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Abstract—The modiﬁed Watson transform is applied to the Mie series
expression of the electromagnetic ﬁeld scattered by a high frequency
plane wave incident on an inﬁnitely long double negative cylinder. The
Debye expansion is applied to the Mie series coeﬃcients to obtain
a physical insight into the scattering mechanisms and achieve an
eﬃcient approach for the computation of the scattered ﬁeld. The
ﬁrst two terms of the Debye series are computed using the residue
series in the geometrical shadow regions and using the steepest descent
method in the geometrically lit regions. It is observed that the results
obtained from the series and from the modiﬁed Watson transform are
in good agreement. The angular boundaries for the geometrically lit
and the geometrical shadow regions of the double negative cylinder
corresponding to the ﬁrst two terms of the Debye series are determined.
These are compared with the corresponding angular boundaries for a
double positive cylinder. It is observed that the spatial extent of the
geometrical shadow of the double negative cylinder corresponding to
the second term of the Debye series is very small compared to that
of the double positive cylinder due to the negative refraction in the
double negative√cylinder when the magnitude of the refractive index n
is greater than 2.
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1. INTRODUCTION
Double negative or left handed metamaterials are the artiﬁcial
realizations of the theoretical material presented in the article
[1] of Veselago in 1968.
Veselago theoretically examined the
properties of a material with a negative permittivity and a negative
permeability.
Due to having both negative parameters, these
materials are called double negative metamaterials. In the studies
made for the realization of the double negative metamaterials,
the articles [2] and [3] are often referred. [2] and [3] are the
fundamental articles for the SRR and thin-wire realizations of
left-handed metamaterials. In [4–6], the construction of double
negative metamaterials, the numerical and experimental veriﬁcation
of double negativeness and negative refraction are reported. [7, 8]
examine the propagation of electromagnetic waves through double
negative metamaterials especially in terms of causality using FDTD
method. A popular realization of double negative metamaterials
which is the L-C loaded transmission line approach is introduced,
numerically and experimentally demonstrated in [9–12]. [13–15] report
experimental and numerical studies about the electromagnetic wave
propagation through double negative metamaterials. Double negative
metamaterials have also practical applications. Some of them are
given in [16–24]. The scattering of electromagnetic waves from DNG
multilayered cylinders are studied in [25–31]. [32, 33] give a review of
the research on double negative metamaterials.
The expression of the scattered ﬁeld due to a plane wave incident
on an inﬁnitely long dielectric cylinder can be obtained via a Mie
series expansion. When the diameter of the dielectric cylinder is
much larger than the wavelength of the incident plane wave, the Mie
series expansion converges slowly. Apart from this slow convergence
behavior which increases the computational burden, the Mie series
expansion does not provide any physical insight into the scattering
mechanisms. These diﬃculties may be overcome by applying the
modiﬁed Watson transform with the Debye expansion of the scattering
coeﬃcients in the Mie series expansion. Following this approach,
the convergence of the Debye terms of the scattered ﬁeld and the
scattered ﬁeld becomes faster, and it becomes possible to identify
certain scattering mechanisms. The ﬁrst use of the Watson transform
is in [35] by Watson. Some other realizations of the Watson transform
are given in [36–43]. The Debye expansion is ﬁrst introduced and
applied by Debye in his work [34] for examining the scattering by a
dielectric cylinder. Some applications of the Debye expansion are given
in [40–43]. The Debye expansion along with the modiﬁed Watson
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transform is used in [40] and [41] for analyzing the scattering from
inﬁnitely long dielectric cylinders. In all of these works, the dielectric
cylinders are double positive, i.e., the permittivity and permeability
parameters are positive constants. In [42], the Debye expansion is
applied to calculate the scattering amplitude of a scalar wave from a
penetrable sphere. In [43], the scattering of a scalar plane wave from an
impenetrable sphere is analyzed using the modiﬁed Watson transform.
The approaches used in articles [42] and [43] are employed in this paper
to use the modiﬁed Watson transform along with Debye expansion for
the analysis of scattering from double negative and double positive
inﬁnitely long cylinders. Double negative metamaterials are artiﬁcially
obtained materials with negative permeability and permittivity. Due
to the causality requirements, double negative metamaterials have
negative refractive indices. The main goal of this paper is to derive
and compare the results of scattering from double positive and double
negative dielectric cylinders. The outline of the paper is as follows:
In the second section, the Mie series expansions of the scattered ﬁelds
from double positive and double negative inﬁnitely long cylinders are
derived. In the third section, the modiﬁed Watson transform is applied
to the Mie series form of the scattered ﬁeld. The poles of the modiﬁed
Watson transform integrand are examined. The need for applying
the Debye expansion to the scattering coeﬃcients is indicated. In
the fourth section, the Debye expansion is applied to the scattering
coeﬃcients. The physical meaning of the Debye expansion is explained.
In the ﬁfth and the sixth sections, the physical “ray” pictures for
the ﬁrst two terms of the Debye expansions for the scattered ﬁelds
from double negative and double positive cylinders are drawn. The
geometrical shadow and the geometrically lit regions of the ﬁrst two
terms of the Debye series for the double positive and double negative
cylinders are determined. The validity of the physical pictures is proven
using the saddle point method and the residue series calculations.
Further veriﬁcation is made comparing the series results for the ﬁrst
two terms of the Debye expansion with the SDM results and the residue
series calculations in section seven. The conclusions of this work are
presented in the eighth section.
2. THE MIE SERIES EXPANSION FOR THE
SCATTERED FIELD
Assuming a time-harmonic dependence of e−jωt , a plane wave
 i = âz e−jk0 x
E

(1)
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Figure 1. The problem geometry.
propagates in the negative x direction where
√
k0 = ω µ0 ε0

(2)

is the free space propagation constant. As shown in Fig. 1, the center
of the cross-section of a dielectric circular cylinder of inﬁnite length is
located at the origin. The cylinder radius is a and it is assumed to
be much larger than the wavelength of the incident plane wave. The
incident plane wave is expressed as a series employing Bessel functions
of the ﬁrst kind as follows:
 i = âz
E

∞


j −l Jl (k0 ρ)ejlφ

(3)

l=−∞

The scattered ﬁeld at the ﬁeld point P (ρ, φ) can be written in terms
of a series of Hankel functions of the ﬁrst kind:
 s = âz
E

∞


(1)

cl Hl (k0 ρ)ejlφ

(4)

l=−∞

After satisfying the continuity of the tangential electric ﬁeld intensity
and the tangential magnetic ﬁeld intensity at the surface of the double
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positive cylinder, the following expression is obtained for cl :
cl =

j −l [−µr Jl (α)Jl (β) + nJl (α)Jl (β)]
(1)

[µr Jl (α)Hl

(1)

(β) − nJl (α)Hl (β)]

(5)

where the positive µr is the relative permeability of the cylinder, the
positive n is the refractive index of the double positive cylinder, and
β = k0 a
α = nβ

(6)
(7)

The convention for f  (x0 ) is given as follows:

df 

f (x0 ) =
dx x=x0

(8)

The Equation (4) is the Mie series solution for the scattered ﬁeld.
The scattering coeﬃcients for a double negative cylinder are obtained
inserting the following relations into the expression in Equation (5):
α = −|n|β
Jl (α) = ejπl Jl (|n|β)
Jl (α) = (−1)ejπl Jl (|n|β)

(9)

The scattering coeﬃcients cl for a double negative inﬁnitely long
cylinder with a relative permeability −|µr | and a refractive index of
−|n| are given by the following:
cl =

j −l [|µr |Jl (|n|β)Jl (β) + |n|Jl (|n|β)Jl (β)]
(1)

[−|µr |Jl (|n|β)Hl

(1)

(β) − |n|Jl (|n|β)Hl (β)]

(10)

As an illustration of the slow convergence of the Mie series form of
the scattered ﬁeld, the number of terms to be kept in the Mie series
for the correct result is shown versus β values in Fig. 2 obtained using
Mathematica. It can be observed that the number of terms to be
kept in the sum must be at least approximately the integer closest to
2β. The results are for the scattering from a dielectric cylinder of the
refractive index 3 and relative permeability 1. The φ coordinate of the
1
ﬁeld point is π radian and the ρ coordinate is 3(β + β 3 ).
3. THE MODIFIED WATSON TRANSFORM
The modiﬁed Watson transform is an approach for obtaining a
rapidly converging solution with physical insight into the scattering
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Figure 2. The number of terms to be kept in the Mie series versus
beta for the convergence of the Mie series.
mechanism. After the application of the modiﬁed Watson transform
to the Mie series form of the scattered ﬁeld at the ﬁeld point P (ρ, −φ)
which is the same as the ﬁeld at the ﬁeld point P (ρ, φ) due to the
symmetry of the problem, the scattered ﬁeld can be written as follows:
∞+jε
 

1
(1)
c−ν H−ν (k0 ρ)ejν(φ−π) + cν Hν(1) (k0 ρ)e−jν(φ−π)
E = −
2j
−∞+jε
 ∞


1
2
(11)
(−1)m ej(2m+1)π(ν− 2 ) dν
s

m=0

One of the methods to calculate the integral in (11) for the scattered
ﬁeld is to use the Cauchy integral formula. For this method, the poles
of the integrand in the upper half of the complex ν-plane must be
examined. The integral in Equation (11) consists of two parts. The
ﬁrst part is
1
−
2j

∞+jε


−∞+jε



(1)
c−ν H−ν (k0 ρ)ejν(φ−π)






∞

m j(2m+1)π (ν− 12 )
2
dν (12)
(−1) e
m=0
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and the second part is
1
−
2j

∞+jε




cν Hν(1) (k0 ρ)e−jν(φ−π)






∞

m j(2m+1)π (ν− 12 )
2
dν (13)
(−1) e
m=0

−∞+jε

The poles of the second part are the poles of cν given by
cν =

j −ν [−µr Jν (α)Jν (β) + nJν (α)Jν (β)]
(1)

(1)

[µr Jν (α)Hν (β) − nJν (α)Hν (β)]

(14)

At this point we introduce some notations taken from [42] for the easy
handling of equations with Bessel and Hankel functions:
J  (x)
[x]  ν
Jν (x)

(1)

[1x] 

Hν (x)
(1)

Hν (x)

(2)

[2x] 

Hν (x)
(2)

(15)

Hν (x)

The poles of cν are actually the roots of


µr Jν (α)Hν(1) (β) − nJν (α)Hν(1) (β) = 0

(16)

Using the notations given above, Equation (16) can be written in a
compact form:
n
[1β] =
[α]
(17)
µr
The roots of Equation (17) can be divided into two groups. One group
consists of those which are almost parallel to the real ν-axis. There
are an inﬁnite number of these roots. The other group contains those
which are almost parallel to the imaginary ν-axis. The poles of the
integrand are shown in Fig. 3.
For the calculation of the integral (13), the residues of the
integrand at these two groups of poles are computed and summed
up. Since the residues at the poles which are almost parallel to the
imaginary ν-axis are rapidly decaying exponentials, these poles make
a quickly vanishing contribution and provide a quickly converging
result. However, the poles which are almost parallel to the real νaxis cause a diﬃculty in the computation. The contribution of their
residues does not vanish quickly. Hence, the residue series of these poles
does not converge rapidly. Due to such a poor convergence property,
calculating the integral (13) using the Cauchy integral formula is not
an eﬃcient method. The integral (12) is similar to the integral (13).
Hence, in addition to the modiﬁed Watson transformation, some more
modiﬁcations must be made to the modiﬁed Watson transform form
of the scattered ﬁeld. These modiﬁcations are collected under the title
of Debye expansion.
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Figure 3. The roots of Equation (17).
4. THE DEBYE EXPANSION
For high frequency applications, the incident plane wave can be
modeled to be made up of incident rays. Each ray incident on the
dielectric cylinder is reﬂected and refracted by the cylinder. However,
the reﬂection and refraction occur inﬁnitely many times. Let a ray be
followed in this series after it is incident to the surface of the cylinder.
Some part of it is reﬂected and the rest is transmitted into the cylinder
by refraction. The reﬂection of the ray to the outside of the cylinder
is called the ﬁrst term in the series. This reﬂected part contributes to
the scattered ﬁeld as the ﬁrst term. The transmitted part of the ray
travels in the cylinder and hits the surface from inside. Then, part
of it is reﬂected and part of it is transmitted to the outside. This
transmitted part forms the second term in the series and it contributes
to the scattered ﬁeld as the second term in the series. The third term
in the series is the part of the ray which is obtained after the ﬁrst
transmission into the cylinder, then reﬂection from inside the cylinder,
and then transmission to the outside of the dielectric cylinder. The
mentioned scattering mechanism is pictured in Fig. 4. The series is
built up in this way and converges to the scattered ﬁeld at the end.
At high frequency, the physical picture in Fig. 4 can be employed
for the problem. This physical picture is used for the scattering
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Figure 4. The scattering mechanism at high frequency.
amplitude calculation due to a penetrable sphere in [42], for calculation
of the scattered wave function of an impenetrable sphere in [43]. A
similar mathematical and a physical framework can be constructed for
the scattering by a dielectric cylinder. The scattered ﬁeld is a series of
Hankel functions of the ﬁrst kind scaled by the scattering coeﬃcients
cl . The scattering ﬁeld coeﬃcients take their ﬁnal forms after the
series of reﬂections and transmissions of cylindrical waves. This implies
that the coeﬃcients cl form the mathematical representation of the
scattering phenomenon given in Fig. 4 and must contain the overall
related mathematical information. The physical picture in Fig. 4 is
mathematically expressed in [42] by decomposing a quantity called S function into a series of reﬂection and transmission terms shown in
Fig. 4. Depending on this information and the fact that the scattering
coeﬃcients cl must contain the overall information about Fig. 4, it is
concluded that cl must be able to be written in terms of the S-function
which is denoted as xl in this analysis and given in Equation (18). By
expressing cl in terms of xl , cl is decomposed into the mathematical
building blocks of the whole physical picture and the Debye expansion
is carried out.
Since the scattering object is a cylinder, using the cylindrical
coordinates and expressing each ray in terms of cylindrical functions
is the most appropriate choice. Each incident ray can be written as a
series of a linear combination of Hankel functions of ﬁrst and second
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kinds. These linear combinations of Hankel functions are reﬂected and
transmitted in an inﬁnite sequence to obtain the scattered ﬁeld. The
reﬂection and transmission coeﬃcients in xl are deﬁned considering the
just mentioned scattering mechanism. xl is deﬁned as follows:
(2)

xl =

Hl (β)
(1)

(1)

R22 (l, β) + T21 (l, β)T12 (l, β)

Hl (β)
p−1 

∞
(1)


Hl (α)
R11 (l, β) (2)

Hl (α)
p=1

where

Hl (α)
(2)

Hl (α)
(18)



(1)

Hl (α) 

R11 (l, β) (2)
<1

Hl (α) 

In Equation (18), R11 (l, β) is the reﬂection coeﬃcient for the
cylindrical wave which is denoted by the Hankel function of the ﬁrst
kind and is incident from inside of the cylinder to the surface. R22 (l, β)
is the reﬂection coeﬃcient for the cylindrical wave which is denoted by
the Hankel function of the second kind and is incident from outside
of the cylinder to the surface. T12 (l, β) is the transmission coeﬃcient
for the cylindrical wave which is denoted by the Hankel function of
the ﬁrst kind and is incident from inside of the cylinder to the surface.
T21 (l, β) is the transmission coeﬃcient for the cylindrical wave which is
denoted by the Hankel function of the second kind and is incident from
outside of the cylinder to the surface. The mathematical expressions
for these coeﬃcients are as follows:
n
n
[1β] − [1α]
[2β] − [2α]
µr
µr
R22 (l, β) = −
(19)
R11 (l, β) = −
n
n
[1β] − [2α]
[1β] − [2α]
µr
µr
T12 (l, β) =

4j
(1)
(2)
πβHl (α)Hl (α)

T21 (l, β) =

4j
(1)
(2)
πβHl (β)Hl (β)


n
[1β] − [2α]
µr

n
[1β] − [2α]
µr

(20)
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The ﬁrst part of xl which is given by
(2)

Hl (β)
(1)

Hl (β)

R22 (l, β)

(21)

corresponds to the rays which are reﬂected by the cylinder. The rest
of it given by
p−1

∞
(2)
(1)
(1)
Hl (β)
Hl (α) 
Hl (α)
(22)
T21 (l, β)T12 (l, β) (2)
R11 (l, β) (2)
(1)
Hl (β)
Hl (α) p=1
Hl (α)
corresponds to the rays which are ﬁrst transmitted into the cylinder,
make p − 1 number of reﬂections and are transmitted to the outside of
the cylinder after these p − 1 reﬂections. The scattering coeﬃcients cl
can be written in terms of xl as follows:
cl =

j −l
(xl − 1)
2

(23)

After writing cν in terms of xν in Equation (11), the following
expression for the scattered ﬁeld is obtained:
1
Es = −
2j
+

∞+jε


−∞+jε
−ν
j

2


× 2



(xν −

∞


jν
(1)
(x−ν − 1)H−ν (k0 ρ)ejν(φ−π)
2

1)Hν(1) (k0 ρ)e−jν(φ−π)




ν− 12

(−1)m ej(2m+1)π(

) dν

(24)

m=0

By writing cν in terms of xν , the expansion called the Debye expansion
is applied to cν . Through the use of the Debye expansion, the physical
mechanism in the scattering is revealed. In addition, the calculation
of the integral in (24) using the residue calculus is now preferable and
the resulting residue series converges very quickly in the appropriate
ﬁeld region. The reason of the rapid convergence is due to the new
denominator of the integrands in (24). The new equation to be solved
to ﬁnd the poles is
[1β] =

n
[2α]
µr

(25)
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Figure 5. The roots of Equation (25).
Equation (25) is the counterpart of Equation (17). The roots of these
equation (i.e., the poles of the integrand) are complex numbers which
are almost parallel to the imaginary ν-axis. Now, there are no poles
which are almost parallel to the real ν-axis. Hence, the residue series
is now quickly convergent. The new poles are shown in Fig. 5.
5. THE FIRST TERM OF THE DEBYE EXPANSION
The contribution of the ﬁrst term of the Debye expansion to the
scattered ﬁeld is obtained by inserting the expression in (21) with the
subscript changed to ν into the place of xν in the scattered ﬁeld integral
in (24):
Efs irst term


∞+jε
  (2)
π
H−ν (β)
1
(1)
=−
R22 (−ν, β)−1 H−ν (k0 ρ)ejν (φ− 2 )
(1)
2j
H−ν (β)
−∞+jε



(2)
π
Hν (β)
+
R22 (ν, β) − 1 Hν(1) (k0 ρ)e−jν (φ− 2 )
(1)
Hν (β)

 ∞

1
(26)
×
(−1)m ej(2m+1)π(ν− 2 ) dν
m=0
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The integral in (26) is to be calculated using the Cauchy integral
formula. For applying the Cauchy integral formula, the integrand of
the integral must vanish as |ν| → ∞ in the upper half of the complex
ν-plane. The current form of the integrand is not suitable for applying
the Cauchy integral formula. After addition and subtraction of some
appropriate terms, the following integral is obtained:



∞+jε


∞

π
1 

I1 (−1)m e−j(2m+1) 2 dν 
Efs irst term =

 −
2j
m=0

+ −

1
2j







−∞+jε

∞+jε




π

I2 (−1)m e−j(2m+1) 2 dν 

(27)

−∞+jε

where


(2)
(1)
(1)
(2)
R22 H−ν (β)H−ν (k0 ρ)+H−ν (β)H−ν (k0 ρ) jν [φ− π +(2m+1)π]
2
e
I1 =
(1)
H−ν (β)


(2)
(1)
(1)
(2)
R22 Hν (β)Hν (k0 ρ)+Hν (β)Hν (k0 ρ) −jν [φ− π −(2m+1)π]
2
e
(28)
+
(1)
Hν (β)


π
(1)
(2)
I2 = − H−ν (k0 ρ) + H−ν (k0 ρ) ejν [φ− 2 +(2m+1)π]


π
+(−1) Hν(1) (k0 ρ) + Hν(2) (k0 ρ) e−jν [φ− 2 −(2m+1)π]

(29)

The decomposition of the integral in (27) into the integrals of I1 and
I2 is possible only if each of the integrals of I1 and I2 are convergent.
The residue series representation of the integral of I1 in (27) is
given by the following



∞+jε


∞

π
1 

I1 (−1)m e−j(2m+1) 2 dν

 −
2j
m=0

=

=

∞

m=0
∞




∞



π
1
(2πj) Res I1 (−1)m e−j(2m+1) 2 |ν=νq
−
2j
q=1

∞ 


(−π)

m=0

−∞+jε

q=1

(−1)m e−j(2m+1) 2

π
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3π
π
(1)
4jHν (k0 ρ) ejν [φ− 2 +(2m+1)π] +e−jν [φ− 2 −(2m+1)π]

|ν=νq (30)
n
∂
(1)
2
[1β] − [2α]
πβ[Hν (β)]
∂ν
µr
where ν = νq are the poles of the integrand I1 . The expression in (30)
is for a double positive inﬁnitely long cylinder. The convergence of the
residue series in (30) depends on the exponential term. In order to
obtain a good approximation to the residue series convergence region
which is in agreement with the physical insight to the problem, the
(1)
Debye asymptotic expansion of Hν (k0 ρ) is employed in the residue
series. The Debye asymptotic expansion taken from the Appendix A
of [43] is given by
Hν(1) (z) ≈

2
π

1
2

 
 ν  π 
1
1
(z 2 − ν 2 )− 4 exp j (z 2 − ν 2 ) 2 − ν cos−1
−
z
4
(31)

with the following expansion conditions
(z 2 − ν 2 )− 4 > 0
1

−z < ν < z

0 < cos−1

ν 
2
1

|ν − z| > |z| 3

<

π
2
(32)

After the insertion of the asymptotic expansion to the residue series
in (30), the overall exponential term in the residue series becomes the
following




π
3π
2
2 12
−1 ν
− +ν φ− +(2m+1)π
exp j ((k0 ρ) −ν ) −νcos
k0 ρ
4
2




1
π
ν
π
− −ν φ− −(2m+1)π
+ exp j ((k0 ρ)2 −ν 2 ) 2 −νcos−1
(33)
k0 ρ
4
2
Due to the exponential dependence of the residue series on the poles,
as the imaginary part of the poles increases, the residue series terms
exponentially decay to zero. Hence, the poles far away from the real
axis have a negligible eﬀect. Then, the poles of the integrand can be
approximated by β. Substituting this approximation into (33), the
range of φ for the convergence of the residue series is obtained as
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follows:
π
+cos−1
2
π
+cos−1
2



3π
a
−1 a
< φ < −cos
ρ
2
ρ


a
3π
−1 a
−2mπ < φ < −cos
+2mπ
ρ
2
ρ
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for m = 0 



for m > 0 
(34)

The ﬁrst part of the information given in (34) for m = 0 restricts φ
to the region called the geometrical shadow region of the dielectric
cylinder. The geometrical shadow region of the dielectric cylinder is
shown in Fig. 6. The following deﬁnition is made for φ0 :

Figure 6. The geometrical shadow region of the double positive
cylinder corresponding to the ﬁrst term of the Debye series.

φ0 = cos

−1

a
ρ


(35)

For m > 0, the range of φ covers the whole dielectric cylinder. Hence,
the convergence region of the residue series is the geometrical shadow of
the dielectric cylinder. The equality in (30) is valid in the geometrical
shadow region of the cylinder for the high frequency scattering.
If the inﬁnitely long cylinder is double negative, then the refractive
index, the relative permeability and the relative permittivity of the
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cylinder will be negative. The ﬁeld in the geometrical shadow region
of the double negative cylinder will be given by



∞+jε


∞

π
1 

I1 (−1)m e−j(2m+1) 2 dν

 −
2j
m=0

=

=

∞


−∞+jε



−

m=0
∞


∞



π
1
(2πj) Res I1 (−1)m e−j(2m+1) 2 |ν=νq
2j
q=1

∞ 


(−π)

m=0

(−1)m e−j(2m+1) 2

π



q=1



3π
π
ejν [φ− 2 +(2m+1)π] +e−jν [φ− 2 −(2m+1)π]

|ν=νq (36)
n
∂
(1)
2
[1β] + [1(|n|β)]
πβ[Hν (β)]
∂ν
µr

(1)
4jHν (k0 ρ)

The exponential dependences of the residue series in (36) and the
residue series in (30) are analogous to each other. Hence, the
convergence region of the residue series in (36) and the one in (30) are
identical. The geometrical shadow regions corresponding to the ﬁrst
term of the Debye series for the double positive and double negative
cylinders are the same.
The residue series representations in (30) and (36) are valid in the
geometrical shadow region. Outside the geometrical shadow region, for
m = 0, the residue series does not converge because the scattered ﬁeld
is not formed by the creeping waves on the surface of the dielectric
cylinder. The geometrically lit region is one of the regions where the
residue series does not converge for m = 0. In the geometrically lit
region, the scattered ﬁeld for m = 0 is due to the rays reﬂected by the
dielectric cylinder. The steepest descent method (SDM) representation
of the scattering integral is useful for obtaining the ﬁeld due to reﬂected
or transmitted rays. Hence, the scattered ﬁeld in this region can be
calculated by the SDM.
The integral to be computed in the geometrically lit region is given
as follows


 ∞+jε
 
(2)
(1)
(1)
(2)
R22 Hν (β)Hν (k0 ρ)+Hν (β)Hν (k0 ρ)
1
(1)
2

Hν (β)


−∞+jε

 
π
3π
ejν (φ− 2 ) + e−jν (φ− 2 ) dν

(37)
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The integral in (37) is the term corresponding to m = 0 in the integral
series in the ﬁrst part of Equation (30). First, it is assumed that the
integral in (37) can be separated into two parts. This separation is
possible only if each of the parts is a convergent integral. The integral
is separated in the following way:



∞+jε


 
(2)
(1)

R22 Hν (β)Hν (k0 ρ)  jν (φ− π ) −jν (φ−3π ) 
1
2
2
e
+e
dν
(1)

2


Hν (β)
−∞+jε


∞+jε







1
jν (φ− π2 )
−jν (φ−3π
(2)
)
2
+e
+
Hν (k0 ρ) e
dν
(38)

2


−∞+jε

In order to compute the ﬁrst integral in (38), the Debye asymptotic
expansion of the integrand must be found. The asymptotic expansion
is made to convert the integrand to a form which is suitable for the
ray interpretation.
The ﬁrst integral in (38) is also separated into two parts assuming
that each of them is convergent. The separation is as follows:



∞+jε


 
(2)
(1)




R22 Hν (β)Hν (k0 ρ)
1
jν (φ− π2 )
−jν (φ−3π
)
2
+e
e
dν
(1)

2


Hν (β)
−∞+jε



∞+jε


 
(2)
(1)

R22 Hν (β)Hν (k0 ρ) jν (φ− π ) 
1
2 dν
e
=
(1)

2


Hν (β)
−∞+jε



∞+jε


 
(2)
(1)

R22 Hν (β)Hν (k0 ρ) −jν (φ− 3π ) 
1
2 dν
e
+
(39)
(1)

2


Hν (β)
−∞+jε

After the Debye asymptotic form of the integrand of the ﬁrst integral
in (39) is obtained and the ﬁrst derivative of the exponential part of
the integrand is taken, the following equation is found for the saddle
point ν̄:


π
ν̄
−1 ν̄
−1
− cos
+φ− =0
2 cos
(40)
β
k0 ρ
2
In order to solve the equation in (40), the following deﬁnitions are
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employed:

x = cos−1


ν̄ = β sin(w)


π
ν̄

for 0 < x <
k0 ρ
2

(41)

The solution of Equation (40) is given as
x=

π
− 2w + φ
2

(42)

w=θ

(43)

Letting

matches the physical picture in Fig. 7 with the relation in (42). In a
similar way, it can be shown in terms of the exponential dependence
that the second integral in (39) denotes the ﬁeld at the point F (ρ, −φ)
due to the ray which is incident on the point P (a, −θ) and is reﬂected
by the cylinder to the ﬁeld point F (ρ, −φ). The geometrically lit region
of the double negative cylinder corresponding to the ﬁrst term of the

Figure 7. The physical interpretation for the geometrically lit region
of the double positive cylinder corresponding to the ﬁrst term of the
Debye series.
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Debye series is the same as that of the double positive cylinder. In the
double negative cylinder case, the same physical interpretation is valid
for the geometrically lit region corresponding to the ﬁrst term of the
Debye series.
6. THE SECOND TERM OF THE DEBYE EXPANSION
The contribution of the second term of the Debye expansion to the
scattered ﬁeld is obtained by inserting the expression in (22) with p
being equal to 1 and with the subscript changed to ν into the place
of xν in the scattered ﬁeld integral in (24). After some operations on
the integrand and setting m to 0, the following expression is obtained
for the contribution of the second term of the Debye expansion to the
scattered ﬁeld:
Essecond term

1
=
2

∞+jε


Hν(1) (k0 ρ)
−∞+jε

1
+
2

(1)

(1)

(2)

(2)

(1)

Hν (β) Hν (α)

∞+jε


Hν(1) (k0 ρ)

−∞+jε

(2)

Hν (β) Hν (α)

3π
T12 T21 ejν (φ+ 2 ) dν

Hν (β) Hν (α)

3π
T12 T21 ejν (−φ+ 2 ) dν
(1)
(2)
Hν (β) Hν (α)

(44)
The integral is separated into two parts with the assumption that
each of the two parts is convergent. This assumption is automatically
veriﬁed when the integrals are calculated. The second term of the
Debye expansion represents the scattered ﬁeld due to the rays which
are transmitted into the cylinder and then transmitted out of the
cylinder to form the scattered ﬁeld at the ﬁeld point. These rays
also have their own geometrically lit and geometrical shadow regions.
The geometrically lit √
region of the double positive cylinder for the ρ
coordinate of ρ0 , n > 2 and corresponding to the second term of the
Debye series is the shaded region shown in Fig. 8.
The scattered ﬁeld due to the second term of the Debye series is
expressed as follows when the integral in (44) is calculated using the
Cauchy integral formula:




16πj  f  (ν)
2f (ν)g  (ν)
second term
|ν→νl
= −
−
(45)
Es
(πβ)2
[g(ν)]2
[g(ν)]3
l
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Figure 8. The geometrically lit √
region of the double positive cylinder
for the ρ coordinate of ρ0 , n > 2 and corresponding to the second
term of the Debye series.
where
n
[2α]  g(ν)(ν − ν1 )
µr 

3π
3π
(1)
Hν (k ρ) ejν (φ+ 2 ) + ejν (−φ+ 2 )

[1β] −
f (ν) 

0

(1)

(2)

[Hν (β)Hν (α)]2











(46)

If Equation (45) is explicitly written, then it can be seen that
(1)
Hν (k0 ρ) 
(2)

[Hν (α)]2

3π
3π
ejν (φ+ 2 ) + ejν (−φ+ 2 )


(47)

can be ﬁxed as a common factor. In order to determine the convergence
region of the residue series and relate it to the physical picture of the
surface waves creeping on the cylinder from the geometrically lit region
to the geometrical shadow region, the Debye asymptotic expansion is
applied to the Hankel functions in the common factor. Then, the
common factor takes the following form with only the exponential
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terms shown:

 



1
1   
ν
j ((k0 ρ)2 −ν 2 ) 2 +2(α2 −ν 2 ) 2
j −ν cos−1 kν ρ −2ν cos−1 ( α
)

e

jν (φ+ 3π
2 )

e

jν (−φ+ 3π
2 )

 e

0

+e

(48)

Since the poles are close to β, they can be approximated to be equal
to β in the ﬁrst exponential factor in (48). In addition, the following
equality and the deﬁnitions

π
cos−1 (t) = − sin−1 (t) 



2




a
−1
θ0 = cos
(49)
ρ





1


θc = sin−1

n
are used in Equation (48) to obtain the common factor in the following
form:
 
1
1 
3π
j ((k0 ρ)2 −β 2 ) 2 +2(α2 −β 2 ) 2
e[jν(−θ0 +2θc −π)] ejν (φ+ 2 )
 
1
1 
j ((k0 ρ)2 −β 2 ) 2 +2(α2 −β 2 ) 2
[jν(−θ0 +2θc −π)] jν (−φ+ 3π
2 )

e

+e

e

e

(50)

For the convergence of the residue series, the exponentials in the
expression (50) must converge. Keeping in mind that the imaginary
parts of the poles are positive, convergence is possible only if the
following conditions are both satisﬁed:

π
−θ0 + 2θc + φ + > 0 
2
(51)
π
−θ0 + 2θc − φ + > 0 
2
The satisfaction of both of the conditions requires the following range
of convergence of the residue series:
π
π
θ0 − 2θc − < φ < −θ0 + 2θc +
(52)
2
2
If Fig. 8 is revisited, it can be seen that the above range is the
geometrical shadow of the double positive cylinder for the second term
of the Debye series.
The counterpart of the integral in Equation (45) for the double
negative cylinder is given as follows:




[f (ν)/[g(ν)]2 ]
16πj 
Res
(53)
|ν→νl
Essecond term = −
(πβ)2
(ν − νl )2
l
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where
n
[1α]  g(ν)(ν − νl )
µr 

π
π
(1)
Hν (k ρ) ejν (φ− 2 ) + ejν (−φ− 2 )

[1β] +
f (ν) 

0

(1)

(1)

[Hν (β)Hν (|n|β)]2






(54)






After the residue series is written explicitly, it can be seen that the
following expression can be ﬁxed as a common factor:
(1)
Hν (k0 ρ) 
(1)

[Hν (|n|β)]2

ejν (φ− 2 ) + ejν (−φ− 2 )
π

π


(55)

The Debye asymptotic expansion is applied to the common factor
to determine the convergence region of the residue series in a more
detailed manner. The exponential part of the Debye asymptotic
expansion of the common factor is given as follows:
 




1
1   
ν
j ((k0 ρ)2 −ν 2 ) 2 −2(|n|2 β 2 −ν 2 ) 2
j −ν cos−1 kν ρ +2ν cos−1 |n|β

e

φ− π2

ejν (

−φ− π2

) + ejν (

)



e

0

(56)

The poles in Equation (53) are close to β. Hence, the poles are
approximated by β in the ﬁrst factor in Equation (56). The deﬁnitions
in (49) with n replaced with |n| are made to write the common factor
in the following more compact form:
 
1
1 
j ((k0 ρ)2 −β 2 ) 2 −2β(|n|2 −1) 2
[jν (−θ0 −2θc +φ+ π2 )]
e
 
1
1 
j ((k0 ρ)2 −β 2 ) 2 −2β(|n|2 −1) 2
[jν (−θ0 −2θc −φ+ π )]

e

+e

e

2

(57)

Since the poles are in the upper half of the complex ν-plane,
the common factor converges provided the following conditions are
satisﬁed:

π
−θ0 − 2θc + φ + > 0 
2
(58)
π
−θ0 − 2θc − φ + > 0 
2
The satisfaction of both of the conditions in Equation (58) requires the
following range of φ for the convergence of the residue series:
θ0 + 2θc −

π
π
< φ < −θ0 − 2θc +
2
2

(59)
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Figure 9. The geometrical shadow region of the double negative
cylinder corresponding √
to the second term of the Debye series is the
shaded region for |n| > 2.
In Fig. 9, the geometrical shadow region of the double negative
cylinder corresponding to the second term of the Debye series is shown.
When the geometrical shadow region of the double negative cylinder
corresponding to the second term of the Debye series is compared
to that of the double positive cylinder
√ corresponding to the second
term of the Debye series for |n| > 2, it can be observed that the
double negative √
cylinder has a quite smaller geometric shadow region.
For 1 < |n| < 2, the double positive cylinder has a quite smaller
geometrical shadow region corresponding to the second term of the
Debye series.
It is now time to analyze the geometrically lit region of the double
positive cylinder corresponding to the second term of the Debye series.
After the Debye asymptotic expansion of the second integrand in (44)
is carried out and the derivative of the exponential part with respect
to ν is evaluated, the following steepest descent equation for the saddle
point is obtained:


 ν̄ 
3π
ν̄
−1 ν̄
−1
− cos
− 2 cos−1
−φ+
=0
(60)
2 cos
β
k0 ρ
α
2
The following change of variable is performed:
ν̄  β cos(w)

(61)
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Figure 10. The physical picture for the second term of the Debye
series in the geometrically lit region of the double positive cylinder.
Then, the steepest descent equation takes the following form:




3π
−1 a
−1 1
2w − cos
cos(w) − 2 cos
cos(w) − φ +
=0
ρ
n
2

(62)

In order to establish the relation between the steepest descent equation
and the physical picture for the second term of the Debye expansion,
the expected physical picture is ﬁrst drawn in Fig. 10 and the
mathematical expression for it is derived. Then, it will be observed that
the steepest descent equation and the derived mathematical expression
are the same.
From Fig. 10, the following equation can be derived:




−1 1
−1 a
(63)
2 sin
sin(φ1 ) − 2φ1 + sin
sin(φ1 ) = φ − π
n
ρ
The following substitutions are to be made in Equation (63):

π

φ1 = − x
2
π
sin−1 (t) = − cos−1 (t) 
2

(64)
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Then, Equation (63) takes the following form:




3π
−1 a
−1 1
cos(x) − 2 cos
cos(x) − φ +
=0
2x − cos
ρ
n
2
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(65)

If Equations (62) and (65) are compared, it can easily be seen that
they become identical if the following equation is written for w:
w=x

(66)

Using the ﬁrst part of Equation (64), Equation (66) can be written as
follows:
π
(67)
w = − φ1
2
Equation (67) gives the solution for the saddle point equation in order
to match the steepest descent equation to the physical picture. For the
geometrically lit region corresponding to the second term of the Debye
series in the case of the double negative cylinder, the diﬀerences in
the calculations arise from the negativity of the refractive index which
shows itself in the following relation:
α = −|n|β

(68)

The Debye asymptotic approximation is applied to the integrand
of the second integral in (44). In applying the Debye asymptotic
approximation to the Hankel functions with the argument α, the
following analytical continuity relations are used from [44]:
!
(1)
(2)
Hν (zejπ ) = −e−jνπ Hν (z)
(69)
(2)
(1)
Hν (ze−jπ ) = −ejνπ Hν (z)
After the application of the Debye asymptotic approximation with the
analytical continuity relations, the ﬁrst derivative of the exponent of
the integrand with respect to ν is taken and the resulting expression
is equated to zero to ﬁnd the possible saddle point ν̄ as follows:



ν̄
ν̄
π
−1 ν̄
−1
−1
2 cos
+ 2 cos
− cos
− φ − = 0 (70)
β
|n|β
k0 ρ
2
The physical picture for the double negative cylinder is the same as
the double positive medium except the negative refraction in the case
of the double negative cylinder. The physical picture for the case of
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the double negative cylinder is shown in Fig. 11. From Fig. 11, the
following relation can be derived:


1
a
−2 sin−1
(71)
sin θ1 + sin−1
sin θ1 − 2θ1 − φ + π = 0
|n|
ρ
The following deﬁnition and relation are used to match the equation
in (70) to the one in (71):
y

F( , )
Q(a, 2)

P(a, 1)
x

Q(a,- 2)

P(a,- 1)

F( ,- )

Figure 11. The physical picture in the geometrically lit region of
the double negative cylinder corresponding to the second term of the
Debye series.
!
ν̄ = β cos w
π
(72)
sin−1 x = − cos−1 x
2
Equation (70) and Equation (71) become identical when the solution
for the saddle point is written as follows:
π
w = − θ1
(73)
2
7. NUMERICAL RESULTS
In this section, the series results which are computed using
Mathematica and correspond to the ﬁrst and second terms of the Debye
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series expansions of the scattered ﬁeld are compared with the same
series results obtained using the residue series and the steepest descent
method. The calculations are made for the geometrical shadow and
the geometrically lit regions of the ﬁrst and second terms of the Debye
series for the scattering by the inﬁnitely long double negative cylinder.
Our main concern is to provide a comparison between some analytical
(or semi-analytical) results obtained by means of diﬀerent approaches.
In order to be able to compare these approaches properly, we prefer to
present our results (which are very close to each other in several cases)
in tables, rather than in graphical form. Throughout the tabulation of
the results, the following deﬁnition is used for the percentage errors in
the results:
percentage error in the result 

|result −Debye series result|
× 100
Debye series result
(74)

The contribution of the ﬁrst term of the Debye series to the ﬁeld in
the geometrical shadow of the double negative cylinder corresponding
to the ﬁrst term of the Debye series is denoted by the following series
expression:


∞
(2)

Hl (β) (1)
1 −l
(2)
(75)
Hl (k0 ρ) + Hl (k0 ρ) e−jlφ
j
R22 (l) (1)
2
H (β)
l=−∞

l

The series in the expression (75) is computed using Mathematica.
The integral corresponding to the series in (75) is calculated using
the residue series. In the calculation of the residue series, only three
terms of the series corresponding to ﬁrst three poles of the integrand
are used to obtain the results shown in the tables. The computational
advantage is obvious. The residue series results are obtained without
(1)
using the Debye expansion for Hν (k0 ρ) in the residue series. The
following parameters are used in the calculations:
β = 50π
µr = −1


1
k0 ρ = 3 β + β 3
The tabulation of the results are given in the Tables 1–3.
The contribution of the second term of the Debye series to
the corresponding geometrical shadow region of the double negative
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Table 1. The series results of the double negative cylinder with respect
to n, geometrical shadow region of the ﬁrst term of the Debye series.
n

161.2o

164.96o

168.72o

-1.5

-0.379787+0.172141j

0.0690321+0.145803j

0.057261-0.0487625j

-3

-0.370295+0.175864j

0.0683862+0.138669j

0.0518655-0.0458897j

-5

-0.367705+0.176887j

0.0682042+0.136741j

0.0504828-0.0451287j

o

176.24

o

180o

n

172.48

-1.5

-0.0357022-0.0132994j

-0.00607961+0.0153692j

0.0227744-0.00735572j

-3

-0.0317714-0.0119036j

-0.00479248+0.0136177j

0.0188184-0.00634356j

-5

-0.0307807-0.0115351j

-0.00448488+0.0131663j

0.0178605-0.00608991j

Table 2. The residue series results of the double negative cylinder
with respect to n, geometrical shadow region of the ﬁrst term of the
Debye series.
n

161.2o

164.96o

168.72o

-1.5

-0.299356+0.074339j

0.0633379+0.127624j

0.0542479-0.0490218j

-3

-0.295446+0.0772575j

0.0622797+0.121706j

0.049105-0.0460048j

-5

-0.294361+0.0781634j

0.0620119+0.120103j

0.047789-0.0452116j

n

172.48o

176.24o

180o

-1.5

-0.0358987-0.0128224j

-0.00600752+0.0154229j

0.0228018-0.00737693j

-3

-0.0319246-0.0114758j

-0.00472903+0.0136604j

0.0188398-0.00636206j

-5

-0.030924-0.0111203j

-0.00442373+0.0132065j

0.0178805-0.00610766j

cylinder is represented by the following series:
∞

l=−∞

(2)

0.5j −l T12 (l)T21 (l)

(2)

Hl (β)Hl (|nβ|)
(1)
(1)
Hl (β)Hl (|nβ|)

Hl (k0 ρ)e−jlφ
(1)

(76)

The series is computed in the geometrical shadow region corresponding
to the second term of the Debye series using Mathematica and is
compared to the residue series result. The residue series computation
is carried out by using only three terms of the series corresponding
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Table 3. The percentage errors in the magnitudes of the residue series
results of the double negative cylinder with respect to n, geometrical
shadow region of the ﬁrst term of the Debye series.
n

161.2o

164.96o

168.72o

-1.5

26.0277082

11.68043921

2.784514192

-3

25.50517893

11.57679535

2.835851408

-5

25.35965865

11.54363599

2.845602239

o

176.24

o

180o

n

172.48

-1.5

0.055425729

0.143061852

0.136195848

-3

0.010576374

0.13441283

0.131887027

-5

0.02569378

0.133119844

0.130687912

to ﬁrst three poles of the integrand of the integral calculated by the
residue series. The Debye approximation is not employed in the residue
series computations. Since the geometrical shadow region of the second
term of the Debye series for the double negative cylinder is very
√ small
compared to that of the double positive cylinder for |n| > 2, the
tabulation parameters are chosen as follows:
β = 50π
µr = −1


1
k0 ρ = 1.4 β + β 3
The tabulation of the results are given in the Tables 4–5.
The contribution of the ﬁrst term of the Debye series to the
corresponding geometrically lit region of the double negative cylinder
is denoted by the following series expression:


∞
(2)

Hl (β)
1 −l
(1)
R22 (l) (1)
(77)
− 1 Hl (k0 ρ)e−jlφ
j
2
H (β)
l=−∞

l

The integral corresponding to the series is calculated using the steepest
descent method. However, only the upper half of the steepest descent
path is traversed since the integrand blows up in the lower half of the
ν-plane. This causes a factor of 12 to be put in front of the steepest
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Table 4. The residue series results of the double negative cylinder for
n = −4, geometrical shadow region of the second term of the Debye
series.

Series
Residue series
without the Debye
approximation
Percentage error
in the magnitude
of the residue series

Series
Residue series
without the Debye
approximation
Percentage error
in the magnitude
of the residue series

-14.7198o

-11.7759 o

-8.8319o

0.0142191-0.00801176j

0.00251608+0.0110614j

-0.011142-0.00121268j

0.0105111-0.00156402j

0.00216606+0.00880508j

-0.0106298-0.000738343j

34.88816713

20.06671016

4.928596897

-5.88794o

-2.94397o

0o

0.0058922-0.00463913j

0.00397166+0.00176787j -0.00845512+0.00118164j

0.00568141-0.00465546j

0.00402406+0.0017269j

-0.00846816+0.0012186j

2.055113714

0.726995125

0.212021275

Table 5. The residue series results of the double negative cylinder for
n = −5, geometrical shadow region of the second term of the Debye
series.

Series

-20.6009 o

-16.4808 o

-12.3606 o

-0.00946064-0.00792567j

-0.00823302+0.00339752j

-0.00143224+0.00634083j

-0.0046831-0.00750296j

-0.00734266+0.00318733j

-0.00128335+0.00625093j

28.33671668

10.12624735

1.834643857

Residue series
without the Debye
approximation
Percentage error
in the magnitude
of the residue series
o

Series

o

0

o

-8.24038

-4.12019

0.0022886+0.00279095j

0.00209926-0.00154353j

0.00139885-0.00326749j

0.00231037+0.00276613j

0.00210171-0.00154947j

0.00139907-0.00326984j

0.14521514

0.210877984

0.06321885

Residue series
without the Debye
approximation
Percentage error
in the magnitude
of the residue series
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Table 6. The series results of the double negative cylinder with respect
to n, the geometrically lit region of the ﬁrst term of the Debye series.
n

0o

5o

10o

-1.5

0.0774171+0.0411237j

0.0582661+0.0656221j

-0.0295278+0.0829418j

-3

0.194277+0.101381j

0.14672+0.162826j

-0.0720361+0.207125j

-5

0.259111+0.135031j

0.195676+0.216914j

-0.0957583+0.275822j

o

20

o

n

15

-1.5

-0.0755711-0.0460884j

0.0885957-0.010217j

-3

-0.188213-0.112912j

0.218105-0.0267571j

-5

-0.250221-0.149926j

0.289121-0.0356253j

Table 7. The SDM results for the double negative cylinder with
respect to n, the geometrically lit region of the ﬁrst term of the Debye
series.
n

0o

5o

10o

-1.5

0.0773859+0.0411803j

0.058217+0.0656643j

-0.0295889+0.0829189j

-3

0.194329+0.101277j

0.146806+0.162745j

-0.0719181+0.207163j

-5

0.259247+0.134761j

0.1959+0.216707j

-0.0954595+0.275921j

o

20

o

n

15

-1.5

-0.0755357-0.0461439j

0.0886019-0.0101506j

-3

-0.18828-0.112794j

0.218083-0.0269062j

-5

-0.250387-0.14964j

0.289072-0.0359769j

descent result. The following parameters are used in the calculations:
β = 50π
µr = −1


1
k0 ρ = 3 β + β 3
The tabulation of the results are given in Tables 6–8.
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Table 8. The percentage errors in the magnitudes of the SDM results
of the double negative cylinder with respect to n, the geometrically lit
region of the ﬁrst term of the Debye series.
n

0o

5o

10o

-1.5

0.001115536

0.001162385

0.001200975

-3

0.000904721

0.001174067

0.001293055

-5

0.001374673

0.001199037

0.001474144

o

20

o

n

15

-1.5

0.001469597

0.001595416

-3

0.00146169

0.001651576

-5

0.001513114

0.001859621

Table 9. The series results of the double negative cylinder with respect
to n, the geometrically lit region of the second term of the Debye series.
n

161.2o

164.96o

168.72o

-1.5

-0.0439222+0.310061j

0.239372+0.202416j

0.312637-0.0262297j

-3

-0.222489+0.163j

0.096654+0.259189j

0.271431+0.0565408j

-5

-0.212743+0.0367327j

0.0131297+0.21654j

0.202784+0.0793392j

o

176.24

o

180o

n

172.48

-1.5

0.250831-0.188751j

0.174388-0.261152j

0.144033-0.279086j

-3

0.241623-0.136895j

0.162109-0.225817j

0.128001-0.246857j

-5

0.19752-0.0930337j

0.13102-0.175087j

0.100967-0.194109j

The contribution of the second term of the Debye series to the
corresponding geometrically lit region of the double negative cylinder
is calculated both by using the series expression and by the saddle
point method (SDM). The computed series is given by the following
expression:
∞

l=−∞

(2)

0.5j −l T12 (l)T21 (l)

(2)

Hl (β)Hl (|n|β)
(1)
(1)
Hl (β)Hl (|n|β)

Hl (k0 ρ)e−jlφ
(1)

(78)

The integral corresponding to the series is calculated using the SDM.
The integrand of the integral does not vanish as |ν| → ∞ in the lower
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half of the plane. Hence, only the upper part of the steepest descent
path contributes to the integral. This causes a 12 factor to be put in
front of the SDM result of the integral. The following parameters are

Table 10. The SDM results of the double negative cylinder with
respect to n, the geometrically lit region of the second term of the
Debye series.
n

161.2o

164.96o

168.72o

-1.5

-0.0430699+0.31018j

0.239922+0.201764j

0.312565-0.0270754j

-3

-0.222029+0.163623j

0.0973704+0.258919j

0.271583+0.0557978j

-5

-0.212627+0.0373855j

0.0137826+0.216497j

0.203016+0.078735j

n

172.48o

176.24o

180o

-1.5

0.250322-0.189427j

0.173686-0.26162j

0.143283-0.279471j

-3

0.24125-0.137549j

0.161498-0.226252j

0.127335-0.2472j

-5

0.197243-0.0936136j

0.130506-0.175468j

0.100399-0.194401j

Table 11. The percentage errors in the magnitudes of the SDM results
of the double negative cylinder with respect to n, the geometrically lit
region of the second term of the Debye series.
n

161.2o

164.96o

168.72o

-1.5

0.000170643

4.39294E-05

3.33126E-05

-3

0.000652129

0.000581594

0.00060455

-5

0,001028306

0.001115079

0.00143711

o

176.24

o

180o

n

172.48

-1.5

0.000284875

0.000156852

0.000224341

-3

0.000405367

0.000694855

0.000382958

-5

0.001166983

0.000902219

0.000972343
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used in the calculations:
β = 50π
µr = −1


1
k0 ρ = 3 β + β 3
The tabulations are given in Tables 9–11.
8. CONCLUSION
The modiﬁed Watson transform with the Debye expansion is a very
powerful method to obtain a rapidly converging solution to the high
frequency plane wave scattering by an inﬁnitely long dielectric cylinder
and to develop a physical insight related to the scattering mechanism.
The geometrical shadow and the geometrically lit regions of the double
positive and double negative cylinders corresponding to the ﬁrst two
terms of the Debye expansions are compared with each other. It is
observed that the geometrically lit and geometrical shadow regions
of the ﬁrst term do not diﬀer. However, the geometrically lit and
geometrically shadow regions of the second term diﬀer very much
from each other. In the case of the double negative
√ cylinder, for the
refractive indices with magnitudes greater than 2, the geometrical
shadow region of the second term of the Debye series is quite
smaller compared to that of the double positive cylinder. Numerical
simulations show that the physical insight to the scattering mechanism
provided by the Debye expansion is very accurate. In addition, they
are inconformity with the observations that a double negative material
is a negative refractive index material and at the surface of the double
negative cylinder, negative refraction occurs.
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