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Abstract—A rigorous approach is derived for the analysis of
electromagnetic (EM) wave propagation in dielectric waveguides with
arbitrary proﬁles, situated inside rectangular metal tubes, and along a
curved dielectric waveguide. The ﬁrst objective is to develop a mode
model in order to provide a numerical tool for the calculation of the
output ﬁelds for radius of curvature 0.1 m ≤ R ≤ ∞. Therefore we
take into account all the terms in the calculations, without neglecting
the terms of the bending. Another objective is to demonstrate the
ability of the model to solve practical problems with inhomogeneous
dielectric proﬁles. The method is based on Fourier coeﬃcients of
the transverse dielectric proﬁle and those of the input wave proﬁle.
These improvements contribute to the application of the model for
inhomogeneous dielectric proﬁles with single or multiple maxima in
the transverse plane. This model is useful for the analysis of dielectric
waveguides in the microwave and the millimeter-wave regimes, for
diﬀused optical waveguides in integrated optics, and for IR regimes.
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1. INTRODUCTION
Dielectric-coated metallic waveguide have attracted a considerable
interest in a wide variety of transverse proﬁles. Various methods
for the analysis of similar problems, of wave propagation in dielectric
inhomogeneous waveguides, have been studied in the literature. The
propagation of general-order modes in curved rectangular waveguide
examined by using asymptotic expansion method [1]. A matrix
formulation of the generalized telegraphist’s equation [2] used to
obtain a general set of equations for a guide of arbitrary crosssection with curved axis. The matrix elements involved mode-coupling
coeﬃcients which were obtained as rather general integrals of the
mode basis functions and the space variables. Asymptotic forms
of the coupling coeﬃcients for gentle bends were determined and
applied to propagation in rectangular guide bent into an arc of a
circle between two sections of straight guide. The results include the
junction reﬂection and the propagation coeﬃcients as the ﬁrst term in
a series of inverse powers in the radius of curvature of the bend. For
very sharp bends the matrix equations are tackled directly and results
calculated numerically by truncation of the matrices at third order.
By comparison with truncation at ﬁrst and second order it seems that
third order truncation should yield accurate numerical results. The
asymptotic results were quite good even for radius of curvature of the
guide center line as small as the guide width.
Slabs with more general refractive index distributions were
considered by Heiblum and Harris [3] and by Kawakami, Miyagi
and Nishida [4], using a WKB method [5]. These two papers
consider the case when the mode on the curved waveguide is not a
small perturbation of a mode on the straight guide, but was guided
essentially by the outer boundary. The modes of this nature are
known as “edge-guided” modes. The increase in radiation losses due
to curvature for slightly leaky modes on hollow dielectric or imperfect
metallic waveguides, a sort of composite of open and closed waveguide
behavior, was investigated by Marcatily and Schmeltzer [6].
Several methods of investigation of propagation were developed
for study of empty curved waveguide and bends [7–10].
The
results of precise numerical computations and extensive analytical
investigation of the angular propagation constants were presented for
various electromagnetic modes which may exit in waveguide bends of
rectangular cross section [7]. A new equivalent circuit for circular
E-plane bends, suitable for any curvature radius and rectangular
waveguide type was presented in Ref. [8]. An accurate and eﬃcient
method of moments solution together with a mode-matching technique
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for the analysis of curved bends in a general parallel-plate waveguide
was described in the case of a rectangular waveguides [9]. A rigorous
diﬀerential method describing the propagation of an electromagnetic
wave in a bent waveguide was presented in Ref. [10].
An extensive survey of the related literature can be found
in the book on electromagnetic waves and curved structures [11].
Propagation in curved rectangular waveguides by the perturbation
techniques was introduced for a guide of cross-section a × b whose
axis was bent to radius R. Likewise, the twisted coordinate system
with application to rectangular waveguides was introduced in Ref.
[11]. The other chapters were concerned with curved guides, both
rectangular and circular.
Calculations were performed for the
propagation coeﬃcient, reﬂection, mode-conversion, mode-coupling
and eigenfunctions for a variety of conﬁgurations by the asymptotic
method. The radiation from curved open structures is mainly
considered by using a perturbation approach, that is by treating
the curvature as a small perturbation of the straight conﬁguration.
The perturbational approach is not entirely suited for the analysis of
relatively sharp bends, such as those required in integrated optics and
especially short millimeter waves.
The models based on the perturbation theory solve problems only
for a large radius of curvature (R → ∞). The objective of this
work was to generalize the method in Ref. [12] also for a curved
dielectric waveguide. The mode model provides us a numerical tool
for the calculation of the output ﬁelds and power density for radius
of curvature 0.1 m ≤ R ≤ ∞. Therefore we take into account all the
terms in the calculations, without neglecting the terms of the bending
(namely, up to the fourth order of 1/R, where the further orders
are equal zero). This means that we have polynomial expressions of
order four. The calculations are depended on hζ , h2ζ , h3ζ and h4ζ (hζ =
1 + x/R), where hζ is the metric coeﬃcient. Thus the maximum value
of the bending is of the order of 1/R4 . This will enable us to understand
more precisely the inﬂuence of the bending on the output ﬁelds, output
power density, and output power transmission in the case of arbitrary
dielectric proﬁles. Ref. [12] was especially applicable for continuous
problems (i.e., smoothly varying proﬁles). Thus the another objective
is to demonstrate the ability of the model to solve practical problems
with inhomogeneous dielectric proﬁles. This theoretical model has
been applied in the case of a curved rectangular waveguides with
arbitrary dielectric transverse proﬁles in the mm-waves regime. The
purpose of this study was to develop transfer relations between the
wave components at the output and input ports of such waveguides
as matrix functions of their dielectric proﬁles. The following sections
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Figure 1. The curved coordinate system (x, y, ζ).
present the formulation and the derivation of this method for a curved
rectangular waveguides with arbitrary dielectric proﬁles.
2. FORMULATION OF THE PROBLEM
The system (x, y, ζ) in conjunction with the curved rectangular
waveguide is shown in Fig. 1. The curved waveguide transformation of
the coordinates is given by
 
ζ
X = (R + x) cos
,
(1a)
R
 
ζ
,
(1b)
Y = (R + x) sin
R
Z=y .
(1c)
In this curved system the metric coeﬃcients are:
hx = 1,

hy = 1,

hζ = 1 +

x
R

(2a, b, c)

and a diﬀerential length is given by ds2 = h2x dx2 + h2y dy 2 + h2ζ dζ 2 ,
where R is the bending radius of the waveguide. Further the bending
radius is deﬁned as the mean radius (Fig. 1) of the curved waveguide.
A cross section of the curved waveguide in the regions 0 ≤ x ≤ a and
0 ≤ y ≤ b is shown in Fig. 1, where a and b are the dimensions in
the cross-section. The case for the straight waveguide is obtained by
letting R → ∞.
The derivation is based on Maxwell’s equations for the
computation of output ﬁelds, output power density, and output power
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transmission at each point during propagation through a curved
waveguide. The method is based on Fourier coeﬃcients of the
transverse dielectric proﬁle and those of the input wave proﬁle. Thus
the accuracy of the method is depended on the number of the modes in
the system. This model is applied to solve problems of arbitrary proﬁles
(continuous and discontinuous dielectric proﬁles). The comparison
between this method for the wave propagation in uniform curved
waveguide with a rectangular cross section and the method for the
propagation in uniform curved waveguide with a circular cross section
[13] will be given after the derivation.
3. THE DERIVATION
In this derivation we present an extension of the transfer matrix
function (TMF) technique [12] for the analysis of wave propagation in
uniform curved waveguide regions with arbitrary dielectric transverse
proﬁle. The objective is to develop a mode model in order to provide
a numerical tool for the calculation of the output ﬁelds, output power
density, and output power transmission for radius of curvature 0.1 m
≤ R ≤ ∞. Therefore we take into account all the terms in the
calculations, without neglecting the terms of the bending.
The wave equations for the electric and magnetic ﬁeld components
in the inhomogeneous dielectric medium (x, y) are given by


∇
2
2
= 0,
(3a)
∇ E + ω µE + ∇ E ·

and
∇2 H + ω 2 µH +

∇
× (∇ × H) = 0,


(3b)

respectively. The transverse dielectric proﬁle is deﬁned as
(x, y) = 0 [1 + χo g(x, y)] ,

(4)

where 0 represents the vacuum dielectric constant, χo is the
susceptibility of the dielectric material and g(x, y) is its proﬁle function
in the waveguide.
The normalized transverse derivatives of the dielectric proﬁle
g(x, y) are deﬁned as




∂
∂
1
1
(x, y) ,
gy ≡
(x, y) .
(5a, b)
gx ≡
(x, y) ∂x
(x, y) ∂y
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From the transformation of Eqs. (1a), (1b), and (1c) one can derive
the exact Laplacian, and obtain the wave equations for the electric and
magnetic ﬁeld in the inhomogeneous dielectric medium.
The components of the exact Laplacian are given by
(∇2 E)x = ∇2 Ex −

1
R2 h2ζ

Ex − 2

1 ∂
Eζ ,
Rh2ζ ∂ζ

(6a)

(∇2 E)y = ∇2 Ey ,

(6b)

1
1 ∂
(∇2 E)ζ = ∇2 Eζ − 2 2 Eζ + 2 2 Eζ ,
R hζ
Rhζ ∂ζ

(6c)

where
∇2 =

∂2
∂2
1 ∂2
1 ∂2
+
+
+
.
∂x2 ∂y 2 h2ζ ∂ζ 2 Rhζ ∂x

(7)

The wave equations (3a) and (3b) are written in the form
(∇2 E)i + k 2 Ei + ∂x (Ex gx + Ey gy ) = 0,
2

2

(∇ H)i + k Hi + ∂x (Hx gx + Hy gy ) = 0,

(8a, b, c)
(8d, e, f)

where
The local wavenumber parameter is given by k =
 i = x, y. 
ω µ(x, y) = k0 1 + χo g(x, y), and the free-space wavenumber is
√
given by k0 = ω µ0 0 . The expression (∇2 E)x , for instance, is given
according to Eq. (6a).
The transverse Laplacian operator is deﬁned as
∇2⊥ = ∇2 −

1 ∂2
,
h2ζ ∂ζ 2

(9)

where h2ζ = (1 + x/R)2 .
The Laplace transform

ã(s) = L{a(ζ)}

∞

a(ζ)e−sζ dζ,

(10)

ζ=0

is applied on the ζ-dimension, where a(ζ) represents any ζ-dependent
variables and ζ = R φ.
By using Laplace transform the ﬁelds at ζ = ∞ are zero. Therefore
the ζ axis of the curved waveguide is a rectangular helix with a small
step’s angle and the metric coeﬃcients as given in Eqs. (2a) to (2c)
are justiﬁed (see Appendix A). The model in this paper can take into
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account the cases of smaller R only if the step’s angle (δp ) is very small,
where the condition is given in Appendix A.
By substitution of Eqs. (6a), (6b) and (6c) into Eqs. (8a), (8b)
and (8c), using Laplace transform, and multiply by h2ζ , Eqs. (3a) are
described in s-plane in the form

1
s2
2
1
h2ζ ∇2⊥ + 2 +k 2 Ẽx +h2ζ ∂x Ẽx gx + Ẽy gy +hζ ∂x Ẽx − 2 Ẽx − sẼζ
R
R
R
hζ

h2ζ ∇2⊥ +

h2ζ ∇2⊥ +

= sEx0 + Ex 0 −

2
Eζ ,
R 0

(11a)

1
s2
+k 2 Ẽy +h2ζ ∂y Ẽx gx + Ẽy gy +hζ ∂x Ẽy
R
h2ζ
= sEy0 + Ey 0 ,

(11b)

1
1
s2
2
+k 2 Ẽζ +sh2ζ Ẽx gx + Ẽy gy +hζ ∂x Ẽζ − 2 Ẽζ + sẼζ
2
R
R
R
hζ
= sEζ0 + Eζ 0 +

2
Eζ + h2ζ (Ex0 gx + Ey0 gy ) ,
R 0

(11c)

where the transverse Laplacian operator is deﬁned according to Eq. (9),
Ex0 , Ey0 , Eζ0 are the initial values of the corresponding ﬁelds at ζ = 0,
∂
Ex (x, y, ζ)|ζ=0 .
i.e., Ex0 = Ex (x, y, ζ = 0) and Ex 0 = ∂ζ
A Fourier transform is applied on the transverse dimension
 
ḡ(kx , ky ) = F{g(x, y)} =
g(x, y)e−jkx x−jky y dxdy,
(12)
x

y

and the diﬀerential equation (11a) is transformed to an algebraic form
in the (ω, s, kx , ky ) space, as follows
˜ +jk ḡ ∗ Ē
˜ +ḡ ∗ Ē
˜ − 1 Ē
˜
˜ +s2 Ē
˜ +k 2 χ ḡ ∗ Ē
˜ − 2 sĒ
kζ2 Ē
x
x
x
x
x
x
y
y
x
ζ
o o
2
R
R


˜ + k 2 χ q̄ ∗ ḡ ∗ Ē
˜ + j q̄ ∗ k ḡ ∗ Ē
˜ + ḡ ∗ Ē
˜
+ q̄ζ ∗ kζ2 Ē
x
x
x
x
x
y
y
ζ
o o ζ
1
1

˜
˜ + 1 j p̄ ∗ k Ē
sĒζ0 + Ēζ 0 ,
(jkx ) Ē
x
x x = sĒx0 + Ēx0 −
ζ
R
R
sR
(12a)

where kζ = ko2 − kx2 − ky2 . Similarly, the other diﬀerential equations
are obtained. The asterisk symbol denotes the convolution operation
+

ḡ ∗ Ē = F{g(x, y)E(x, y)}.
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The metric coeﬃcient hζ is a function of x, thus we deﬁned
hζ = 1 + pζ (x),

pζ (x) = x/R,

(13a, b)

h2ζ = 1 + qζ (x),

qζ (x) = (2/R)x + (1/R2 )x2 .

(13c, d)

The method of images is applied to satisfy the conditions n
×E = 0
and n
 ·(∇×E) = 0 on the surface of the ideal metallic waveguide walls,
where n
 is a unit vector perpendicular to the surface. The technique
for the computation of the boundary conditions by using the method
of images was described in detail in Ref. [12]. The metric coeﬃcient
hζ is a function of x (Eqs. (13a) to (13d)).
Thus the elements of the matrices P(0) and Q(0) are deﬁned as:
 a b
π
π
1
(o)
p̄ζ(n,m) =
pζ (x)e−j(n a x+m b y) dxdy,
(14a)
4ab −a −b
 a b
π
π
1
(o)
qζ (x)e−j(n a x+m b y) dxdy,
(14b)
q̄ζ(n,m) =
4ab −a −b
and the matrices P(1) and Q(1) are deﬁned as:
P(1) = I + P(0) ,

Q(1) = I + Q(0) ,

(14c, d)

where I is the unity matrix.
Equations (12a), (12b) and (12c) are rewritten in a matrix form
as follows
k 2 χ0
jkox (1)
Q N (Gx Ex + Gy Ey )
K(0) Ex + o Q(1) GEx +
2s
2s
1
1
1
−
Ex − Eζ + Q(0) K1(0) Ex +
jkox P(1) NEx
2
2sR
R
2sR
1
= Êx0 −
(15a)
Êζ ,
sR 0
jkoy (1)
k 2 χ0
Q M (Gx Ex + Gy Ey )
K(0) Ey + o Q(1) GEy +
2s
2s
1
+ Q(0) K1(0) Ey +
jkox P(1) NEy
2sR
= Êy0 ,
(15b)
ko2 χ0 (1)
1
1
Eζ
Q GEζ + Q(1) (Gx Ex + Gy Ey ) −
2s
2
2sR2
1
1
+ Eζ + Q(0) K1(0) Eζ +
jkox P(1) NEζ
R
2sR
1
1
= Êζ0 +
(15c)
Eζ0 + Q(1) (Gx Ex0 + Gy Ey0 ) ,
sR
2s
K(0) Eζ +
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where the initial-value vectors Êx0 , Êy0 , and Êζ0 are deﬁned from
the terms (sĒx0 + Ēx 0 )/2s, (sĒy0 + Ēy 0 )/2s, and (sĒζ0 + Ēζ 0 )/2s,
respectively.
The diagonal matrices K(0) , M and N were deﬁned in Ref. [12].
The metric coeﬃcient hζ is dependent on x (hζ = 1 + x/R). Thus the
next diagonal matrix K(1) is deﬁned as



(1)
K(n,m)(n ,m ) ko2 − (nπ/a)2 − (mπ/b)2 /2s δnn δmm ,
(16)
where δnn and δmm are the Kronecker delta functions.
The modiﬁed wave-number matrices are deﬁned as
ko2 χ0 (1)
Q G+
2s
1
1
+
I,
jkox P(1) N −
2sR
2sR2
k 2 χ0
Dy ≡ K(0) + Q(0) K1(0) + o Q(1) G +
2s
jkoy (1)
P MGy ,
+
2s
k 2 χ0
Dζ ≡ K(0) + Q(0) K1(0) + o Q(1) G +
2s
1
1
+ I−
I.
R
2sR2
Dx ≡ K(0) + Q(0) K1(0) +

jkox (1)
Q NGx
2s
(17a)
1
jkox Q(1) N
2sR
(17b)
1
jkox P(1) N
2sR
(17c)

Thus Eqs. (15a) to (15c) result in
jkox (1)
1
1
(18a)
Q NGy Ey −
Êζ0 + Eζ ,
2s
sR
R
jkoy (1)
(18b)
Dy Ey = Êy0 −
Q MGx Ex ,
2s
1
Dζ Eζ = Êζ0 + Q(1) (Gx Ex0 + Gy Ey0 )
2s
1 (1)
1
− Q (Gx Ex + Gy Ey ) +
(18c)
Eζ .
2
sR 0
After some algebraic steps, the components of the electric ﬁeld are
formulated as follows:


1
1
− Q(1) Gx
Ex = Dx + α1 Q(1) M1 Q(1) M2 + D−1
R ζ
2
−1 
1
1
+ α2 Q(1) M3 Q(1) M2
Êζ − α3 Q(1) M1 Êy0
Êx0 −
2
sR 0
Dx Ex = Êx0 −
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1
1
1 (1)
1 (1)
,
+ D−1
+
+
(G
E
+G
E
)−
M
Ê
E
Q
Q
Ê
x x0
y y0
3 y0
ζ0
ζ
R ζ
sR 0 2s
2
(19a)

jkoy (1)
E y = Dy
Q MGx Ex ,
Êy0 −
2s

1
Êζ0 + Q(1) (Gx Ex0 + Gy Ey0 )
Eζ = D−1
ζ
2s

1 (1)
1
− Q (Gx Ex + Gy Ey ) +
Eζ ,
2
sR 0
−1



(19b)

(19c)

where
kox koy
,
4s2
M1 = NGy Dy −1 ,

jkoy
,
2s
M2 = MGx ,

α1 =

α2 =

jkox
,
2s
M3 = Gy Dy −1 .

α3 =

These equations describe the transfer relations between the spatial
spectrum components of the output and input waves in the dielectric
waveguide. Similarly, the other components of the magnetic ﬁeld are
obtained.
The transverse ﬁeld proﬁles are computed by the inverse Laplace
and Fourier transforms, as follows
   σ+j∞
Ey (n, m, s)ejnkox x+jmkoy y+sζ ds. (20a)
Ey (x, y, ζ) =
n

m

σ−j∞

The inverse Laplace transform is performed in this study by a direct
numerical integration on the s-plane by the method of Gaussian
Quadrature. The integration path in the right side of the s-plane
includes all the singularities, as proposed by Salzer [14, 15]


σ+j∞

1
e Ey (s)ds =
ζ



σ+j∞

sζ

σ−j∞

1
e Ey (p/ζ)dp =
wi Ey (s = pi /ζ),
ζ
i=1
(20b)
15

p

σ−j∞

where wi and pi are the weights and zeros, respectively, of the
orthogonal polynomials of order 15. The Laplace variable s is
normalized by pi /ζ in the integration points, where Re(pi ) > 0 and
all the poles should be localized in their left side on the s-plane.
This approach of a direct integral transform does not require as other
methods to deal with each singularity separately.
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The ζ component of the average-power density of the complex
Poynting vector is given by

1 
Sav = Re Ex Hy∗ − Ey Hx∗ ,
2

(21)

where the asterisk indicates the complex conjugate. The active power
is equal to the real part of the complex Poynting vector.
A Fortran code is developed using NAG subroutines [16]. Several
examples computed on a Unix system are presented in the next section.
It is very interesting to compare between this proposed mode
model for the wave propagation in uniform curved waveguide with
a rectangular cross section and the method for the propagation in
uniform curved waveguide with a circular cross section [13]. The
similar main points are:
(1). The calculations in both mode model methods are based on using
Laplace transform, and the output ﬁelds are computed by the
inverse Laplace transform.
(2). The objective in both above methods was to develop a mode model
in order to provide a numerical tool for the calculation of the
output ﬁelds also for uniform curved waveguides. We took into
account all the terms (namely, up to the fourth order of 1/R, where
the further orders are equal zero) in the calculations, without
neglecting the terms of the bending. This means that we have
polynomial expressions of order four.
The technique of the two above methods is quite diﬀerent. The
proposed technique in this study for a rectangular cross section is based
on Fourier coeﬃcients of the transverse dielectric proﬁle and those
of the input wave proﬁle. On the other hand, the technique for a
circular cross section in Ref. [13] was based on the development of the
longitudinal components of the ﬁelds into Fourier-Bessel series. The
transverse components of the ﬁelds were expressed as functions of the
longitudinal components in the Laplace plane and were obtained by
using the inverse Laplace transform.
4. EXAMPLES OF THIS MODE MODEL
This section presents several examples which demonstrate features of
the proposed mode model derived in the previous section. The method
of this model is based on Fourier coeﬃcients, thus the accuracy of the
method is depended on the number of the modes in the system. Further
we assume N = M . The practical use of a dielectric slab is given in
Ref. [12]. Further the next examples will demonstrate the results of
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Figure 2. An example of the cross-section of a dielectric proﬁle loaded
rectangular waveguide.
the solutions in the case of a circular dielectric proﬁle in a rectangular
waveguide (Fig. 2) for a millimeter-wave regime. Figure 2 give us good
example for inhomogeneous dielectric proﬁle in the cross-section. The
refractive index of the core (dielectric proﬁle) is greater than that of
the cladding (air).
According to the TMF method [12] we have two ways to compare
between the results of our mode model and the another known model
(analytical method), as follows:
1. Comparison between the output ﬁelds for every order (N =
1, 3, 5, 7, and 9) to the another known method (analytical method).
2. Comparison between the output ﬁelds (according to our model)
for every two orders (N = 1, 3, N = 3, 5, N = 5, 7, and
N = 7, 9). This way is eﬃcient in the cases that we have
complicated problems that we can’t compare with another known
method.
Example:
The test-case for the straight waveguide is obtained by letting
R → ∞ (the coordinate ζ is changed to z). The comparison between
this test-case of our mode model to the known transcendental equation
as a benchmark and the solutions of the ﬁelds were demonstrated by
TMF results [12] for every order (N = 1, 3, 5, 7, and 9). The limit of
the convergence between N = 5 and the analytical method results was
0.699%. Additionally, the limit of the convergence between N = 9

2

|Sav | [W/m ]
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Figure 3. A solution of the output power density (|Sav |) as a response
to a T E10 input wave and a circular dielectric proﬁle for N = 1, 3, 5, 7,
and 9, where a = b = 2 cm, r1 = 0.5 mm, z = 20 cm, λ = 3.75 cm,
y = b/2, and r = 2.25.
and the analytical method results was 0.0827%. The limit of the
convergence between N = 7 and N = 9 was 0.196%. A convergence
less than 1% was achieved in this example for N ≥ 5. The model was
convergenced by ﬁve steps (N = 1, 3, 5, 7, and 9). The number of the
modes is equal to (2N + 1)2 . For N = 7 and N = 9 the number of the
modes was equal to 225. This comparison conﬁrms the validity of the
mode model.
A circular dielectric proﬁle in a rectangular waveguide
The geometrical shape of a circular dielectric proﬁle loaded
rectangular waveguide is demonstrated in Fig. 2 for inhomogeneous
proﬁle in the cross-section. The output power density (Sav ) as a
response to a T E10 input wave and a circular dielectric proﬁle is shown
in Fig. 3 for N = 1, 3, 5, 7, and 9, where y = b/2 and R → ∞. When
N is increases, then Sav (N ) approaches Sav .
In this example the length (z) of the straight waveguide is 20 cm,
and the radius (r1) of a circular dielectric proﬁle is 0.5 mm (Fig. 2).
The next parameters are a = b = 2 cm, r = 2.25, and λ = 3.75 cm.
A solution of the output power density (|Sav |) as a response to a
T E10 input wave and a circular dielectric proﬁle is shown in Fig. 3
for N = 1, 3, 5, 7, and 9. The output transverse proﬁle of the output
power density (|Sav |) as a response to a T E10 input wave and a circular
dielectric proﬁle is shown in Fig. 4 for the same above parameters.
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|Sav | [W/m2 ]
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0.005
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0.015

y [m]

Figure 4. A solution of the output power density (|Sav |) as a
response to a T E10 input wave and a circular dielectric proﬁle where
a = b = 2 cm, r1 = 0.5 mm, z = 20 cm, λ = 3.75 cm, and r = 2.25.
Further the convergence of the solution is veriﬁed by the criterion


 N +2



N
− Sav
max Sav
 ,
N ≥ 1.
(22)
C(N ) ≡ log 
 max S N +2 − min (S N ) 
av
av
where the number of the modes is equal to (2N + 1)2 . The order N
determines the accuracy of the solution. If the value of the criterion is
less then −2, then the numerical solution is well convergenced.
The convergence of the output transverse proﬁle of the power
density as a response to a T E10 input wave and a circular dielectric
proﬁle is shown in Fig. 5. When N is increases, then Sav (N ) approaches
Sav . The value of the criterion between N = 7 and N = 9 is equal to
−2.8  −3, namely a thousandth part.
The output ﬁelds are dependent on the input wave proﬁle (T E10
mode) and the dielectric proﬁle. By changing the value of the
parameter r of the core in the cross-section (Fig. 2) as regard to the
cladding (air) from 2.25 to 10, the output transverse proﬁle of the
power density (Sav ) is changed. For small values of r (e.g., r = 2.25)
the half-sine (T E10 ) shape of the output power density appears (Fig.
4), with a little inﬂuence of the Gaussian shape. On the other hand,
for large values of r (e.g., r = 10) the Gaussian shape of the output
power density appears (Fig. 6), with a little inﬂuence of the half-sine
(T E10 ) shape. The behavior of the Gaussian shape (Fig. 6) is similar
to another theoretical result for hollow waveguide [13] in the range of
the IR regime. The above examples demonstrate the inﬂuence of the
dielectric proﬁle for inhomogeneous cross section. In this way, one can

C(N)
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Figure 5. The convergence of the of the output power density
N = 1 − 7, where a = b = 2 cm, r1 = 0.5 mm, z = 20 cm, λ = 3.75 cm,
and r = 2.25.
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Figure 6. A solution of the output power density (|Sav |) as a
response to a T E10 input wave and a circular dielectric proﬁle for
where a = b = 2 cm, r1 = 0.5 mm, z = 20 cm, λ = 3.75 cm, and
r = 10.
solve problems for an arbitrary dielectric proﬁle in the cross section.
One of the parameters that we studied was the output power
transmission as a function of the radius of curvature where the
waveguide’s cross-section is given in Fig. 2. The dependence of the
power transmission as a function of the bending (1/R) is shown in Fig.
7, where R is the radius of the bending. For small values of 1/R the
power transmission is large and decreases with increasing the bending
(1/R). The behavior of this result (Fig. 7) is similar to other theoretical
results for hollow waveguide [13, 17] in the range of the IR regime.
This example demonstrates the inﬂuence of the bending on the
power transmission where we take into account all the terms in the
calculations without neglecting the terms of the bending (namely, up
to the fourth order of 1/R, where the further orders are equal zero).
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Figure 7. The output power transmission as a function of the radius
of curvature for ζ = 20 cm, where a = b = 2 cm, r1 = 0.5 mm, r = 2.25
and λ = 3.75 cm.
The calculations are depended on hζ , h2ζ , h3ζ and h4ζ (hζ = 1 + x/R),
where hζ is the metric coeﬃcient. Thus the maximum value of the
bending in the calculations is of the order of 1/R4 . This will enable
us to understand more precisely the inﬂuence of the bending on the
output ﬁelds, output power density, and output power transmission.
The results of the solutions of the output ﬁelds, output power density,
and output power transmission are obtained for a radius of curvature
0.1 m ≤ R ≤ ∞.
This model can take into account the cases of smaller R only if the
step’s angle (δp ) is very small, where the condition is given according
to δp ≥ (2a)/(2πR) (Eq. (A2), in Appendix A).
5. CONCLUSIONS
The objective of this work was to generalize the method [12] also for a
curved dielectric waveguide. Another objective was to demonstrate the
ability of the model to solve practical problems with inhomogeneous
dielectric proﬁles. A theoretical mode model was developed to provide
a numerical tool for the calculation of the output ﬁelds, output power
density, and output power transmission for radius of curvature 0.1 m
≤ R ≤ ∞. Therefore we took into account all the terms (namely, up to
the fourth order of 1/R, where the further orders are equal zero) in the
calculations. Note that all the terms were taken into account without
neglecting the terms that belong to the bending. The calculations are
depended on hζ , h2ζ , h3ζ and h4ζ (hζ = 1 + x/R), where hζ is the metric
coeﬃcient. Thus the maximum value of the bending in the calculations
is of the order of 1/R4 . This will enable us to understand more precisely
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the inﬂuence of the bending on the output ﬁelds, output power density,
and output power transmission of curved waveguides. The propagation
of the electromagnetic wave along the curved waveguide is computed
by input-output relations (Eqs. (19)).
The mode model was developed in order to predict the output
power transmission as a function of the curvature for a given ζ.
For small values of 1/R the output power transmission is large and
decreases with increasing the bending (1/R). The behavior of the result
is similar to other theoretical results for hollow waveguide [13, 17] in
the range of the IR regime.
The test-case for the straight waveguide was obtained by letting
R → ∞ (the coordinate ζ is changed to z). The comparison between
this test-case of our mode model to the known transcendental equation
as a benchmark and the solutions of the ﬁelds were demonstrated in
Ref. [12]. The examples in this paper were demonstrated in the case
of a circular dielectric proﬁle in a rectangular waveguide (Fig. 2) for
a millimeter-wave regime. This geometrical shape in the cross section
was demonstrated for inhomogeneous dielectric proﬁle. In this case the
refractive index of the core (dielectric proﬁle) is greater than that of the
cladding (air). By changing the value of the parameter r of the core
in the cross-section (Fig. 2) as regard to the cladding (air) from 2.25 to
10, the output transverse proﬁle of the power density (Sav ) is changed.
For small values of r (e.g., r = 2.25) the half-sine (T E10 ) shape of
the output power density appears (Fig. 4), with a little inﬂuence of
the Gaussian shape. On the other hand, for large values of r (e.g.,
r = 10) the Gaussian shape of the output power density appears
(Fig. 6), with a little inﬂuence of the half-sine (T E10 ) shape. The
behavior of the Gaussian shape (Fig. 6) is similar to another theoretical
result for hollow waveguide [13] in the range of the IR regime. The
above examples demonstrate the inﬂuence of the dielectric proﬁle for
inhomogeneous cross section. In this way, one can solve problems for
an arbitrary dielectric proﬁle in the cross section.
This model can take into account the cases of smaller R only if the
step’s angle (δp ) is very small, where the condition is given according
to δp ≥ (2a)/(2πR) (Eq. (A2), in Appendix A).
This mode model might be a useful tool for the analysis of
continuous and discontinuous dielectric waveguides in the microwave
and millimeter-wave regimes, for diﬀused optical waveguides in
integrated optics, and IR regime.
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Figure A1. The transformation of the orthogonal system (x, y, ζ)
from point A to the orthogonal system (X, Y, Z) at point K.
APPENDIX A.
By using Laplace transform, the ﬁelds at ζ = ∞ are zero. Therefore
the ζ axis of the curved waveguide is a rectangular helix, as shown in
Fig. A1. By rotations and translation of the orthogonal system (x, y, ζ)
from point A to the orthogonal system (X, Y, Z) at point K and using
a small step’s angle δp , the curved waveguide transformation of the
coordinates is given by
 
 
ζ
ζ
X = (R + x) cos
+ y sin(δp ) sin
,
(A1a)
R
R
 
 
ζ
ζ
− y sin(δp ) cos
,
(A1b)
Y = (R + x) sin
R
R
Z = y + ζ sin(δp ).
(A1c)
For small values of the step angle δp , the condition is given by
δp >

2a
.
2πR

(A2)
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The metric coeﬃcients according to Eqs. (A1a) to (A1c) are
hx = 1,

hy = 1 + (δp )2 ,
hζ =


y
1
2 + (δ )2 1 +
(R
+
x)
p
R2
R

(A3a)
(A3b)
2


.

(A3c)

Further we take in account small values of δp angles. For instance, if
the value of the cross-section’s dimension (a) is 20 mm and the bending
radius (R) is 0.5 m, then the value of the step’s angle (A2) is small,
and the value of (δp )2 is negligible ((δp )2  1.62 × 10−4  1). Thus
the metric coeﬃcients as given in Eqs. (2a) to (2c) are justiﬁed. The
model in this paper can take into account the cases of smaller R only
if the step angle (δp ) is very small, where the condition is given in Eq.
(A2).
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