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Abstract—The full MIMO radar and the partial MIMO one are
introduced. The performance analysis of beamforming for MIMO
(Multiple-input Multiple-output) radar and comparisons with the
phased-array radar are given. The expressions of beamwidth, gain loss
and detection range for MIMO radar are derived. Theoretical analysis
and simulations show that the beam of the full MIMO utilizing all
virtual array elements is identical to the two-way beam of the phasedarray radar, and that the beam of the partial MIMO selecting elements
with diﬀerent phase centers (phase shifts) is narrower, but has a gain
loss. Additionally, the partial MIMO can avoid aliasing in space when
the transmitting antennas are spaced at greater than half-wavelength
spacing. As scanning radar, the partial MIMO radar has smaller
detection range than the phased-array radar, and the full MIMO radar
has the same range as the phased-array radar.

1. INTRODUCTION
Phased-array radars operate by radiating a speciﬁc electromagnetic
signal into a region and detecting targets from the echo. Many
techniques have been developed for transmitting and receiving beams
to accumulate target energy and reject clutter plus interference [1–
8]. Recently, however, MIMO radar has drawn considerable attention
for reducing vulnerability, overcoming fading eﬀect and high space
resolution [9–17]. MIMO radars transmit orthogonal electromagnetic
signals rather than coherent signals in traditional phased-array radars.
In MIMO receiver, a matched ﬁlterbank is used to match out these
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signal components from the echoes. There are two kinds of MIMO
radar to discuss. 1) The statistical MIMO [9, 10]. All antennas are
far enough from each other so that they obtain echoes from diﬀerent
angles of target to combat target fades. 2) The co-located MIMO
radar. For co-located transmitting and receiving antennas, the target
RCS is nearly identical for all antennas. Due to orthogonal signals
transmitted, no beam is obtained. But the phase diﬀerences caused
by transmitting antennas along with the phase diﬀerences caused by
receiving antennas can form a larger virtual array with more degrees of
freedom [11, 12]. So the co-located MIMO can produce a long virtual
array by a small number of antennas, which is similar to minimum
redundancy array. This paper focuses on the co-located MIMO radar.
In previous researches, the co-located MIMO radar is focused on better
parameter identiﬁability [13], higher sensitivity to detect slowly moving
targets [14] and waveform optimization [15]. In [16, 17], MIMO radar
can improve spatial resolution compared with only the one-way beam
of the phased-array radar. In fact, MIMO radars can exploit phase
shifts induced by diﬀerent transmitting antenna. This comparison is
unfair for the phased-array radar. It is necessary to further study
the relationship between the MIMO radar and the phased-array radar.
This paper introduces two kinds of the co-located MIMO radars, i.e.,
the full MIMO and the partial MIMO, gives their performance analysis
on beamwidth, gain loss and detection range, and compares them to
the two-way beam of the phased-array radar.
2. SIGNAL MODEL
Consider Mt omnidirectional transmitting antennas with interelement
spacing dt = βλ/2, where β is integer and λ the transmitting
wavelength. The receiving array consists of Mr antennas with spacing
dr = λ/2. Fig. 1 shows MIMO radar array structure. Assume that
waveforms have identical bandwidth and center frequency but are
temporally orthogonal. And target is far from radar with the direction
θ.

Figure 1. MIMO radar array structure.
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Transmitting signal towards the target direction is represented as
Mt


e−j2πdt (i−1) sin(θ)/λ si (n) = s(n)at (θ) n = 1, · · · , N

(1)

i=1

where n denotes time, N the number of samples in time, and si (n)
the baseband signal transmitted by the ith transmitter. Denote
s(n) = [s1 (n), s2 (n), · · · , sMt (n)] as the envelope sample vector of
transmitting signals. at (θ) is the transmitting steering vector, and
is given by
T

(2)
at (θ) = 1, e−j2πdt sin(θ)/λ , · · · , e−j2πdt (Mt −1) sin(θ)/λ
where T denotes the transpose operation. The orthogonal transmitter
signals satisfy
N
1  H
s (n)s(n) = IMt
N

(3)

n=1

where IMt is an Mt × Mt identity matrix.
Let xk (n) be the received signal at the kth receiver, and then
xk (n) can be written as
xk (n) = e−j2πdr (k−1) sin(θ)/λ αaH
t (θ)s(n) + wk (n)

(4)

for k = 1, · · · , Mr , α stands for the complex amplitude of the received
signal. The received signal steering vector is given by

T
(5)
ar (θ) = 1, e−j2πdr sin(θ)/λ , · · · , e−j2πdr (Mr −1) sin(θ)/λ
Denote
x(n) = [x1 (n), x2 (n), · · · , xMr (n)]

(6)

as received signal vector. Combining (4) and (5), the expression (6)
becomes
x(n) = αa∗r (θ)aH
t (θ)s(n) + w(n)

(7)

where w(n) = [w1 (n), w2 (n) , · · · , wMr (n)] represents additive
Gaussian noise vector and * stands for conjunction operation. A =
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at (θ)aT
r (θ) be the two dimension transmitting-receiving steering
matrix. Combining (2) and (5), yields


1




..
−j2πdt (Mt −1) sin θ/λ
A = 
 1, · · · , e
.
e−j2πdr (Mr −1) sin θ/λ

1

..
= 
.
−j2πdr (Mr −1) sin θ/λ

e

· · · e−j2πdt (Mt −1) sin θ/λ
..
.
j −j2π{dr (Mr −1) sin θ+dt (Mt −1) sin θ}/λ

···e





(8)

Mr ×Mt

The received signal vector can be rewritten as
x(n) = αs(n)A + w(n)

(9)

The temporal matched ﬁlter output of receiver is
N
1 
Y=√
x(n)sH (n)
N n=1

(10)

√
√
where 1/ N s(n) is the matching signal vector. Here 1/ N is set
so that the energy of signal would remain constant before and after
matching operation.
Combining (9) and (10), we obtain
Y = αA + E
where E =

√1
N

N

(11)

sH w(n) is white noise matrix with Gauss

n=1

distribution. Here assume that there is no coherence between the
inference and transmitted signal.
3. BEAMFORMING
It follows from the expression (8) and (11) that the matched ﬁlter
output is composed of Mt Mr signals, the number of diﬀerent phase
centers of which is
M = Mr + β(Mt − 1)

(12)

It means that Mt Mr − M virtual overlap elements, as shown in Fig. 2.
In order to ensure an uniform linear array, let β ≤ Mr .
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Figure 2. Virtual array structure.
If the output matrix Y in (11) is jointed into a Mt Mr × 1 column
vector, then its steering vector is a(θ) = at (θ)⊗ar (θ), and the matched
weight vector of the beamformer is cmf (θ0 ) = at (θ0 ) ⊗ ar (θ0 ), where
⊗ indicates Kronecher product. This gives rise to the following beam
pattern
(θ0 )a(θ)
Pf ull (θ) = cH
mf
=
=

2


H
aH
t (θ0 ) ⊗ ar (θ0 ) [at (θ) ⊗ ar (θ)]

2
H
aH
t (θ0 )at (θ) ⊗ ar (θ0 )ar (θ)

= aH
t (θ0 )at (θ)

2

aH
r (θ0 )ar (θ)

2

2

(13)

The ﬁrst and second term of the above expression are transmitting
and receiving beam pattern respectively. This means that MIMO radar
has the same beam pattern as that of the phased-array radar. This kind
of MIMO using all virtual elements is called the full MIMO. In fact,
the overlap elements enhance signals at the corresponding location in
the process of beamforming. Note that the number of overlap elements
obeys triangle (β = 1) or ladder (β > 1) distribution along the array.
This is equivalent to add a length-M window to MIMO array. For
the phased-array radar, signal vectors contain a rectangular window
due to limited length of transmitting or receiving array. The two-way
beam (the receiving beam multiplied by transmitting one) leads to the
convolution of two rectangular windows, and also produces a length-M
window. Therefore, the beam pattern of the MIMO radar is identical
to the two-way beam pattern of phased-array radar.
Since a rectangular window has the narrowest beamwidth of all
kinds of windows, we may select elements with diﬀerent phase centers
to construct a length-M array. We call this kind of MIMO the partial
MIMO. The diﬀerence between the full MIMO and partial MIMO
depends on whether the overlap elements are utilized. The ﬁrst row
and last column of Y given by (11) involve all diﬀerent phase centers,
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and then is combined into an M ×1 column vector. Its steering vector
can be written as

T
(14)
apatial (θ) = 1, e−j2πdr sin(θ)/λ , · · · , e−j2πdr (M −1) sin(θ)/λ
and the matched weights cpartial (θ0 ) = apatial (θ0 ). Then the 3-dB
beamwidth is
λ
(15)
φpartial ≈ 0.88
dM
where dM = λ2 M is the array aperture with M elements.
If β = 1, Mr = Mt = N ,transmitting antennas spacing is λ/2,
then the number of diﬀerent phase centers is M = 2N − 1 according
to (12). So the MIMO beamwidth is
φpartial ≈ 0.88

λ
λ
≈ 0.44
λ
dN
(2N − 1) 2

(16)

According to the property of the triangle (Bartlett) window [18], the
two-way beamwidth of the phased-array is
φdual ≈ 0.64

λ
dN

(17)

where dN = λ2 P . Given β = 1, the beam pattern of the partial MIMO
is a little narrower by comparing (16) to (17).
When β > 1, generally transmitting beamwidth is narrower than
receiving one due to larger transmitting array aperture. In this
case, the two-way beamwidth depends mainly on the transmitting
beam, which is φdual ≈ 0.88λ/dMt . Since the beamwidth is inversely
proportional to the array aperture, the ratio of the MIMO beamwidth
to the two-way beamwidth of the phased-array radar can be computed
by
Υ=

φpartial
= βMt /[Mr + β(Mt − 1)]
φdual

(18)

where the expression (12) has been invoked. With β increasing, Υ → 1.
For β = Mr , Υ = 1 implies that the partial beamwidth is identical to
the two-way one. The array gives a rectangular window. We can also
get a rectangular window by setting the transmitting element spacing
half wavelength and the receiving element spacing Mt λ/2.
For β > 1, there are aliasing in angle in the phased-array radar due
to a sparsely sampled array. In this case, however, the partial MIMO
avoids aliasing in angle because of ignoring overlap elements, which is
attractive for distributed small satellite systems being researched.
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4. GAIN LOSS
The partial MIMO has a narrower beam than the full MIMO. A cost
on processing gain, however, has to be paid. The peak value of the
beam pattern for the partial MIMO is no longer 0 dB, called gain loss.
The gain loss is deﬁned as the ratio of the gain in SNR for the partial
MIMO to that for the full MIMO at the desired angle.
2

(θ
)a
(θ
)
L = |Ppartial (θ0 )|2 |Pf ull (θ0 )|2 = cH
|Pf ull (θ0 )|2
0
0
partial
patial

(19)
Substituting (14) into the above expression, yields
L = M/(Mt Mr )

(20)

Substituting (12) into the above expression, we get
L = [Mr + β(Mt − 1)]/(Mt Mr )

(21)

where the range of L is 0 ≤ L ≤ 1. For β = Mr , L = 1 implies no gain
loss. For β = 1, L = (Mr + Mt − 1)/(Mt Mr ) reaches the minimum.
5. RADAR DETECTION RANGE
The transmitter of MIMO radar can not form the transmitting
beam. Whereas, receiver can coherent a beam using phase shifts of
transmitting and receiving antennas. So MIMO radar can scan a
whole space and be diﬃcult to detect. This section compares them
on detection range. When radar scans a whole space, with respect to
the radar range equation, the maximum detection range satisﬁes [19]
RP4 hase =

Pav Ar ts σ
2
(4π) kTs Ls (S/N )min

(22)

where Pav is average transmitting power, Ar the eﬀective receiving
area, ts scanning time, σ RCS, k the Boltzmann constant, Ts thermal
temperature, Ls total loss, (S/N )min the minimum detectable SNR.
Since only M elements of Mt Mr virtual elements in MIMO radar
.
are utilized to coherent a beam, the eﬀective aperture areas is Ar MM
t Mr
The detection range of MIMO radar satisﬁes
4
RM
IM O =

M
Pav Ar ts σ
(4π)2 kTs Ls (S/N )min Mt Mr

(23)
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For the full MIMO, M = Mt Mr . From (22) and (23), we can ﬁnd
that the full MIMO has the same detecting range as the phased-array
radar. This implies that during the time it takes the phased-array
radar to scan the whole space, the full MIMO radar can accumulate
target energy to realize the same detection range.
For the partial MIMO, M = Mr + β(Mt − 1). Then applying to
(22) and (23), we get


R4


M IM O

=

Mr + β(Mt − 1)  4 
R P hase
Mt Mr

(24)

If β = 1, Mt = Mr = N , then MIMO radar has 
the detection range as
that of the phased-array radar multiplied by 4 2/N approximately.
Obviously, although the partial MIMO has a narrow mainlobe, its
detection range is smaller since not all virtual elements are utilized
to accumulate target energy. It should be noted that the above
comparison is based on the same scanning time for MIMO radar and
the phased-array radar.
6. SIMULATION RESULTS
In this section, we consider numerical examples that compare the
performances of the various systems. These examples also validate the
analysis conducted in the previous sections. Consider ten transmitting
antennas and ten receiving antennas, that is, Mr = Mt = 10. Table 1
gives the variation of array aperture with β increasing. Table 1 shows
that the larger spacing for transmitting antennas, the closer the array
aperture of MIMO radar becomes to that of the phased-array radar.
Figure 3 plots the beam patterns of the full, the partial MIMO and
the phased-array radar for β = 1. From Fig. 3, we can see that the full
MIMO beam pattern is identical to the two-way one with −26 dB peak
sidelobe level. However, the partial MIMO has narrower mainlobe, but
with about 7.2 dB gain loss and sidelobes with −13 dB level relative to
the mainlobe peak value.
Table 1. Array apertures for deferent β.
β

1

2

3

4

5

6

7

8

9

10

Phased-array

10

20

30

40

50

60

70

80

90

100

MIMO radar

19

28

37

46

55

64

73

82

91

100

Figure 4 gives a comparison of the beam patterns of various
systems for β = 6. In Fig. 4, there are ambiguities in angle for
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the full MIMO radar or the two-way beam pattern of phased-array
radar. These ambiguities result from sparse transmitting antennas.
The partial MIMO radar avoids grating lobes and has the nearly same
main lobe as the two-way one. However, we also can see that there is
0

Beampattern in dB

Phased array
Full MIMO
Partial MIMO

0
20
Angle in degrees

40

60

80

Figure 3. Beam patterns for various systems for β = 1.

Figure 4. Beam pattern for various systems for β = 6.
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about 2 dB gain loss for the partial MIMO radar.
Simulations show that the partial MIMO obtain a relatively
narrow beamwidth at the cost of a relatively large gain loss and high
sidelobe level.
7. CONCLUSIONS
In this paper, performances have been discussed for MIMO radar on
beamforming, gain loss and detection range. MIMO radar can steer
a narrow beam utilizing multiple antennas of the transmitter and the
receiver. The beam pattern of the full MIMO is identical to that of the
phased-array radar. However, the partial MIMO radar has narrower
beamwidth with a gain loss and sidelobes with about −13 dB level. For
the sparse transmitting array, the partial MIMO can avoid aliasing in
space. As scanning radar, the full MIMO radar has the same detection
range as phased-array radar, and the partial MIMO radar has smaller
detection range. It should be pointed out that both the full and
partial MIMO radars are capable of increasing the adaptive degrees of
freedom, which can improve the clutter rejection for airborne radars.
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