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Abstract–This study is concerned with the development of a model
to describe microwave emission from terrain covered by wet snow. The
model is based on the radiative transfer theory and the strong ﬂuctuation theory. Wet snow is treated in the model as a mixture of dry
snow and water inclusions. The shape of the water inclusions is taken
into account. The eﬀective permittivity is calculated by using the
two-phase strong ﬂuctuation theory model with nonsymmetrical inclusions. The phase matrix and the extinction coeﬃcient of wet snow
for an anisotropic correlation function with azimuth symmetric are
used. The vector radiative transfer equation for a layer of a random
medium was solved by using Gaussian quadrature and eigen analysis. The model behaviour is illustrated by using typical parameters
encountered in microwave remote sensing of wet snow. Comparisons
with emissivity data at 11, 21 and 35 GHz are made. It is shown that
the model predictions ﬁt the experimental data.
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1. INTRODUCTION
Snow can be divided into two categories: dry snow and wet snow.
Refrozen snow is dry snow that has gone through several melt-froze
cycles. Passive microwave remote sensing of dry snow has been studied
extensively by using semi-empirical models [1, 2] or theoretical models
including strong ﬂuctuation approach [3–5], radiation transfer with
discrete scatterers [6–8] and dense media radiation transfer equations
[9, 10]. However, the experimental and theoretical studies of wet snow
are still very limited [3, 11–14]. The purpose of this study is to develop
a model to describe microwave emission from wet snow, based on the
radiative transfer theory and the strong ﬂuctuation theory.
When melting begins, snow wetness becomes the major parameter
deﬁning the emission properties of the soil-snow-atmosphere system
[12]. The brightness temperature of wet snow is strongly inﬂuenced
by its free water content. Therefore, wet snow can be treated as a
two-phase mixture by considering the water particles as inclusions embedded in dry snow that is the background medium. Under this assumption, it is important to consider the shape of the water inclusions.
In this study, an anisotropic and azimuth symmetric correlation function is used which correspond to sphere, needle or disk-like shape, when
the two correlation lengths are treated with diﬀerent values [4, 15].
A good summary of the semi-empirical dielectric models of wet snow
is found in Hallikainen et al. [16]. The eﬀective permittivity of wet snow
can also be calculated by using the strong ﬂuctuation theory. Jin and
Kong attempted to use the strong ﬂuctuation theory with a three-phase
mixture (air, spherical ice particles, and spherical water particles) to
calculate the permittivity of wet snow [17]. Our previous work has
shown that consideration of the shape of inclusions is important and
the two-phase model with nonsymmetrical inclusions provided better
results than that three-phase model with spherical inclusions for the
eﬀective permittivity of wet snow [18].
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In this paper the phase matrix and extinction coeﬃcient of wet snow
are calculated by using the strong ﬂuctuation theory for an azimuthally
symmetric correlation function [4, 15]. Unfortunately, the expressions
for the eﬀective permittivity and the coeﬃcient S of the delta function
in mean dyadic Greens function are not identical in [4] and [15]. The
key point is that they used a diﬀerent method to evaluate the principal
value of the dyadic Greens function. We will adopt the coeﬃcient S
according to [4] in our model.
We solve the vector radiative transfer equation for a layer of a random medium by using Gaussian quadrature and eigen analysis. Comparisons with literature-based brightness temperature data [14] at 11,
21 and 35 GHz are made.
2. THE EFFECTIVE PERMITTIVITY OF WET SNOW
The eﬀective permittivity tensor εef f of wet snow has been studied in
our previous paper [18]. For easy reference, we give the main formulations of our wet snow eﬀective permittivity model in this section.
In our model, wet snow is treated as a two phase-mixture by considering the water particles as inclusions embedded in dry snow that
is the background material as shown in Fig. 1. The permittivity of
the scatterers is εs = εwater and the permittivity of the background
medium is εb = εdry snow . The fraction volume occupied by the water
inclusions is fν and the fraction volume occupied by the dry snow is
1 − fν . The shape of the water inclusions is considered by using an
anisotropic and azimuthally symmetric correlation function [4, 15]:
Dry snow

Water inclusion

Figure 1. Wet snow as a two-phase mixture.
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ACF (r) = exp −
−
lρ2
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,

(1)

where lρ = lx = ly is the correlation length in horizontal direction and
lz is the correlation length in vertical direction.
The elements of the uniaxial eﬀective permittivity tensor εef f =
diag [εef f p εef f p εef f z ] for an anisotropic and azimuthally symmetric
correlation function are given by [15, 19–21]:
ε0 δ11 (I1 + S)
1 − Sδ11 (I1 + S)
ε0 δ33 (I3 + Sz )
= εgz +
,
1 − Sz δ33 (I3 + Sz )

εef f p = εg +

(2)

εef f z

(3)

where εg and εgz are the quasi-static permittivity in horizontal and
vertical direction, respectively. They are the solutions of two non-linear
coupled equations [4]:
εs − εg
εb − ε g
+ (1 − fν ) ·
=0
(4)
fν ·
ε0 + S(εs − εg )
ε0 + S(εb − εg )
εs − εgz
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+ (1 − fν ) ·
= 0.
(5)
fν ·
ε0 + Sz (εs − εgz )
ε0 + Sz (εb − εgz )
S and Sz in equations (2) and (3) are the dyadic coeﬃcient of the
Dirac delta part in the dyadic Greens function of an anisotropic
medium [4],
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The variances δ11 and δ33 in equations (2) and (3) are deduced from
εg and εgz [15]:
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The integrals I1 and I3 in equations (2) and (3) for the correlation
function (1) can be written as [15]:
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complex arguments:
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and erfc is an incomplete error function with

2
erfc(z) = 1 − erf (z ) = 1 − √
π



z

e−z dt.
2
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3. THE BRIGHTNESS TEMPERATURE OF WET SNOW
Our microwave emission model for wet snow is based on the solution
of the radiative transfer equation inside the snowpack by taking into
account the boundaries at the soil and atmosphere interfaces, as shown
in Figure 2.
Inside an inhomogeneous medium, let Tν (θ, z) and Th (θ, z) denote
brightness temperatures at vertical and horizontal polarisation. The
radiation transfer equations for passive remote sensing can be written
as [6]:
cos θ

κeν Tν (θ, z)
d Tν (θ, z)
= κa T1 (z) −
dz Th (θ, z)
κeh Tν (θ, z)
 π
P (θ, θ ) P12 (θ, θ ) Tν (θ , z)
, (14)
+ dθ sin θ 11
P21 (θ, θ ) P22 (θ, θ ) Th (θ , z)
0
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z
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Medium 0: Atmosphere
z=0
I(θ)
t01

Medium 1: Wet snow

dz 
z
θ
r12
z = −d

Medium 2: Soil
t12

Figure 2. Geometrical conﬁguration of a three-layer medium.
where κa is the absorption coeﬃcient, κep = κa + κsp (p = ν, h)
is the p-polarised extinction coeﬃcient and κsp is the scattering coeﬃcient. θ is the incidence angle, θ is the scattering angle, T1 (z)
is the temperature proﬁle of the inhomogeneous layer, and P11 (θ, θ ),
P12 (θ, θ ) P21 (θ, θ ) and P22 (θ, θ ) are the phase matrix elements.
The absorption coeﬃcient κa is expressed as [22]:

1/2
κa = 2k0 Im εgwet ,

(15)

where k0 is the wave number in free space, and εgwet is the quasistatic value of the dielectric constant of wet snow. The scattering coefﬁcients κsν and κsh are deduced from the phase matrix components
P (θ, φ; θ , φ ) [4]:
 π


dθ sin θ P11 (θ, θ ) + P21 (θ, θ )
(16)
κsν (θ) =
0
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dθ sin θ P12 (θ, θ ) + P22 (θ, θ )

(17)

0

The elements of the phase matrix for the transverse isotropic correlation functions (1) can be written as [4]:

1


P11(θ, θ ) = Q(θ−θ ) exp(−A) δ33 sin2 θ sin2 θ+ δ11 cos2 θ cos2 θ I0 (A)
2
1
+2δ13 sin θ sin θ cos θ cos θ I1 (A) δ11 cos2 θ cos2 θ I2 (A) (18)
2
1
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2
1
P12 (θ, θ ) = δ11 Q(θ, θ ) exp(−A) cos2 θ [I0 (A) − I2 (A)]
(20)
2
1
(21)
P22 (θ, θ ) = δ11 Q(θ, θ ) exp(−A)[I0 (A) + I2 (A)],
2
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where In (A) is the modiﬁed Bessel Function of the ﬁrst kind of n-th
order, and kwet is the wave number in wet snow
√
kwet = ω µεef f = k0

εef f
,
ε0

(24)

where εef f is the eﬀective permittivity of wet snow.
The radiative transfer equation (14) can be solved by using Gaussian quadrature and eigenanalysis technique subject to the following
boundary conditions, for 0 < θ < π/2 [23]:
Tp (θ, z = −d) = r12 p (θ)Tp (π − θ, z = −d) + t12 p (θ)Tsoil (25)
Tp (π − θ, z = 0) = r01 p (θ)Tp (θ, z = 0) + t01 p (θ)Tsky p (θ0 ), (26)
where r12 p , r01 p are reﬂectivities, t12 p , t01 p are transmissivities, and
tmnp = 1 − rmnp · θ and θ0 , and θ and θ2 are related by Snells law,
respectively.
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In the calculation of the reﬂectivity, the eﬀective permittivity of dry
snow, wet snow and soil should be known. In this study, the Stogryn’s
model in [24] and [25] is used to calculate the eﬀective permittivity of
dry snow. The measured permittivity and dielectric loss factor of soil
as a function of frequency and with temperature as a parameter can
be obtained from [26].
The sky radiation is approximated by [23]:
Tsky p (θ0 ) = Tair [1 − exp(−k0a · t · sec θ0 )]

(27)

with Tair denoting the air temperature, k0a the absorption coeﬃcient
of the air, and t the thickness of the atmosphere.
Once the radiation transfer equation (14) is solved subject to the
boundary conditions (25) and (26), the brightness temperatures are
given by [23]:
TB (θ0 ) = t01 p (θ)Tp (θ, z = 0) + r01 p (θ0 )Tsky p (θ0 ).

(28)

To ﬁnd a possible eﬀect due to the small roughness of the surface, we
simply modify the reﬂectivity rmnp according to [4]:


rmnp1 = exp −h cos2 θ rmnp ,
(29)
where h is the eﬀective roughness.
It should be noted that the quasi-static permittivity εg and the
eﬀective permittivity εef f of wet snow are uniaxial tensors as we discussed in Section 2. For simplicity, we use an isotropic value of the
quasi-static permittivity εgwet instead of εg in the equations of the
absorption coeﬃcient (15), and an isotropic value of the eﬀective permittivity εef f instead of εef f in the phase matrix element (18) to
(24). In the calculation of the reﬂectivities r12 p , r01 p and the transmissivities t12 p , t01 p , an isotropic value of the eﬀective permittivity
εef f is also used instead of the uniaxial tensor εef f . In the case of wet
snow, the vertical direction is dominant. In the following calculation,
we set:
εgwet = εgz
εef f = εef f z .

(30)
(31)

The model needs to be further studied concerning the use of the uniaxial tensors εg and εef f throughout the calculations.
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4. PERFORMANCE OF THE MODEL
In order to illustrate the model behaviour, we shall consider the dependence of the emissivity of wet snow on the input parameters in this
section.
The model ﬂow chart is shown in Figure 3. The input parameters of
our emission model for wet snow are the measurement frequency f, the
temperature of wet snow T, the depth of wet snow H, the mean grain
size of ice particles Dice , the volume fraction of ice particles fν ice ,
the volume fraction of water inclusions fν water and the correlation
lengths in vertical and horizontal direction of water inclusions lρ , lz .
In the model, the ice permittivity εice is calculated from the model
[27] or [28]. The dry snow permittivity εdry−snow is calculated from
the model [24] and [25]. The complex permittivity of free water with
no salinity εwater can be described by Debye equation [29]
εwater = ε∞w +

εsw − ε∞w
,
1 − if /f0k

(32)

where the static permittivity εsw , the optical permittivity ε∞w and
the relaxation frequency f0k of liquid water at T = 0◦ C are chosen
(εsw = 88, ε∞w = 4.9 and f0k = 9 GHz). The permittivity of soil
εsoil is obtained from [26].
The basic set of input parameters for the calculations of this section is listed in Table 1. The volume fraction of water inclusions is set
to be fν water = 0.05. The correlation lengths of water inclusions are
often selected to match the theoretical results into the observations.
However, here we used the correlation lengths of water inclusions according to our previous study of wet snow permittivity [18]; the values
of the correlation lengths of water inclusions in vertical and horizontal
direction are lρ = 0.11 mm and lz = 0.43 mm. These values provide a
good match between the results of the permittivity model of wet snow
and the observations when the volume fraction of water inclusions is
fν water = 0.05. Later we will show that these values for the correlation lengths enable the results of the brightness temperature model of
wet snow to match the observations as well.
Table 1. The basic set of input parameters.
f (GHZ) T (K) H (mm) fν ice
11,21,35 273
810
0.3

Dice (mm) fν water
0.8
0.05

lρ (mm) lz (mm)
0.11
0.43
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Input parameters
⇓
fν_ ice

Dice

fν_ water

Soil wetness

f

T

lρ , lz

H

and soil type

Permittivity
of ice
εice

Permittivity
of water
εwater

Permittivity
of dry snow
εdry _ snow

Permittivity
of soil
εsoil

Eqs. (2) and (3)

Permittivity
of wet snow
ε wet_ snow
Eqs. (18) to (24)
Phase matrix elements
Eqs. (16) and (17)
Absorption coefficient κ a

Scattering coefficients κsp

Extinction coefficients κ ep = κa + κ sp

Radiation Transfer Equations (14) and the boundary conditions (25) and (26)
Gaussian quadrature and
eigenanalysis technique
Brightness temperature TB

Figure 3. Model structure. See the text for detailed descriptions of
input parameters and various modules.
The mean grain size and the volume fraction of ice particles are used
only to calculate the eﬀective permittivity of dry snow, and the realistic
values of the grain size of ice particles Dice = 0.08 mm and the volume
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Figure 4. Theoretical wet snow emissivity as a function of the correlation length in vertical direction lz . The correlation length in horizontal
direction lρ is set to be 0.4 mm and the observation angle is 50◦ . See
Table 1 for other input parameters.
fraction of ice particles fν ice = 0.3 are used in the model.
Figures 4 to 6 show the eﬀect of the size and shape of water inclusions on wet snow emissivity. In Figure 4, the correlation length in
horizontal direction lρ is set to be 0.4 mm, the correlation lengths in
vertical direction lz changes from 0.1 mm to 0.9 mm. The observation angle is 50◦ . Figure 4 shows that when the water inclusions are
disk-like or spherical in shape, lz ≤ lρ (0.4 mm), wet snow emissivity
decreases with increasing frequency. With the water inclusions turned
to be cylinder-like in shape, lz > lρ (0.4 mm), the decrease in wet snow
emissivity with increasing frequency becomes smaller. However, when
the correlation length in horizontal direction lρ is very small and the
water inclusions are cylinder-like in shape, lz > lρ (0.1 mm), the wet
snow emissivities at all three frequencies are almost same, and the effect of changes in the correlation lengths in vertical direction lz in
negligible, as shown in Figure 5.
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Figure 5. Theoretical wet snow emissivity as a function of the correlation length in vertical direction lz . The correlation length in horizontal
direction lρ is set to be 0.1 mm and the observation angle is 50◦ . See
Table 1 for other input parameters.
In Figure 6, the correlation length in vertical direction lz is set to be
0.4 mm, the correlation lengths in horizontal direction lρ changes from
0.1 mm to 1 mm. The observation angle is 50◦ . Figure 6 shows that
wet snow emissivity decreases with increasing the correlation length in
vertical direction lz . With increasing frequency, wet snow emissivity
decreases.
Figure 7 shows the theoretical results of wet snow emissivity as a
function of the volume fraction of water inclusions (the liquid water
content). The observation angle is 50◦ . According to [16], the water inclusions in wet snow appear needle-like in shape for the volume fraction
below fν = 0.03. However, they become disk-like for fν ≥ 0.03. This
change in shape appears to be due to the transition from the pendular
regime to the funicular regime. But in this paper, water inclusions are
disk-like in shape for the volume fraction below fν = 0.04. The correlation lengths are selected to be lz = 0.01 mm and lρ = 0.4 mm when
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Figure 6. Theoretical wet snow emissivity as a function of the correlation length in horizontal direction lρ . The correlation length in
vertical direction lz is set to be 0.4 mm and the observation angle is
50◦ . See Table 1 for other input parameters.
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Figure 7. Theoretical wet snow emissivity as a function of volume
fraction of water inclusions (liquid water content). The observation
angle is 50◦ . See Table 1 for other input parameters.
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Figure 8. Theoretical wet snow emissivity as a function of snow depth.
The observation angle is 50◦ . See Table 1 for other input parameters.
fν ≤ 0.02, lz = 0.01 mm and lρ = 0.2 mm when fν ≤ 0.04. In the
calculation, water inclusions become needle-like when fν > 0.04. The
correlation lengths are selected to be lz = 0.43 mm and lρ = 0.11 mm
when fν > 0.04. Figure 7 shows wet snow emissivity decreases with
increasing frequency when fν ≤ 0.04. When fν > 0.04, there are little
diﬀerences in wet snow emissivity for all three frequencies. In Figure
7, the discontinuous appears when fν = 0.02 and fν = 0.04. This
is due to we do not know details about the shape changing of water
inclusions. It is clear that there is a contradiction between our results
and the reference [16] about the shape of the water inclusions. This
will be studied in the future.
Figure 8 shows the theoretical results of wet snow emissivity as a
function of the snow depth. The observation angle is 50◦ . For 21
and 35 GHz, Figure 8 indicates there are no eﬀect on the wet snow
emissivity when the snow depth change. For 11 GHz, the wet snow
emissivity increase with the increasing snow depth.
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Figure 9. Observed emissivity versus incidence angle for wet snow
at an Alpine test site, Weissﬂuhjoch, Davos, Switzerland, on June 20,
1955 [14].
5. COMPARISON WITH EXPERIMENTAL DATA
Here we show the results for interpretation of experimental data collected for wet snow [14] by using the microwave emission model developed in this study. In [14], a set of three microwave radiometers
at frequencies 11, 21 and 35 GHz was used to measure the brightness
temperatures of melting snow. The observed emissivity versus incidence angle for wet snow at an Alpine test site, Weissﬂuhjoch, Davos,
Switzerland on June 20, 1995 are shown in Figure 9. Only limited
ground-truth information is given in [14]: the snow depth is 81 cm,
the air temperature is 8◦ C, the snow temperature is 1◦ C at the top
of snow layer, and 0.0◦ C on the ground. Wet snow in Figure 9 shows
high emissivities at all frequencies. The emissivities at vertical polarisation show a maximum at 50◦ incidence angle, whereas emissivities
at horizontal polarisation decrease with increasing incidence angle, as
can be expected. The polarisation diﬀerence increases with decreasing
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Figure 10. Comparison of the predictions from the wet snow model
with experimental emissivity values given in [14] at 11 GHz. Input
parameters for the theoretical model are given in Table 1.
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Figure 11. Comparison of the predictions from the wet snow model
with experimental emissivity values given in [14] at 21 GHz. Input
parameters for the theoretical model are given in Table 1.
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Figure 12. Comparison of the predictions from the wet snow model
with experimental emissivity values given in [14] at 35 GHz. Input
parameters for the theoretical model are given in Table 1.
frequency.
The angular dependence of the emissivity was calculated by using
the microwave emission model of wet snow. The input parameters are
shown in Table 1. Comparisons of the predictions from the present
wet snow model with experimental emissivity values given in [14] at
11, 21 and 35 GHz are shown in Figures 10 to 12, respectively. The
results show that the agreement between the model predictions and
measurements is good.
6. CONCLUSIONS
In this study an emission model for wet snow is derived by using radiative transfer equations and the strong ﬂuctuation theory. The input
parameters of our emission model for wet snow are the measurement
frequency, the temperature of snow, the depth of snow, the mean grain
size of ice particles, the volume fraction of ice particles, the volume frac-
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tion of water inclusions and the correlation lengths of water inclusions
in vertical and horizontal direction.
Interpretation of experimental data collected for wet snow [14] was
made. It is shown that the model predictions agree well with the
experimental data. The input parameters of the present microwave
emission model for the values the correlation lengths of water inclusions
in vertical and horizontal direction lρ = 0.11 mm and lz = 0.43 mm
provide a good match between the results of the wet snow permittivity
model and the observations as well [18].
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