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Abstract—The Gaussian beam propagation in multi-layered structures that include indeﬁnite anisotropic metamaterial (AMM) are simulated with shift operator method in Finite-Diﬀerence Time-Domain
method (FDTD). The excitations of backward and forward surface
aﬀected by the types of biaxial AMM are investigated. Numerical
results show that the directions of the guided wave excited are inﬂuenced by the sign of z component of relative permeability tensor of
AMM that determines the energy ﬂow is positively refracted or negatively refracted. Positive or negative Goos-Hänchen shift associated
with Total Cutoﬀ media are also shown.
1. INTRODUCTION
A medium with negative permittivity and permeability was introduced
by Veselago in 1968 [1]. In 2001, inspired by the work of Pendry
et al. [2] and Shelby et al. [3] foremost constructed a composite
“medium” in the microwave regime by arranging periodic arrays of
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small metallic wires and split-ring resonators (SRRs). These kinds
of media can also be mentioned as metamaterials, negative-index
materials, and left-handed medium [4, 5] etc. Soon, Alternative
realizations of metamaterials that consisted of host transmission lines
with embedded lumped series capacitors and shunt inductors are
proposed and realized [6].
The structures (interlacing wires and split-ring resonators)
investigated in experiments are strongly anisotropic [7, 8]. Lindell et
al. [9] ﬁrstly exposed the study of waves in anisotropic metamaterial
(AMM), which does not necessarily require all tensor elements of ε and
µ have negative values. The concepts of refraction of wave vector and
Poynting power in indeﬁnite AMMs have been exposed in [10]. Some
propagation characteristics of electromagnetic (EM) waves associated
with AMM have been analytically discussed. Such as negative GoosHänchen shift [11, 12], anomalous reﬂection, total reﬂection [13], and
total transmission [14] at the interfaces between isotropic regular media
and AMM et al. Anisotropic metamaterials have potential applications
in polarizing beam splitter [15], a band separating device [16], solidstate spectroscopy, and Omnidirectional linear polarizer et al.
Finite-Diﬀerence Time-Domain (FDTD) method is a popularly
numerical algorithm to predict the properties of metamaterial that
are made of SRRs and metallic wires [17] and are equivalent
to dispersive media [18–25]. For the latter case, Lossy Drude
polarization and magnetization models are often used to simulate
the metamaterial with auxiliary diﬀerential equation (ADE) method
in FDTD. The shift operator method is simple and avoids the
introduction of electromagnetic currents or z-transform. The problem
which incorporates both anisotropy and frequency dispersion at the
same time can be solved for the AMM slabs.
The paper is organized as follows. We ﬁrst present the biaxial
anisotropic metamaterials and the schematic geometry of multi-layered
structures that include an AMM for the excitation of surface waves and
guided waves in Section 2. Section 3 derives the shift operator method
in FDTD for the constitute relation of metamaterials. In Section 4, the
interaction between Gaussian beam and multi-layered structures that
include indeﬁnite anisotropic metamaterial are simulated with FDTD
to study its application in solid-state spectroscopy and linear polarizer
et al. Meanwhile the wave vector and energy ﬂow density in AMM are
analyzed. Finally, conclusions are given.
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2. BIAXIAL AMM AND EXCITATION OF GUIDED
WAVES
2.1. The Classiﬁcation of Four Types of Biaxial Anisotropic
Metamaterials
The relative permittivity and permeability tensors of anisotropic
metamaterial can be diagonalized as




µx 0 0
εx 0 0
µ = 0 µy 0
(1)
ε = 0 εy 0
0 0 εz
0 0 µz
where εi and µi (i = x, y, z) are the relative permittivity and
permeability constants in the principal coordinate system.
For the sake of brevity, only the TE-polarized wave case is
discussed in the paper. The dispersive relation of wave in AMM for
the TE-polarized waves can be written as
q2
ω2
qx2
+ z = 2
εy µz
εy µx
c

(2)

where qi represent the i component of wave vector in AMM. From
Eq. (2), one can ﬁnd that the dispersive curves for AMM can be ellipse
or hyperbola depending on the signs of εy µz and εy µx .
As shown in reference [10], indeﬁnite AMMs are identiﬁed as four
classes of media based on their cutoﬀ properties of wave vector qx . Each
type of the AMMs has two subtypes. Table 1 gives the classiﬁcation
of the four types of AMMs.
Table 1. The classiﬁcation of four types of anisotropic metamaterials.
Type
Subtype
Media
condition
Propagation

Cutoﬀ

Never Cutoﬀ

Anti-Cutoﬀ

Always Cutoﬀ

I

II

I

II

I

II

I

II

εy<0

εy>0

εy<0

εy>0

εy>0

εy<0

εy<0

εy>0

µx>0

µx<0

µz>0

µz<0

µx<0

µx>0

µz<0

µz>0

θ < θc

µx<0 µx>0
µz>0

µx<0 µx>0

µz<0 µz>0

Any θ

µz<0

θ > θc

No real qx

In Table 1, θ is incident angle and θc is critical angle separating
propagating from evanescent solutions. The propagation conditions
are also given in Table 1. Total reﬂection occurs for Always Cutoﬀ
media at any angle and for Cutoﬀ media if incident angle θ > θc or for
Anti-Cutoﬀ media if θ < θc .
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2.2. Excitation of Guided Waves
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(a) The excitation of surface waves
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(b) Geometry of five-layered stucture

Figure 1. Schematic geometry of multi-layered structures that include
biaxial anisotropic metamaterials.
Figure 1(a) schematically depicts a two-dimensional, three-layered
structure. The time harmonic factor of the monochromatic plane wave
is exp(iωt). The input wave comes from an optically dense medium
with ε1 µ1 > ε2 µ2 at an incident angle θ larger than the angle of
total internal reﬂection. Medium 2 represents a gap layer of width
d that separates medium 1 and 3. The third medium is assumed to be
an AMM. Surface waves can be excited resonantly and supported by
the interface between medium two and three under some conditions.
Fig. 1(b) shows the ﬁve-layered structure geometry. There are two air
gaps with material parameters ε2 and µ2 . Without the ﬁrst and ﬁfth
optically dense medium slabs with ε1 and µ1 , the structure reduces to
an anisotropic metamaterial isolated slab, which can support guided
modes.
The reﬂection and transmission coeﬃcients for the scattering of
monochromatic plane waves by the multi-layered structures shown in
Fig. 1 can be derived using the boundary conditions and transfermatrix method. The lateral shift of the reﬂected and transmitted
Gaussian beam aﬀected by the angle of incidence, gap width,
beam width and anisotropic metamaterial parameters et al. can be
analytically discussed with the formula in reference [11] based on the
reﬂection and transmission coeﬃcients.
3. SHIFT OPERATOR METHOD IN 2D-FDTD
SIMULATOR
The Maxwell equations are
∇ × E = −∂B/∂t

∇ × H = ∂D/∂t

(3)
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In the frequency domain, the constitute relation of anisotropic
metamaterial can be described as
D = ε0 ε(ω)E

B = µ0 µ(ω)H

(4)

For TE wave case, Bx in Eq. (3) is discretized by using Yee’s
scheme




Eyn (i, k + 1)− Eyn (i, k)
1
1
+∆t
(5)
Bxn+1/2 i, k + = Bxn−1/2 i, k+
2
2
∆z
Lossy Drude polarization and magnetization models [18–20] are
often used to simulate the isotropic metamaterial. In the frequency
domain, this means the relative permittivity and permeability are
described as
2 /[ω(ω + jΓ )]
ε(ω) = 1 − ωpe
e
2 / [ω(ω + jΓ )] =
µ(ω) = 1 − ωpm
m

N


pn (jω)n /

n=0

N


qn (jω)n

(6)

n=0

where ω represents incident wave frequency, ε0 and µ0 diﬀerently
represent vacuum permittivity and permeability. ωpe , ωpm , Γe and
Γm represent electric plasma frequency, magnetic plasma frequency,
electric plasma damping frequency and magnetic plasma damping
frequency respectively. In Eq. (6), n = 2, and
2 ,
p0 = ωpm
q0 = 0,

p1 = Γm ,
q1 = Γm ,

p2 = 1
q2 = 1

(7)

The discretized Hx in the 2D-FDTD simulators are



n+ 12
n+12
n−12
n−32
n−12
n−32
/µ0 −b1 Hx −b2 Hx /b0 (8)
Hx = a0 Bx +a1 Bx +a2 Bx
n+1/2

which is an iterative formulation to calculate Hx
a0 = q0 + 2q1 /∆t + q2 (2/∆t)2
a1 = 2q0 − 2q2 (2/∆t)2
a2 = q0 − 2q1 /∆t + q2 (2/∆t)2
n+1/2

, where

b0 = p0 + 2p1 /∆t + p2 (2/∆t)2
b1 = 2p0 − 2p2 (2/∆t)2
b2 = p0 − 2p1 /∆t + p2 (2/∆t)2

(9)

To compute Hx
with the peak power N = 2 of the complex
n−3/2
relative permeability, w.r.t. jω in Padé approximation, Bx
,
n−3/2
n−1/2
n−1/2
n+1/2
Hx
, Bx
, Hx
and Bx
should have been computed. The
formulation of D and E are the same as B and H.
To sum up, the processes about the shift operator method in
FDTD for AMM can be summarized
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The components
The components
The components
The components
Return to (i).

of
of
of
of

B n+1/2 are computed from E like Eq. (5).
H n+1/2 are obtained from B just as Eq. (8).
D n+1 are computed from H.
E n+1 are obtained from D.

Because the invalidity of the diﬀerential forms of the Maxwell
equations at the material boundary, the parameter mean method is
used. The results below prove the validity of the parameter mean
method, otherwise, the program will be divergent.
4. NUMERICAL RESULTS AND DISCUSSIONS
Continuous wave (CW) Gaussian beam propagation in multi-layered
structures that include four classes of AMM is investigated with shift
operator method in FDTD in this section.
The 2D-FDTD simulator solves the equivalent TE wave set for Ey ,
Hx , and Hz . The cell sizes are ∆x = ∆z = 0.02 cm long, corresponding
to λ0 /50. The time step is set to be ∆t = ∆z/2c. The CW Gaussian
beam s(t) = sin(ω0 t) is launched into the total ﬁeld region using a
total-scattered ﬁeld (TF-SF) formulation. t is the observation time.
The CW frequency is chosen to be f0 = 30 GHz. The focal plane
of the beam is taken to be the TF-SF boundary. The beam varies
spatially as exp(−x2 /w02 ) on that boundary, i.e., its amplitude falls
to e−1 at its waist w0 = 50∆z. The boundaries of diﬀerent media
are outlined with solid lines. Except for Always Cutoﬀ media slabs
case, ε1 = 12.8 and µ1 = ε2 = µ2 = 1 are chosen for the following
parameters of medium 1 and medium 2 in multi-layered structures.
By properly choosing the εy , µx and µz in the relative permittivity
and permeability tensors, various anisotropic material parameters of
AMM slabs can be obtained.
4.1. Cutoﬀ Media Slabs Case
Figure 2 gives electric ﬁeld intensity distributions for the interaction
of the Gaussian beam with multi-layered structures that include one
subtype of Cutoﬀ media and dispersion plot for Cutoﬀ media. The
validity of method and program can be seen in reference [23].
Reference [11] only gave the excitation of guided waves in
layered structures that include isotropic metamaterials. The materials
parameters selected in Figs. 2(a) and (b) make Cutoﬀ media much
more like an isotropic medium. In Fig. 2(a), the maximum of surface
wave shifted in the direction opposite to the direction of the incident
wave indicated that the excited wave at the boundary between air and
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Cutoﬀ media is backward. Because the materials parameters selected
in Fig. 2(b) are not satisﬁed with the conditions |ε3 µ3 |/(ε2 µ2 ) > 1
and |µ3 |/µ2 < 1, the process of the excitation of the forward surface
wave can be clearly observed. The interface between medium one and
two generates reﬂected and transmitted beams. These two kinds of
beams interact with each other. The surface wave can transfer the
energy along the interface between medium two and three leading
to an eﬀective enhancement of the lateral shift of the reﬂected and
transmitted beams.

q

(a) backward surface wave

(b) forward surface wave

vg

qz

µx < 0

q

qx
vg

µx > 0

(c) dispersion plot

(d) backward guided waves

(e) forward leaky waves guided by the air gaps

Figure 2. FDTD predicts ﬁeld intensity distributions for Gaussian
beam propagation in multi-layered structures include Cutoﬀ media
subtype I having (a) ε3 = −3, µ3 = −0.5, d = 0.5λ0 , t = 3500∆t,
θ = 74◦ , (b) ε3 = −0.5, µ3 = −2, d = 0.5λ0 , t = 5000∆t, θ = 74◦ ,
(c) dispersion plot, (d) εy = −3, µx = −0.6, µz = −0.4, d = 0.5λ0 ,
L = 0.8λ0 , t = 3700∆t, θ = 69◦ , and (e) εy = −0.5, µx = −2.2,
µz = −1.8, d = λ0 , L = 0.8λ0 , t = 6700∆t, θ = 71◦ .
In Fig. 2(c), q and v q speciﬁes the directions of wave vector and
energy ﬂow density S in Cutoﬀ media slabs. The directions of q and v g
are antiparallel in subtype I of Cutoﬀ media, however they are parallel
in subtype II of Cutoﬀ media. According to the energy ﬂow density S
in AMM
 2 2
2 E2q 
TTE
TTE E0 qx
0 z
x̂ +
ẑ
(10)
S = Re
2ωµ0 µz
2ωµ0 µx
the dispersive curve is circle if the Cutoﬀ media is isotropic (µx = µz )
and elliptic if the Cutoﬀ media is anisotropic (µx = µz ).
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The Cutoﬀ media in Figs. 2(d) and (e) is not an isotropic medium.
The excited backward guided wave in Fig. 2(d) has a vortex-like shape.
The lateral direction of wave vector and energy ﬂow in Cutoﬀ media
is opposite to those in common media or air. Fig. 2(e) shows that the
waves excited by the leaky waves are guided by the air gap.
4.2. Never Cutoﬀ Media Slabs Case
Figure 3 presents electric ﬁeld intensity distributions for wave
propagation in three-layered structures that include two subtypes
of Never Cutoﬀ media and dispersion plot for Never Cutoﬀ media.
Comparing Figs. 3(a) and (b), one ﬁnds that electric ﬁeld is mostly
concentrated in the air gaps. However, the wave vector and energy ﬂow
density of the leaky wave in two subtypes of Never Cutoﬀ media are
no longer parallel or antiparallel just as those depicted in Fig. 3(d). As
shown in Fig. 3(a), wave vector is backward and anomalous refractions
occur in subtype I of Never Cutoﬀ media, whereas the energy ﬂow is
positively refracted in subtype I of Never Cutoﬀ media slab. Though
the wave vector is forward in Fig. 3(c), i.e., regular refractions occur
in subtype II of Never Cutoﬀ media, the shift of Gaussian beam

(a) forward guided waves

(b) forward guided waves
q
vg

q

qx

qz v g

µx < 0

(c) backward surface wave

µx > 0

(d) dispersion plot

Figure 3. FDTD predicts ﬁeld intensity distributions for Gaussian
beam incident at θ = 70◦ to three-layered structures that include Never
Cutoﬀ media subtype I having εy = −2, µx = −0.5, µz = 0.5, (a)
d = λ0 , t = 1900∆t, and subtype II having εy =2, µx = 0.5, µz = −0.5,
(b) d = λ0 , t = 2000∆t, (c) d = 0.5λ0 , t = 3600∆t, (d) dispersion plot.
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propagating in the AMM slab is negative and the backward surface
wave is excited at the boundary between air and subtype II of Never
Cutoﬀ media. It can be explained as whether the wave vector refraction
is regular or anomalous are determined by the sign of µx , and whether
the energy ﬂow is positively or negatively refracted are determined
by the sign of µz [10]. The backward surface wave can be excited
even if the constants in the relative permittivity and permeability
tensors of anisotropic metamaterial are not all negative. As theoretical
investigation in reference [15], a compact and very eﬃcient beam
splitter based on large birefringence can be only made of AMM slab
to route wave, if one polarized wave is positively refracted (vgx > 0)
whereas the other is negatively refracted (vgx < 0). The AMM slab
can be realized with ring and rod.
4.3. Anti-Cutoﬀ Media Slabs Case
Figure 4 shows the Gaussian beam propagation in ﬁve-layered
structures that include two subtypes of Anti-Cutoﬀ media and
dispersion plot for Anti-Cutoﬀ media. Backward guided waves are
excited at the boundary between air and subtype II of Anti-Cutoﬀ
media. The conditions for the excitation of the backward surface waves
if the third medium is anisotropic medium are not restricted by those
if the third medium is isotropic metamaterial. Because µz < 0, the
energy ﬂow density is negatively refracted, even if the wave vector is
forward. The amplitude of the backward guided wave is lower than the
incident wave. The forward guided waves can be treated as excitations
of leaky waves that are guided by the air gaps.
q

q
qz
µx < 0

(a) backward guided waves

(b) forward leaky waves

vg
qx

vg

µx > 0

(c) dispersion plot

Figure 4. FDTD predicts ﬁeld intensity distributions for Gaussian
beam propagation in ﬁve-layered structures that include Anti-Cutoﬀ
media (a) subtype II having εy = −2, µx =0.2, µz = −0.2, d = 0.5λ0 ,
L = 0.8λ0 , t = 4000∆t, θ = 75◦ , and (b) subtype I having εy = 2,
µx = −0.2, µz = 0.2, d = λ0 , L = 0.8λ0 , t = 2800∆t, θ = 70◦ , (c)
dispersion plot.
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4.4. Always Cutoﬀ Media Slabs Case
Due to total reﬂection always occurs when the beam incident from
isotropic medium to Always Cutoﬀ media slabs at any angle. Fig. 5
presents FDTD predicting the electric intensity distributions for the
interaction between Gaussian beam and two types of Always Cutoﬀ
media slabs. Positive or negative Goos-Hänchen shift phenomena
occur. To every kind of EM ﬁeld, the sign of Goos-Hänchen shift for
the two types of Always Cutoﬀ AMM are opposite. However for Never
Cutoﬀ media, total reﬂection phenomena never occurs at any incident
angle. Omnidirectional linear polarizer can be realized by AMM slab,
if one polarized wave is omnidirectional total transmission whereas the
other is omnidirectional total reﬂection.

(a) subtype I, εy = -0.5, µx =0.5, µz =1

(b) subtype II, εy =0.5, µx =-0.5, µz =-1

Figure 5. FDTD predicts electric ﬁeld intensity distributions for
the Gaussian beam that is incident at 30◦ from isotropic media with
µ1 = ε1 = 2, ε3 = µ3 = 1 to an Always Cutoﬀ AMM slabs,
d = 2λ0 , t = 7500∆t.
According to the principle of duality, the interaction of TMpolarized Gaussian beam and multi-layered structures that include
AMM can also be simulated (not shown in the paper).
5. CONCLUSIONS
We have derived the shift operator method in FDTD. The Gaussian
beam propagation in multi-layered structures that include indeﬁnite
AMM is investigated with shift operator in FDTD. From the numerical
results shown in the paper, one can ﬁnd that for TE-polarized
wave, the sign of z component of relative permeability tensor of
AMMs determines the energy ﬂow is positively refracted or negatively
refracted in AMMs. Thus the backward surface wave at the material
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boundary can be excited if µz < 0 and the forward surface wave can
be excited if µz > 0. The direction of the guided waves aﬀected
by the sign of µx is small. Some potential applications in solidstate spectroscopy, beam splitter and linear polarizer for AMMs are
discussed. Nonetheless, their eventual usefulness for the potential
practical applications will depend greatly on clever fabrication concepts
and implementations in those scenarios.
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modeling of double negative metamaterials characterized by highorder frequency-dispersive constitutive parameters,” Antennas
and Propagation Society International Symposium 2006, IEEE,
4603–4606, 2007.
22. Shi, Y. and C.-H. Liang, “Analysis of the double-negative materials using multi-domain pseudospectral time-domain algorithm,”
Progress In Electromagnetics Research, PIER 51, 153–165, 2005.
23. Wang, M. Y., D. B. Ge, J. Xu, and J. Wu, “FDTD study on
back scattering of conducting sphere coated with double-negative
metamaterials,” International Journal of Infrared and Millimeter
Waves, Vol. 28, No. 2, 199–206, 2007.
24. Zainud-Deen, S. H., A. Z. Botros, and M. S. Ibrahim, “Scattering
from bodies coated with metamaterial using FDTD method,”
Progress In Electromagnetics Research B, Vol. 2, 279–290, 2008.
25. Ding, W., L. Chen, and C. H. Liang, “Numerical study of GoosHänchen shift on the surface of anisotropic left-handed materials,”
Progress In Electromagnetics Research B, Vol. 2, 151–164, 2008.

