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Abstract—Pairing an epsilon-negative (ENG) slab with a munegative (MNG) slab can have some unusual features, such as zero
reﬂection and complete tunneling without any phase delay, although
each of those two slabs has predicable features. In this paper, the
conditions of zero reﬂection are obtained through an exact analysis,
not by the equivalent transmission-line (TL) models. The distributions
of ﬁelds and Poynting vector outside and inside such paired slabs are
analyzed, while evanescent waves also are studied. Simulation results
validate the salient features of such paired slabs.

1. INTRODUCTION
In recent years, metamaterial with negative permittivity or/and
negative permeability has attracted a great deal of attention in
many scientiﬁc disciplines. This dates back to 1960s when Veselago
ﬁrst introduced the concept of left-handed material (LHM) with
simultaneously negative permittivity and negative permeability and
anticipated their unique electromagnetic properties in theory [1]. But
until 2001, the ﬁrst artiﬁcial LHM composed of thin wire cylinder and
split-ring resonators (SRR) was realized by Smith et al. [2], inspired by
the work of J. B. Pendry [3]. Due to its salient features, many potential
applications have been proposed and studied by many research groups,
such as antennas [5, 6], phase shifters [7], ﬁlters [8], couplers [9, 10], etc.
Most of the work reported in recent literature has been focused
not only on the media with two negative constitutive parameters, but
also on the media with one negative constitutive parameter, like the
media with negative permittivity or negative permeability [11]. It is
well known that the electromagnetic wave can not propagate in ENG
media or MNG media, however, when ENG slab and MNG slab are
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paired in a conjugate manner, some unusual features are exhibited.
Andrea Alù and Nader Engheta [12] have given the condition of
conjugate matching, and shown that such a combination can provide
the characteristics of resonance, complete tunneling and transparency,
using the equivalent TL modes.
In this paper, the conditions of zero reﬂection for two layers are
introduced ﬁrst. Then the conditions of the transparency characteristic
for a pair of ENG slab and MNG slab are carried through a strict
calculation, not by the equivalent transmission-line (TL) models.
The ﬁeld distributions of propagating waves and the Poynting vector
outside and inside such paired slabs are analyzed, which shows the
unique features of a pair of ENG slab and MNG slab. Propagating
waves can propagate through the paired slabs without any reﬂection
and phase delay, as well as evanescent waves. Numerical experiments
validate the above conclusions.
2. GENERAL GEOMETRY AND FORMULATION OF
THE PROBLEM
First we consider a two-dimensional (2D) geometry shown in Fig. 1,
all quantities are independent of the x coordinate. The total space
is divided into four regions. Consider a Cartesian coordinate system
(x, y, z) with unit vectors x̂, ŷ and ẑ. We take a TEeiωt -monochromatic
plane wave in free space with its wave
vector k0 = ŷky + ẑkz in y-z
√
plane, where k0 = ω µ0 ε0 and kz = k02 − kx2 . In the case of TM
wave, similar features and results can be obtained, which can be easily
shown by using the duality principle.

Figure 1. Geometry of the problem: TE wave interaction with the
paired slabs.
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For a TE plane wave in region 0, Ex = E0 eikz z+iky y , incident on
the paired slabs, the total ﬁeld in region l can be written as


Elx = El+ eiklz z + El− e−iklz z eiky y

klz  + iklz z
El e
Hly =
+ El− e−iklz z eiky y
ωµl

−ky  + iklz z
− −iklz z
El e
eiky y
Hlz =
+ El e
(1)
ωµl
where the amplitude El+ represents the wave components that
propagate along the positive z direction in region l, and El− represents
those with a velocity in the negative z direction. At z = d1 , d2 , d3 , the
boundary conditions require that Ex and Hy be continuous. We can
obtain
+ ik(l+1)z dl+1
− −ik(l+1)z dl+1
e
+ El+1
e
(2)
El+eiklz dl+1 +El−e−iklz dl+1 =El+1


+ ik(l+1)z dl+1
− −lk(l+1)z dl+1
(3)
El+eiklz dl+1 −El−e−iklz dl+1 =pl(l+1) El+1
e
−El+1
e

where
pl(l+1) =

µl k(l+1)z
µl+1 klz

(4)

The reﬂection coeﬃcient R = E0− /E0+ can be obtained by (2) and (3)
for E3− = 0. The reﬂection coeﬃcient of the closed-form solution can
be written as [13]


R01 + R12 ei2k1z (d2 −d1 ) + R23 ei2k1z (d2 −d1 ) ei2k2z (d3 −d2 )
ei2k0z d1
i2k
(d
−d
)
2z
3
2
+R01 R12 R23 e

R = 
i2k
(d
−d
)
1 + R01 R12 e 1z 2 1 + R01 R23 ei2k1z (d2 −d1 ) ei2k2z (d3 −d2)
+R12 R23 ei2k2z (d3 −d2 )
(5)
where
Rl(l+1) =

1 − pl(l+1)
1 + pl(l+1)

(6)

Through analyzing expression (5), we can get the conditions for zero
reﬂection of the paired slabs,
R01 = R12 = R23 = 0

(7)
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or
Rl(l+1) = 0 one of 0,1,2
Rl(l+1) = ∞ else

(8)

R12 = ∞
R01 R23 = −1
k1z (d2 − d1 ) = k2z (d3 − d2 )

(9)

or

The condition (7) means that constitutive parameters of all regions
are the same media, so there is no reﬂection in nature. The condition
(8) shows that region l and region l + 1 are the same, while the values
of their permeability are opposite to the other regions, like a double
negative (DNG) slab in the air. The condition (9) exhibits that region
1 and region 2 have the opposite permeability, region 0 and region 3
are ﬁlled with the same media, and at the same time, it requires that
slab thicknesses should satisfy Equation (9).
3. TRANSPARENCY OF PAIRING AN ENG SLAB
WITH A MNG SLAB
It is well known that no waves can propagate in a single slab with
one negative constitutive parameter and one positive constitutive
parameter. However, pairing an ENG slab with a MNG slab in the
air can exhibit salient features, such as zero reﬂection, only need to
satisfy the condition (9). For a pair of an ENG slab and a MNG slab
in the air, the zero reﬂection conditions given in (9) can be reduced to
a simple form,


ky2 (1 − D2 )
µ1 ε1 − D2 µ2 ε2 =
(10)
ω2
 µ +µ D =0
1
2
where
D=

d3 − d2
d2 − d1

(11)

The latest conditions in general depend on the value of ky , so the
transparency of such paired slabs is related to a particular angle of
incidence of the TE wave. However, when the thickness of ENG slab is
the same as that of MNG slab, the transparency of such paired slabs is
independent of the angle of incidence. The typical structure is shown
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Figure 2. Geometry of pairing an ENG slab with a MNG slab.
in Fig. 2, where d3 = 2d2 − d1 . According to the analysis of Section 2,
we know that waves can propagate through the paired slabs without
any reﬂection. At the same time, the electric ﬁelds in any region can
be obtained by the use of propagation matrices, which can be deduced
by the boundary conditions (2) and (3).
 −1(k −k )d
 
 +
1z
0z 1
E0
e
R10 e−i(k1z +k0z )d1 1
E1
(1 + p10 )
=
(12)
0
E1−
R10 ei(k1z +k0z )d1
ei(k1z −k0z )d1
2
 
 +
 −1(k −k )d
2z
1z 2
1
E2
R21 e−i(k2z +k1z )d2 E1+
e
= (1 + p21 )
(13)
E2−
E1−
R21 ei(k2z +k1z )d2
ei(k2z −k1z )d2
2
 
 
 −1(k −k )d
3z
2z 3
1
T
R32 e−i(k3z +k2z )d3 E2+
e
E0 = (1 + p32 )
(14)
0
E2−
R32 ei(k3z +k2z )d3
ei(k3z −k2z )d3
2
where
R(l+1)l =

1 − p(l+1)l
= −Rl(l+1)
1 + p(l+1)l

(15)

In order to observe the ﬁeld distributions in every region, we
have computed propagating wave patterns for such paired slabs when
E0 = 1, d1 = 100 mm, d2 = 200 mm and d3 = 300 mm. At the
frequency of 1 GHz, the real part and image part of electric ﬁled
patterns are illustrated in Fig. 3, so do the amplitude and phase of
electric ﬁeld. The corresponding magnetic components are shown in
Fig. 4. In Fig. 3 and Fig. 4, we clearly see that the values of electric
and magnetic ﬁelds at the front face of the pair are the same as that at
the back face, including the real and imaginary parts. Fig. 3(d) shows
that there is no phase change at back face comparing to the phase at
the front face of the pair, although there are minor changes within such
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Figure 3. Electric ﬁeld patterns of propagating waves within and
outside the paired slabs when the frequency is 1 GHz and d1 = 100 mm,
d2 = 200 mm and d3 = 300 mm, (a) the real part, (b) the imagine part,
(c) the amplitude, (d) the phase.
paired slabs. It is diﬀerent form wave interaction with a LHM slab for
the ampliﬁcation of propagating wave in amplitude.
The electric ﬁelds are symmetrical in the paired slabs with respect
to the axis z = 200 mm, which is the interface of ENG slab and MNG
slab. The magnetic ﬁeld component Hy also is symmetrical, while Hz is
anti-symmetrical. These results obtained are consistent with Maxwell
boundary conditions — at the interface, the tangential components of
electrical ﬁeld Ex and magnetic ﬁeld Hy are continuous, while normal
B is continuous, which gives rise to the anti-symmetry of Hz inside the
paired slabs.
Figure 5 illustrates the distribution of the real part (a) of the
Poynting vector inside and outside the paired slabs and the amplitude
(b) along the line y = 0 mm. Here we see the complete ﬂow of power

Progress In Electromagnetics Research, PIER 69, 2007

243

Figure 4. Magnetic ﬁeld patterns of propagating waves within and
outside the paired slabs when the frequency is 1 GHz and d1 = 100 mm,
d2 = 200 mm and d3 = 300 mm. The left ﬁgures are Hy component
and the right ﬁgures are Hz components distributions, indicating the
real and imaginary parts from the top to the bottom.
through the paired of slabs, while each of the ENG and MNG slabs by
itself would not have allowed incident power to go through. Note that
extremely high power densities appear at the interface of ENG slab
and MNG slab, however, the energy conservation is not violated since
the power ﬂows in ENG slab and MNG slab have the same amplitude
but opposite directions.
For evanescent waves, the paired slabs can also cancel the decay
along +z direction. We shall notice that evanescent waves are enhanced
in ENG slab and decay in MNG slab, which yields the same value of
electric ﬁeld at front and back faces of paired slabs. In order to observe
the ﬁeld distributions of evanescent waves, the computational domain
is chosen as −250 ≤ y ≤ 250 and 0 ≤ z ≤ 500 (unit: mm), while
the dimensions and parameters of paired slabs are the same as that
of paired slabs used in computing propagating wave. The simulation
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Figure 5. Distribution of the real part (a) of the Poynting vector
inside and outside the paired slabs and the amplitude (b) along the
line y = 0 mm.
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Figure 6. Electric ﬁeld patterns of evanescent waves within and
outside the paired slabs when the frequency is 1 GHz and d1 = 100 mm,
d2 = 200 mm and d3 = 300 mm, (a) the real part, (b) the imaginary
part, (c) the amplitude along the line y = 0.
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results show that the paired slabs are transparent for evanescent waves,
shown in Fig. 6. The amplitudes are the same at the front and back
faces of the paired slabs, while there is no phase change within slabs for
evanescent waves. The most interesting thing is the behaviors of waves
at the interfaces z = 100 mm and z = 300 mm, which is worthwhile for
further study.
4. CONCLUSIONS
Through an exact analysis, we have shown the conditions of zero
reﬂection for paired slabs, which is constituted of an ENG slab and
a MNG slab. Although wave interaction with each of these slabs
alone leads to predictable results, a pair of such ENG and MNG slabs
is transparent for propagating wave and evanescent wave. The ﬁeld
distributions of propagating and evanescent waves inside and outside
such paired slabs have been illustrated separately. The Poynting vector
inside and outside the paired slabs also are studied, the complete ﬂow of
power through the paired of slabs can be observed. Such transparency
of the paired slabs, under some conditions, may be found important
applications in some new microwave and optical devices.
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