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Abstract—Analysis of wave function intensity, eigen energy and
transmission coeﬃcients in GaN/AlGaN superlattice nanostructure
has been carried out using Transfer Matrix Method (TMM). The eﬀect
of change in Aluminum mole fraction in Alx Ga1−x N barrier region
has been included through variable eﬀective mass in the Schrödinger
time independent equation. The behaviour of wave function intensity
has been studied for superlattice structure by changing the barrier
width. The eﬀect of smaller barrier width on wave function intensity
in case of superlattice is clearly observed due to interaction of wave
functions in the adjacent wells and it provides a new insight in the
nature of interacting wave functions for thin barriers in GaN/AlGaN
superlattice structures. The barrier widths have been optimized for
the varying number of wells leading to better quantum conﬁnement.
The iterative method (Secant Method) is used to determine value of
electron energy E. The number of iterations need to converge the
value of E has been simulated. Transmission coeﬃcients have been
determined as a function of energy E considering tunneling eﬀect for
three well structures using TMM. Analysis has been extended to show
surface image of wave function intensity for 5 and 6 wells.

1. INTRODUCTION
Intensive research work has been carried out for the development
of eﬃcient optoelectronics devices based on quantum nanostructures.
Recently, wide band gap III-V nitride semiconductor materials [1, 2]
have received much attention due to their high potential for
applications in optoelectronic devices, which covers wide range of
spectrum from green-to-ultraviolet spectral region. These nitrides
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provide potential for the expansion of semiconductor technology for
various applications ranging from televisions, traﬃc signals, scanners,
ﬂashlights, high-density optical storage memories and automotive
backlighting [3, 4]. The promising features of the devices made from
nitride materials provide long lifetime and proved to be superior to
ZnSe and its alloys in optoelectronic applications [5, 6]. However, ZnSe
has low thermal conductivity, poor thermal stability and large ohmic
contact resistances. The recent developments in the ﬁeld of GaNbased light emitting devices have stimulated several experimental and
theoretical studies on GaN/AlGaN heterostructures [7].
Advances in material growth technologies particularly molecular
beam epitaxy [8] and metal-organic chemical vapor deposition [9] make
the fabrication of high quality quantum nanostructures possible. In a
quantum well structure, a series of energy levels and associated sub
bands are formed due to quantization of carriers in the direction of
quantum well thickness. The carrier conﬁnement and its resulting
density of states in quantum wells promise more eﬃcient lasing devices.
When the quantum wells of Gallium Nitride are sandwich between the
Alx Ga1−x N barriers, it provides an excellent electron conﬁnement.
Semiconductor lasers beneﬁt from the use of multiple quantum
wells (MQW) and superlattice [10–12] nanostructures. The advantages
of using such complex structures are high modal diﬀerential gain,
reduced threshold current and higher characteristics temperature.
The carrier wave functions obtained through the solutions to the
Schrödinger equation [13–15] in the periodic potential of the lattice
is localized in space and the corresponding energy eigen values are
discrete. The eﬀect of the periodic potential of the crystal lattice on
the electrons is treated by introducing an eﬀective electron mass.
Despite of the large number of reports on the fabrication and
optical characterization of nitride-based devices, there have been a
small number of theoretical investigations of electronic wave function
intensities and transport mechanism in complex nanostructures. The
advantages and opportunities associated with quantum nanostructures
are escorted by challenges. Perhaps of greatest concern are the
superlattice structures with many wells separated by relatively thin
barrier layers. The coupling between electronic states localized in
semiconductor nanostructures is a matter of great interest for both
fundamental and device oriented reasons. It is well known that,
when the attenuation length of the electronic wave function into the
barriers becomes comparable with the barrier thickness, the carrier
tunneling between adjacent quantum wells modiﬁes signiﬁcantly the
recombination kinetics and transport properties. The proper account
of these phenomena provides a new insight in the nature of overlapping
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the wave functions for thin barriers in GaN/AlGaN superlattice
nanostructures having both fundamental and applied relevance.
However, in spite of the extensive applications of GaN/AlGaN
nanostructures for light emitting diodes and eﬃcient short wavelength
visible and ultraviolet lasers, theoretical understanding is still not
complete.
Therefore, main objective of the paper is to study behavior of
wave functions in the wells and their overlapping with adjacent wells
if thickness of AlGaN barrier region is reduced. The barrier widths
have been optimized for the better quantum conﬁnement for the
varying number of wells. In this paper, we present investigation of
wave function intensities along with their surface images and eﬀect of
barrier thickness in superlattice nanostructures. The wave function
intensity has been calculated by squaring wave function amplitude for
the varying number of wells from 3 to 7. Transfer matrix method
(TMM) [16] is a simple and accurate numerical method that can
be used for a wide range of problems dealing with second-order
diﬀerential equations. Therefore, TMM has been used to obtain
solutions of Schrodinger equation in well and barrier regions. The
simulation is carried out using MATLAB software. Transmission
coeﬃcients have been determined for superlattice structures with
varying Aluminum mole fraction. Furthermore, we deduced the bound
state energy as a function of variation in eﬀective mass of electron in
the barrier and barrier height with aluminum concentration for both
the nanostructures. The computational eﬀorts needed to compute
energy through secant method has been simulated in terms of number
of iterations.
The paper is organized as follows. In Section 2, we present
the theoretical analysis of solving Schrodinger equation using TMM.
Section 3 illustrates results of wave function intensities along
with surface images for varying number of wells. Furthermore,
results of transmission coeﬃcients and energy have been discussed
Finally,
for superlattice structures of GaN/Alx Ga1−x N [17–19].
conclusions are summarized.
2. THEORETICAL ANALYSIS
Recently, there has been a considerable increase in research interest
directed towards the development of optoelectronic devices based on
quantum well heterostructures [20–23], guided wave devices [24–26]
and quantum nanostructures [27, 28]. To understand the physical
properties of device structures, it is important to simulate the expected
performance on a computer. Here, we use transfer matrix method for
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its simplicity and to provide a reasonable accuracy. We have considered
the variation of the eﬀective mass and barrier height of AlGaN barrier
with aluminum concentration into the calculations. The fundamental
equation that describes the electron spatial behavior by determining
wave function ψ(x), is the time independent Schrodinger equation. The
standard Schrodinger equation can be written for each of the quantum
nanostructure layers is as follows:
∂ 2 ψ(x)/∂x2 + (8m∗ π 2 /h2 )(E − V )ψ(x)=0 in the AlGaN barrier (1)
(2)
∂ 2 ψ(x)/∂x2 + (8m∗ π 2 /h2 )Eψ(x)=0 in the GaN well
At this juncture, E is the energy of electron, conduction band
potential is zero and eﬀective mass of electron m∗ equal to mw in the
well region and in the barrier region conduction band potential is V
and m∗ is mb .
V
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+
B1exp(-kx)
0

A2sin(qx)
+
B2cos(qx)
a
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+
B4cos(qx)

b
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+
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+
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A7exp(kx)
+
B7exp(-kx)

X

Figure 1. Quantum nanostructure consisting of 3 wells with solutions.
For the proper conﬁnement of the electrons in the well, the energy
E must be less than barrier height V . The superlattice nanostructures
considered for the theoretical analysis for 3 wells is as shown in Fig. 1.
The general solutions of the Schrodinger equation for this quantum
nanostructure are as follows:
ψ(x) =A1 exp(kx) + B1 exp(−kx), x < 0
ψ(x) =A2 sin(qx) + B2 cos(qx), 0 < x < a
ψ(x) =A3 exp(kx) + B3 exp(−kx), a < x < b
ψ(x) =A4 sin(qx) + A4 cos(qx), b < x < c
ψ(x) =A5 exp(kx) + A5 exp(−kx), c < x < d
ψ(x) =A6 sin(qx) + B6 cos(qx), d < x < e
ψ(x) =A7 exp(kx) + B7 exp(−kx), x > e

(3)

where, q 2 = (8m∗ π 2 /h2 )E and k 2 = (8m∗ π 2 /h2 )(V − E).
The q and k are the wave vectors in quantum well and barrier
region. These, wave vectors are determined by substituting value of E
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that has been obtained through an iterative method (secant method).
Considering continuity of wave function and its ﬁrst derivative at the
each interface of well and barrier region for 3 well structure as follows:
At x = 0,
A1 + B1 =B2
1/mb (kA1 ) − kB1 ) =1/mw (qA2 )

(4)

At x = a,
A2 sin(qa) + B2 cos(qa) =A3 exp(ka) + B3 exp(−ka)
(5)
1/mw [qA2 cos(qa)−qB2 sin(qa)] =1/mb [kA3 exp(ka)−kB3 exp(−ka)]
At x = b,
A3 exp(kb) + B3 exp(−kb) =A4 sin(qb) + B4 cos(qb)
(6)
1/mb [kA3 exp(kb)−kB3 exp(−kb)] =1/mw [qA4 cos(qb)−qB4 sin(qb)]
At x = c:
A4 sin(qc) + B4 cos(qc) =A5 exp(kc) + B5 exp(−kc)
(7)
1/mw [qA4 cos(qc)−qB4 sin(qc)] =1/mb [kA5 exp(kc)−kB5 exp(−kc)]
At x = d:
A5 exp(kd) + B5 exp(−kd) =A6 sin(qd) + B6 cos(qd)
(8)
1/mb [kA5 exp(kd)−kB5 exp(−kd)] =1/mw [qA6 cos(qd)+qB6 sin(qd)]
At x = e:
A6 sin(qe) + B6 cos(qe) =A7 exp(ke) + B7 exp(−ke)
(9)
1/mw [qA6 cos(qe)−qB6 sin(qe)] =1/mb [kA7 exp(ke)−kB7 exp(−ke)
In matrix form these equations are written as




1
1  
0
1 A 
A
1
2
k
−k
= q
0 B2
B1
mw
 mb mb
 
sin(qa)
cos(qa)
A2
(q/mw ) cos(qa) (−q/mw ) sin(qa) B2

 
exp(ka)
exp(−ka)
A3
=
(k/mb ) exp(ka) (−k/mb ) exp(ka) B3

 
exp(kb)
exp(−kb)
A3
(k/mb ) exp(kb) (−k/mb ) exp(−kb) B3
 

A4
sin(qb)
cos(qb)
=
(q/mw ) cos(qb) (−q/mw ) sin(qb) B4
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sin(qc)
(q/mw ) cos(qc)

exp(kc)
=
(k/mb ) exp(kc)

exp(kd)
(k/mb ) exp(kd)

sin(qd)
=
(q/mw ) cos(qd)

sin(qe)
(q/mw ) cos(qe)

exp(ke)
=
(k/mb ) exp(ke)

 
cos(qc)
A4
(−q/mw ) sin(qc) B4
 
exp(−kc)
A5
(−k/mb ) exp(kc) B5
 
exp(−kd)
A5
(−k/mb ) exp(−kd) B5
 
cos(qd)
A6
(−q/mw ) sin(qd) B6
 
cos(qe)
A6
(−q/mw ) sin(qe) B6
 
exp(−ke)
A7
(−k/mb ) exp(ke) B7

In concise form, equations become
 
 
A1
A
= M2 2
M1
B1
B2
 
 
A2
A
M3
= M4 3
B2
B3
Rearranging these equations gives,
 
 
A1
A
−1
=M1 M2 2
B1
B2
 
 
A
A2
−1
=M3 M4 3
B2
B3
 
 
A
A1
−1
−1
=M1 M2 M3 M4 3
B1
B3

(10)

(11)
(12)

(13)

Finally, after simpliﬁcation we get,
 
 
A
A1
−1
−1
−1
−1
−1
−1
=M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 M11 M12 7 (14)
B1
B7
Equation (14) can be written as
 
 
A1
A7
=M
B1
B7

(15)

Here,
A1 = M11 A7 + M12 B7
B1 = M21 A7 + M22 B7

(16)
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Applying normalization conditions determines unknown coeﬃcients An and Bn in above equations to know the exact solution of
wave functions. The probability interpretation of the wave function
implies that the wave function must tend towards zero at the outer
barriers means the coeﬃcients of the growing exponentials must be
zero. In this case, with the origin at the 1st interface implies that
B1 = 0 and for last interface A7 = 0, and hence above equation would
imply that M22 = 0. As all of the elements of M are function of k and
q, which are both in turn function of the energy E, therefore energy
satisﬁes the following condition:
M22 (E) = 0
Once the energy is known through the iterative solutions of wave
vectors using secant method, the coeﬃcients A1 to B7 follow simply and
the envelope wave function has been deduced. Multiplying matrices
together for the whole potential proﬁle, the wave functions, and
conﬁned energies are found for the whole system. For systems where
the states are not bound and properly conﬁned, TMM can be used to
calculate the transmission coeﬃcients as
T (E) =

1
∗ M
M11
11

(17)

At this point, M11 describes ﬁrst matrix element, which is taken
∗ describes conjugate form of M .
from matrix M and M11
11
The motive behind using the transfer matrix method is to
obtain the electron energy accurately and to analyze the transmission
coeﬃcients concurrently. The transmission coeﬃcient is necessary
to study the tunneling of the electron through the quantum well.
The transmission coeﬃcient has been an important quantity since it
provides most of the relevant information of the transport process in
superlattice and it is characterized by a series of resonance peaks at
speciﬁc incidence energies.
3. RESULTS AND DISCUSSION
We have carried out detail analysis of superlattice nanostructures in
which thickness of well region and barrier is of the order of nanometers.
The variation of electron energy with eﬀective mass of electron in the
barrier region has been studied for superlattice structure as shown in
Fig. 2. The values of well width and barrier width are optimized to
be 2 nm and 6 nm respectively. The value of Energy E was found
to be decreasing with the increase in barrier mass. As the molar
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concentration of aluminum increases the barrier mass is increased. We
have considered barrier height of 0.3112 eV for both the superlattice
consisting of 3 wells. The eﬀective mass of the electron in GaN well
region is taken to be 0.2m0 . With the variation of eﬀective mass
of electron in barrier from 0.228 to 0.48, energy was found to be
decreasing from 0.2 eV to 0.1624 eV. The decrease in the energy value
is due to inverse relation between energy and eﬀective mass.
0.2
0.195

Energy (eV)

0.19
0.185
0.18
0.175
0.17
0.165
0.16
0.22

0.27

0.32

0.37

0.42

0.47

Barrier Mass mb (m0)

Figure 2. Variation of energy with barrier mass.
Figure 3 depicts dependence of energy on the barrier height and
number of iterations needed to converge energy value considering
eﬀective mass of electron in the barrier region and well region 0.256m0
and 0.2m0 respectively. It reveals that value of energy E is increasing
with corresponding increase in barrier height due to increase of
Aluminum mole fraction in AlGaN barrier. Value of the energy E
was found to be increase from 0.0987 to 0.4435 eV with corresponding
increase in barrier height from 0.1503 to 1.98 eV. The number of
iterations needed to compute value of the electron energy E using
iterative method (secant method) for varying values of Aluminum
mole fraction x in the barrier explores that with the increasing value
of energy E, number of iterations needed to converge are greater in
number. The number of iterations needed varies from 3 to 24 with
corresponding energy value of 0.1 to 0.445 eV.
The variation in energy with number of wells is shown in Fig. 4.
As number of wells is increased from 2 to 8, the energy was found
to be decreasing from 0.3 to 0.16 eV. Fig. 5(a) demonstrates the
wave function intensity for the 3 wells for three diﬀerent values of
energies 0.1177 eV, 0.1725 eV and 0.2252 eV, which corresponds to
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aluminum mole fraction of 0.1, 0.15 and 0.2 respectively. The wave
function intensity was computed by squaring the amplitude of the
wave function. The electrons are conﬁning in well region because
energy is less than the conduction band potential. The solution of
Schrodinger equation consist of growing and decaying terms due to
which wave function intensity increase in well region and decreases in
barrier region. Due to interaction of wave functions between adjacent
well regions in super lattice, wave functions overlap with each other.
Therefore, wave function intensity in each well never reaches to zero.
Energy (eV)
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0.5
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0.3

0.4

0.5
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Number of Iterations
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Energy vs. Barrier Height
0.4

Number of Iterations vs. Energy
0
0.5

1

1.5

2

Barrier Height (eV)

Figure 3. Dependence of energy on barrier height and number of
iterations.

Figure 4. Energy as a function of number of wells.
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In three well structures, the wave function intensity is dominant in
central well for better conﬁnement in middle of the whole structure
than other well regions. Fig. 5(b) shows 3D view of wave function
intensity.
Figure 6(a) and Fig. 6(b) exempliﬁes the wave function intensity
and its surface image in the superlattice structure for the even 4 and
odd 5 number of wells respectively. The images reveal that the bright
bands of almost equal intensities are observed in the two center wells
for even number of wells. These bright bands correspond to peak
intensities of center two peaks. Corresponding to magnitude of the

(a)

(b)

Figure 5. (a) Wave function intensity in 3 well superlattice structure,
(b) 3D view of wave function intensity.
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(a)

(b)

Figure 6. (a) Wave function intensity and its surface image in 4 well
structure, (b) Wave function intensity and its surface image in 5 well
structure.

248

Talele and Patil

intensities, there is change in the brightness of the bands in the surface
image. One bright band has been observed in Fig. 6(b) corresponding
to mighty peak of wave function intensity in the central well. For the
4 well structure barrier height of 0.4827 eV and energy of 0.279 eV has
been deduced. The energy value of 0.2629 eV has been deduced for the
5 well structures for the same barrier height. The brightness goes on
decreasing towards extreme ends of the superlattice due to fall in the
peak intensity on the extreme ends. Depending on value of the wave
function intensity, there is change in the brightness of the bands. It
is found from Fig. 6(a) that the wave function intensities of the inner
two wells are identical when the even numbers of wells are present in
superlattice structure while for the odd number of wells the center well
has the maximum electron conﬁnement as shown in Fig. 6(b).

Figure 7. Transmission coeﬃcients as a function of energy.
Figure 7 shows the dependence of transmission coeﬃcient on the
energy for diﬀerent values of Aluminum mole fractions. One way of
quantifying the proportion of electrons that tunnel through is in terms
of transmission coeﬃcient, which is deﬁned as the probability that
any single electron impinging on a barrier structure will tunnel and
contribute to the current ﬂow through the barrier. The transmission
coeﬃcient becomes complex as energy increases. The wave function
decays exponentially if E < V and transmission increases to unity in
the barrier region. Transmission coeﬃcient has been deduced for the 3
well superlattice structure. The barrier heights of 0.1503 eV, 0.3112 eV
and 0.4827 eV have been estimated corresponding to Aluminum mole
fractions of 0.1, 0.2 and 0.3 in the AlGaN barrier. For higher values of
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energy, transmission coeﬃcient becomes oscillatory and showed three
oscillations corresponding to 3 wells. Transmission coeﬃcient was
found to be changing from 0.5383 to 0.9970 for x = 0.1, from 0.0823
to 0.9887 for x = 0.2 and from 0 to 0.9734 for x = 0.3.
4. CONCLUSIONS
Theoretical analysis of wave function intensity, energy and transmission coeﬃcients in superlattice structure has been carried out using
TMM and the iterative method has been used to compute value of
the energy E. The eﬀect of Aluminum mole fraction in the barrier
region has been taken in to account to consider variable eﬀective mass
approximation and barrier height. The reduction of thickness of barrier and well region in the superlattice structure has been simulated
to the study the change in behavior of the wave function intensity and
interaction of wave function in the adjacent wells. The wave function
intensity has been deduced along with its surface image and 3D image
for the varying even and odd number of wells. Transmission coeﬃcient
has been deduced considering tunneling eﬀect. The computational efforts needed to compute value of E through iterative method has been
determined. In conclusion, our analysis is very useful to study the
performance of complex quantum and superlattice structures exploring its applicability to determine quantum conﬁnement in multi-layer
nanostructures.
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