheses in (1) can be written as
N


ai esi t + n(t),

H1 :

y(t) =

H0 :

y(t) = n(t)

t > TL

i=1

(2)

where ai and si denote the coupling coeﬃcient and pole term, respectively, of the ith mode, N represents the total number of pole terms,
and TL is the beginning of the late-time period. The pole terms si
are independent of aspect angle, but the coupling coeﬃcients ai and
the late-time TL are normally strong functions of the aspect angle.
For convenience, the various signals in (2) are represented by their
uniform samples at the interval Ts as





y(TL )
y ≡  y(TL + Ts )  ;
..
.

bi ≡  e

esi TL



si (TL +Ts ) 

..
.



;


n(TL )
n ≡  n(TL + Ts )  .
..
.

Hence, the sampled version of the two hypotheses in (2) become
H1 :
H0 :

y = Ba + n
y=n

where the signal modes are represented by the matrix
B = [ b1

b2

···

bN ] ,

(3)
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and the unknown coupling coeﬃcients

a1
 a2
a=
 ...

by the vector





aN
As noted previously, because of the aspect independent characteristic
of the poles, the signal modes in B are assumed to be known. In
contrast, the coupling coeﬃcients in a are unknown because of their
aspect dependent feature. Based on these assumptions and the two
hypotheses given in (3), the objective is to develop a decision rule to
determine whether or not a target is present. This decision rule will
be based solely on the known signal modes B and measured return y.
3. OVERVIEW OF THE LIKILIHOOD RATIO TEST
Before developing the decision rule for the case where the signal amplitudes are unknown, it is pertinent to develop and investigate a decision
rule for the ideal case where all the signal parameters are known completely. The result of this analysis will provide an upper performance
bound on any other decision rule which is based upon unknown signal
parameters.
As shown in [5, 6], the optimum decision rule is a likelihood ratio test
(LRT). The LRT consists of the ratio L(y) of two likelihood functions
which is tested against some threshold η as shown below
L(y) =

p(y|a, H1 )
p(y|a, H0 )

H1
>
<
H0

η.

(4)

The likelihood functions p(y|a, H1 ) and p(y|a, H0 ) are conditional
probability density functions (pdf’s) which can be generated by knowing the pdf of n. Since the noise n has been characterized as being
white and Gaussian with variance σ 2 , the conditional pdf’s p(y|a, H1 )
and p(y|a, H0 ) can be written as
1
1
exp − 2 (y − Ba)H (y − Ba)
q/2
q
2σ
(2π) σ
1
1
p(y|H0 ) =
exp − 2 yH y
q/2
q
2σ
(2π) σ

p(y|a, H1 ) =

(5)
(6)
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where q denotes the number of samples. Substituting (5) and (6) into
(4) and letting r = Ba, the decision rule becomes
l(y) = rT y

H1
>
<
H0

1

σ 2 ln η + r2 = γ
2

(7)

where  ·  denotes the Euclidean norm. Note that since r is real
valued, the Hermitian operator has been replaced by the transpose
operator.
Since the decision statistic l(y) is Gaussian, the probability of false
alarm is expressed as
PF = erfc

γ
σr

(8)

where erfc is the complementary error function [7]. Similarly, the probability of detection is
PD = erfc

γ − r2
σr

.

(9)

4. THE GENERALIZED LIKELIHOOD RATIO TEST
As noted earlier, to use the LRT in (7), the noiseless return has to
be known completely. Because of this omniscient characteristic of the
LRT, it is not a very practical approach to the detection problem since
a unique return is produced for each new target aspect. Speciﬁcally,
the signal amplitudes a are highly dependent on the target orientation.
A more practical approach is to develop a decision rule that treats a
as an unknown parameter and utilizes only the aspect independent
features of the signal model.
Since the LRT in (7) is not a uniformly most powerful (UMP) test,
an alternative solution to determining a decision rule is to use the
generalized likelihood ratio test (GLRT) [6]. The GLRT can be written
in a form similar to the LRT as
GLRT :

Lg (y) =

maxa p(y|a, H1 )
maxa p(y|a, H0 )

H1
>
<
H0

η

(10)
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Maximizing the likelihood function
p(y|a, H1 ) ∝ exp −

1
(y − Ba)H (y − Ba)
2σ 2

is equivalent to minimizing y − Ba2 , hence yielding a least squares
solution to y = Ba as
âmax = (BH B)−1 BH y .

(11)

Substituting the least squares solution into (10) and taking the natural
logarithm of both sides, one obtains after some manipulation


lg (y) = ln Lg (y) = yH Py

H1
>
<
H0



2σ 2 ln η = γg

(12)

The q × q matrix P = B(BH B)−1 BH is known as the projection
matrix and has the following useful properties [8]:
A.
B.
C.
D.

P is symmetric.
P is idempotent (P2 = P) .
The eigenvalues of P are either 1 or 0.
The rank of P is equal to the number of poles N used in the SEM
representation of the far scattered ﬁeld.

To determine PF and PD , the distribution of the decision statistic
lg (y) needs to be known. The decision statistic has the quadratic form
yH Py and represents a weighted sum of squared Gaussian random
variables. Under certain conditions, such a sum has a non-central
χ2 distribution [9]. Its distribution is denoted χ 2 (ν, θ) where the
constant ν is called the number of degrees of freedom and θ is the
eccentricity. In statistical literature, the eccentricity is also referred to
as the non-centrality parameter [10]. The probability density function
of a random variable x with a non-central χ2 distribution with ν
degrees of freedom and eccentricity 1 θ is given by [10]

− 12 θ

p(x; ν, θ) = e

∞

k=0

1

1
θ
2

k

1
1
x( 2 ν+k−1) e− 2 x

1
k!2( 2 ν+k) Γ

1
ν+k
2

,

x>0

In some statistical literature, the eccentricity is deﬁned as λ = 12 θ [11].

(13)
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The cumulative distribution function (c.d.f.) of the non-central χ2
random variable is deﬁned as
 
F (x; ν, θ) = P χ (ν, θ) ≤ x =
2

= e− 2 θ
1

1
θ
2

∞

k=0

k!2(

1
ν+k
2

)Γ

x

−∞
k

p(τ ; ν, θ)dτ


1
ν+k
2

x

τ ( 2 ν+k−1) e− 2 τ dτ (14)
1

1

0

Computing the c.d.f. of χ 2 (ν, θ) is not a trivial task since it involves
computing the incomplete gamma function within an inﬁnite sum. Fortunately, several researchers [12, 13] have developed sophisticated and
accurate algorithms for numerically evaluating the c.d.f. of the noncentral χ2 distribution.
An extremely important theorem concerning the distribution of the
quadratic form yH Py is developed by Papoulis [9] and is stated as
follows:
If y is distributed as N (µy , I) then yH Py is distributed as
χ 2 (N, µH
y Pµy ) if and only if P is idempotent of rank N.
This theorem is applicable to the decision statistic lg (y) because of
the properties of the projection matrix. Letting y = σz where z is
distributed as N (µy /σ, I) , the decision statistic can be now written
as
H

2 H

lg (y) = y Py = σ z Pz

H1
>
<
H0

γg

(15)

Using the theorem [9], the decision statistic lg (y) is distributed as
lg (y) ∼

1
1 2
N, 2 µy Pµy
χ
2
σ
σ

.

(16)

Knowing the distribution of lg (y) , the probability of false alarm and
the probability of detection can be computed. Under H0 , µy = 0 ,
and lg (y) is distributed as
lg (y) ∼

1 2
χ (N, 0) .
σ2

(17)
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Thus, the probability of false alarm can be expressed in terms of the
non-central χ2 c.d.f. as
PF = P {lg (y)|H0 > γg }
= 1 − P {lg (y)|H0 ≤ γg }


= 1 − P σ 2 zH Pz|H0 ≤ γg
γg 
2
= 1 − P χ (N, 0) ≤ 2
σ
= 1 − F (2 ln η; N, 0) .

(18)

Similarly, under H1 , µy = Ba , and lg (y) is distributed as
lg (y) ∼

1 2
Ba2
χ
N,
σ2
σ2

.

(19)

Hence, the probability of detection can be written in terms of the
cumulative distribution function as
PD = 1 − F

2 ln η; N,

Ba2
σ2

.

(20)

Recall that Ba represents the late-time backscattered return from a
target. Hence, the ratio Ba2 /σ 2 is the ratio of the late-time signal
energy to the average noise power.
The calculation of PF and PD are illustrated in Fig. 1. Since
the eccentricity of lg (y) under H1 is inversely proportional to the
noise power, the two densities in Fig. 1 can be separated by simply
decreasing σ 2 . Thus, for small σ 2 , certain thresholds exist where a
high probability of detection can be maintained while simultaneously
keeping the probability of false alarm low.
5. ANALYTICAL AND SIMULATED RESULTS
In this section, results demonstrating the performance of the GLRT
are provided. The performance results of the GLRT are analyzed by
plotting the receiver operating characteristic (ROC). The ROC of the
GLRT for two diﬀerent targets are investigated under varying SNR
and aspect angle. The ROC of the GLRT is developed analytically
using (18) and (20) from the previous section. To verify the analytical
results, the ROC is generated directly through simulation. As a basis
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Figure 1. The probability densities of lg (y) under hypotheses H1
and H0 . The calculation of PF and PD are also shown.

Figure 2. Illustrations of the thin cylinder and the 45◦ swept wing
aircraft model.
for comparison, the GLRT results are compared with the analytical
and simulated ROC’s of the LRT.
The two targets to be studied are the thin cylinder and the 45◦
swept wing aircraft model. Both of these targets are illustrated in
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Fig. 2. The thin cylinder, which is oriented along the x-axis and
centered at the origin, has a length of 1 m and a radius of 0.005 m.
The swept wing model is constructed of similar thin wires having a
length-to-radius ratio of 200. The fuselage is 1 m in length. The
section of the fuselage forward of the wings has a length of 1/3 m. The
section aft of the wings is of length 2/3 m. Both wings are swept back
45◦ from the normal to the fuselage and have a length of 1/2 m. The
aspect angle φ , as illustrated in Fig. 2 is deﬁned to be in the plane of
the target and is measured from the x-axis .
The scattering data used in generating the analytical results as well
as the simulated results are the theoretical impulse responses of the
two targets shown in Fig. 2. These responses were obtained using the
SEM which was cast into numerical form via the method of moments
[14]. The poles that were used in obtaining the backscattered ﬁeld from
each target are listed in Table 1. The ﬁrst eight complex conjugate pole
pairs were used in computing the backscattered ﬁeld impulse response
of the 1 m thin cylinder. In order to ensure that the same bandwidth
was used among each of the two targets, it was necessary to use the
ﬁrst ﬁfteen conjugate poles pairs to compute the impulse response of
the 45◦ swept wing aircraft model. It should be noted here that the
impulse responses for all targets were computed using a Class I coupling
coeﬃcient; thus, the early time portion of the responses are inaccurate
[15, 16]. The beginning of the late-time period TL is dependent on
the aspect angle of the target. Since the aspect angle is assumed to
be unknown in this analysis, TL is calculated as twice the maximum
one-way transit time of the target. Both the thin cylinder and the
swept wing model have a maximum linear dimension of 1 m; hence,
TL = 2/c for both targets where c denotes the speed of light.
5.1 Analytical Results
As noted earlier, the ROC of the GLRT is generated by direct implementation of (18) and (20). The computation of the probability
of detection is directly dependent on the SNR since the eccentricity
parameter of the non-central χ2 distribution is inversely proportional
to the noise power. To determine the ROC for a speciﬁed SNR, the
average power of the noise-free backscattered return r(t) from a target
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Sm,n
c

m, n
1,1
1,2
1,3
1,4
1,5
1,6
1,7
1,8
1,9
1,10
1,11
1,12
1,13
1,14
1,15

45◦ Swept Wing
Real
Imag.

Thin Cylinder
Real
Imag.
−0.2574
−0.3792
−0.4660
−0.5353
−0.5935
−0.6436
−0.6870
−0.7244
∗∗∗∗∗
∗∗∗∗∗
∗∗∗∗∗
∗∗∗∗∗
∗∗∗∗∗
∗∗∗∗∗
∗∗∗∗∗
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± 2.8743
± 5.9329
± 9.0117
± 12.0955
± 15.1775
± 18.2533
± 21.3193
± 24.3726
∗ ∗ ∗ ∗∗
∗ ∗ ∗ ∗∗
∗ ∗ ∗ ∗∗
∗ ∗ ∗ ∗∗
∗ ∗ ∗ ∗∗
∗ ∗ ∗ ∗∗
∗ ∗ ∗ ∗∗

−0.1142
−0.1748
−0.3215
−0.4772
−0.4059
−0.6182
−0.5594
−0.5560
−0.5882
−0.8985
−0.6356
−0.7755
−0.6201
−0.9542
−0.7550

± 2.6857
± 3.0526
± 3.6096
± 6.6065
± 7.9230
± 9.3581
± 11.0463
± 12.0588
± 14.8595
± 15.4000
± 16.4076
± 18.7524
± 21.1990
± 21.5145
± 22.34780

Table 1. The natural frequencies of the two targets used in the
numerical examples.
must be computed. The average power of r(t) is deﬁned as
Psig =

1
T



T

r2 (t)dt

(21)

0

Once Psig is known, the average noise power σ 2 can be calculated for
a speciﬁed SNR (in dB). For the backscattered returns used in these
results, the end time of the integration is arbitrarily chosen to be 50
ns. Figure 3 shows the backscattered response from the thin cylinder
at an aspect angle φ = 75◦ and an SNR of −10 dB.
With the average noise power determined, the computation of PF
and PD for the GLRT follow directly from (18) and (20), respectively.
The ROC is generated by repeatedly solving these two equations over
a range of thresholds. The beginning threshold value is selected low
enough such that both PF and PD are one. The ﬁnal threshold value
is set large enough so that both PF and PD are zero. As discussed
earlier, solving for PD and PF is numerically challenging because of
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(a) The noiseless transient return.

(b) The transient return with a SNR of −10 dB.
Figure 3. The transient return from the thin cylinder at φ = 75◦ .
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the presence of the non-central χ2 cumulative distribution function.
Fortunately, a number of researchers have developed algorithms to efﬁciently and accurately compute the χ 2 (ν, θ) c.d.f. The algorithm by
Ding [12] was employed to generate the ROC of the GLRT. The ROC
of the LRT is developed the same way as the ROC of the GLRT, but
involves repeated calculation of (8) and (9) over a range of thresholds.
5.2 Simulation Results
As a way of verifying the analytical results, the ROC of the GLRT is
developed through direct simulation. The simulation process involves
using the scattering data directly in the GLRT. To generate a simulated
version of the probability of detection and a simulated version of the
probability of false alarm, two separate experiments are carried out.
These simulated versions of the probability of detection and false alarm
are better termed as detection and false alarm rates, respectively.
The experiment to determine the detection rate consists of ﬁrst
adding white Gaussian noise to the return r(t) . The average noise
power is adjusted accordingly to yield a speciﬁed SNR. Using the corrupted return, a value for the decision statistic in (12) is computed and
compared with the threshold γg . If the value of the decision statistic
exceeds the threshold, then a detection is declared and tallied. This
process is repeated 1000 times at each threshold to yield a detection
rate.
In the second experiment, white Gaussian noise with the same noise
power σ 2 as in the ﬁrst experiment is generated. Using the noise as
the return, the decision statistic in (12) is calculated and compared
with the threshold γg . If the value of the decision statistic exceeds
the threshold, a false alarm is declared and tallied. As in the ﬁrst
experiment, this process is repeated 1000 times at each threshold to
yield a false alarm rate.
The detection and false alarm rates obtained by repeating these
experiments over a range of thresholds are used to produce a simulated
ROC for the GLRT. The same simulation process is also carried out
using (7) to develop a simulated ROC for the LRT.
5.3 Results
The receiver operating characteristics of the GLRT and LRT are
shown in Figs. 4–9 for the thin cylinder and the 45◦ swept wing aircraft
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Figure 4. The receiver operating characteristic for the thin dipole at
φ = 45◦ and SNR of −10 dB.

Figure 5. The receiver operating characteristic of the GLRT and LRT
for the thin dipole at φ = 75◦ and SNR of −10 dB.
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model. Figures 4 and 5 display the simulated and analytical ROC’s of
the GLRT and LRT for the thin cylinder under varying SNR conditions
and aspect angles. Figures 6 and 7 provide a similar analysis for the
ROC for the swept wing aircraft model. Finally, the eﬀect the number
of poles has on the ROC is analyzed in Figs. 8 and 9.
Before examining the results, a brief discussion of some of the fundamental properties of ROC’s is pertinent. These properties apply
only to ROC’s generated from continuous likelihood ratio tests as is
the case here [6]. The ﬁrst property pertains to the shape of the ROC.
The shape of all ROC’s is concave downward. Furthermore, every ROC
contains the points (PF = 0, PD = 0) and (PF = 1, PD = 1) . The
lower bound on a ROC is a line (the chance diagonal) connecting these
points, i.e., PF = PD . In contrast, an optimum ROC is one where the
probability of detection is one for nearly all thresholds.
Figures 4 and 5 show the ROC of the thin cylinder for an SNR of
−10 dB. The only diﬀerence between these two ﬁgures is the aspect
angle. In Fig. 4, where the aspect angle is 45◦ , both the simulated
and analytical version of the ROC agree well with each other. As
expected, the performance of the LRT exceeds the performance of the
GLRT. These same observations can be made in Fig. 5 where the aspect
angle is 75◦ . However, when comparing Figs. 4 and 5, one observes
that the performance of the GLRT and LRT is slightly better in Fig. 5
than in Fig. 4. The primary reason for this slight gain in performance
is that there is more signal content at φ = 75◦ than at φ = 45◦ .
Furthermore, as seen in (20), the probability of detection is very much
dependent on the late-time energy of the return. In general, as the
aspect angle of the incident waveform illuminating the thin cylinder is
reduced, the energy in the late-time portion of the return decreases. A
decrease in the late-time energy of the signal decreases the eccentricity
of the distribution used to compute PD . Consequently, the underlying
distributions of PF and PD become less distinct, and the ROC moves
in the direction of the chance diagonal.
Figure 6 and 7 display the ROC for the 45◦ swept wing model under the same conditions that were used to analyze the ROC of the thin
cylinder. By inspecting these results, we see many of the same features
and trends that were observed in the results for the thin cylinder. The
primary features include excellent agreement between the simulated
and analytical results for the LRT ROC and GLRT ROC and a degradation in performance with decreasing SNR. The eﬀect of aspect angle
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Figure 6. The receiver operating characteristic of the GLRT and LRT
for the 45◦ swept wing aircraft model at φ = 45◦ and SNR of −10 dB.

Figure 7. The receiver operating characteristic of the GLRT and LRT
for the 45◦ swept wing aircraft model at φ = 75◦ and SNR of −10 dB.
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Figure 8. The receiver operating characteristic of the GLRT for the
thin cylinder using 1, 4, and 8 pole-pairs.

Figure 9. The receiver operating characteristic of the GLRT and LRT
for the 45◦ swept wing aircraft model using 4, 8, and 15 pole-pairs.
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on the ROC is also noticeable. In general, for a given SNR, the ROC
improves as the aspect angle approaches broadside illumination.
Figure 8 and 9 illustrate the eﬀect the number of pole-pairs (modes)
has on the ROC of both the thin cylinder and the swept wing model.
In Fig. 8, the ROC of the GLRT is shown for the thin cylinder using
only the fundamental mode, the ﬁrst 4 modes, and the ﬁrst 8 modes.
In constructing the ROC’s in Fig. 8, the returns from the thin cylinder
were recomputed to represent the appropriate modal content. As one
can observe, decreasing the modal content improves the ROC. This
observation is also made in Fig. 9 where several ROC’s are shown for
the swept wing model. In the analysis of this target, the ﬁrst 4, 8, and
15 modes were used. Based on the results presented in Figs. 8 and 9,
one can conclude that decreasing the number of poles, or equivalently,
the bandwidth of the detection system, improves the ROC. This result
is predicted by the dependency of the density functions, speciﬁcally
the degrees of freedom, used to calculate PF and PD on the modal
content of the return.
6. CONCLUSIONS
In this paper, the problem of detecting a single target based on its
natural resonances was studied. Beginning with the SEM representation of the scattered ﬁeld and with simple binary hypothesis testing, a
generalized likelihood ratio (GLRT) test was developed to determine
whether or not a target is present. To measure the performance of the
GLRT, analytical expressions for the probability of detection and for
the probability of false alarm were developed.
Results illustrating the performance of the GLRT were presented
for two simple thin wire targets. These results, known as receiver operating characteristics (ROC’s), consisted of plotting the probability of
detection versus the probability of false alarm. For each target, ROC’s
were provided which demonstrated the performance of the GLRT for
diﬀerent aspect angles. The ROC’s generated from the analytical expressions for PF and PD were veriﬁed through direct simulation.
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