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Abstract—An axicon, which images a point source into a line along
the optic axis, is used widely to generate an approximation to a Bessel
beam. More recently many novel axicons, such as Fresnel axicons,
Fractal axicons and fractal conical lenses (FCLs), have been proposed.
Understanding the properties of Bessel beams generated by these
axicons is very helpful to research their applications. However, in
optical region, all of them are calculated approximately by the scalar
theory. To accurately analyze FCLs when illuminated by a plane
wave at millimeter wavelengths, the rigorous electromagnetic analysis
method, which combines a two-dimension ﬁnite-diﬀerence time-domain
(2-D FDTD) method and Stratton-Chu formulas, is adopted in our
paper. By using this method, the properties of approximate Bessel
beams generated by FCLs are analyzed and the conclusions are given.

1. INTRODUCTION
The term of Bessel beam, a family of non-diﬀracting beams, was
introduced ﬁrstly by Durnin and co-workers in 1987 [1, 2]. A true
Bessel beam is non-diﬀractive. This means that as it propagates, it
does not diﬀract and spread out. It thus possesses many attractive
properties, such as long depth of ﬁeld and extremely narrow intensity
proﬁle. These properties together make Bessel beams extremely useful
in many applications. In optics they could have potential applications,
such as optical alignment, optical interconnection, and promotion of
free electron laser gain [3], and they may be useful in measurement,
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communications and imaging applications [4, 5] at mm- and sub mmwavelengths. An ideal Bessel beam cannot be created, as it is
unbounded and therefore requires an inﬁnite amount of energy [6].
However, reasonably good approximations can be made. Currently,
numerous approaches for generating Bessel beams have been proposed,
such as axicons [4], computer-generated holograms (CGH’s) [7, 8] and
diﬀractive optical elements (DOE’s) [9], among which the simplest and
easiest realization scheme is using axicons. Accordingly, much interest
has been provoked in design and analysis of axicons [10], and the
number of axicon applications has also increased signiﬁcantly in the
last few years [11]. More recently many novel types of axicons, such
as Fresnel axicons [12], Fractal axicons [13] and fractal conical lenses
(FCLs) [14], have been proposed and investigated in optics. Moreover,
these elements can also be used in quasi-optical or millimeter wave
systems. Understanding the properties of Bessel beams generated by
these axicons is very helpful to research their applications. However,
all of these axicons are analyzed approximately by the scalar theory
in optics. At our interesting bands, i.e., millimeter wave bands, it is
known that the scalar-based analysis method is usually not suitable for
calculating the electromagnetic ﬁelds diﬀracted by them. Therefore,
the rigorous electromagnetic analysis method is necessary to analyze
them accurately and credibly. We have already analyzed lots of lenses
rigorously [15–19]. In this paper, we will analyze only FCLs when
illuminated by a plane wave at millimeter wavelengths, owing to their
unfamiliarities and novelties. Of course, other types of axicons can
also be analyzed by the same way. However, the analysis method
adopted in this paper is diﬀerent from those presented in [15–19], that
is, a two-dimension ﬁnite-diﬀerence time-domain (2-D FDTD) method
in conjunction with Stratton-Chu formulas. The analysis results and
conclusions are given in the end.
The present paper is organized as follows. The technique for
generating FCLs is introduced in Section 2. Rigorous electromagnetic
analysis method is described in Section 3. The numerical results and
analyses are presented in Section 4. A brief summary is given in the
last Section 5.
2. CANTOR-LIKE FRACTAL CONICAL LENSES (FCLS)
A fractal is generally a rough or fragmented geometric shape that
can be split into parts, each of which is (at least approximately) a
reduced-size copy of the whole [20], a property called self-similarity. A
relatively simple example of such fractal is given by the Cantor set,
which is introduced by German mathematician Georg Cantor in 1883
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and deﬁned as a set of points lying on a single line segment. The Cantor
ternary set is the most common modern construction, and is created
by repeatedly deleting the open middle thirds of a set of line segments,
as shown in the upper part of Fig. 1(a). One starts by deleting the
open middle third (1/3, 2/3) from the interval [0, 1], leaving two line
segments: [0, 1/3] ∪ [2/3, 1]. Next, the open middle third of each
of these remaining segments is deleted, leaving four line segments:
[0, 1/9] ∪ [2/9, 3/9] ∪ [6/9, 7/9] ∪ [8/9, 1]. Continuing this process, at
step S, there are 2S segments of length 3−S with 2S − 1 disjoint gaps
located at the intervals [pS,J , qS,J ], with J = 1, 2, . . . , 2S − 1. For
instance, at step S = 2, the Cantor ternary set has three gaps at
[1/9, 2/9], [3/9, 6/9] and [7/9, 8/9]. In Fig. 1(a), only the ﬁrst three
steps of this process are illustrated for clarity.
The Cantor function, FS (x), based on the Cantor ternary set, is
deﬁned in the interval [0, 1] as [14]
 J

if pS,J ≤ x ≤ qS,J
 S
2
FS (x) =
1 x − qS,J
J


+ S if qS,J ≤ x ≤ pS,J+1
S
2 pS,J − qS,J
2
with J = 1, 2, . . . , 2S − 1. The Cantor function F3 (x) is illustrated in
the lower part of Fig. 1(a).
A FCL is deﬁned as a rotationally symmetric lens that is generated
from the Cantor ternary set to a level of growth [13, 14]. The proﬁle
of FCL is matched to Cantor function FS (x) at a given step, S, as
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Figure 1. The upper part shows the Cantor ternary set for step S = 0,
1, 2, and 3, and the Cantor function F3 (x) is illustrated in the lower
part. (b) The proﬁles of FCLs at step S = 0, 1, 2, and 3, respectively.
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shown in Fig. 1(b). Note that in order to keep a constant value
of the open angles ϕ, at diﬀerent steps S, the height of the FCL is
hS = (2/3)S h0 , where h0 is the height of a FCL at S = 0 corresponding
to the conventional conical lens (CL).

Figure 2. Schematic diagram of 2-D FDTD computational model.
3. RIGOROUS ELECTROMAGNETIC ANALYSIS
METHOD
The FDTD method [21] has been demonstrated as a powerful and
eﬃcient technique for calculating the electromagnetic behavior of a
structure throughout decades [22, 23]. So, it has been used extensively
in many areas of electromagnetics [24–28]. Because of rotational
symmetry of a FCL, thus, the 2-D FDTD method can be employed to
compute the electromagnetic ﬁelds diﬀracted by the FCL in the near
region. The computational model of the 2-D FDTD method is shown
schematically in Fig. 2, in which the FCL, with the open angle ϕ and
aperture diameter D, is totally embedded into the FDTD grid and used
to convert an incident plane wave into an approximate Bessel beam. To
excite the entire FDTD grid, a total-scattered ﬁeld approach is applied
to introduce a normally incident plane wave. The computational region
of the 2-D FDTD method is truncated by using PML [29] absorbing
boundary conditions (ABCs) in the near region, owing to the limitation
of computational time and memory. Because of its excellent absorbing
characteristic, the thickness of the PML is only a few meshes, which can
greatly save the required memory and decrease computational time.
Therefore, in order to accurately evaluate electromagnetic ﬁelds in the
far region, Stratton-Chu integral formulas are applied and given by [30]
 

jωµ n × H r  G0 r, r 
E (r) =
L


− n×E r


×∇ G0 r, r  − n · E r 

∇ G0 r, r 

dL
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×∇ G0 r, r 

L


+ n·H r

∇ G0 r, r 

dL

(1)

where r = (ρ, z) and r  = (ρ , z  ) denote an arbitrary observation
point in the far region and an source point on the output boundary
of the 2-D FDTD model, respectively; unit vector n is the outer
normal of the closed curve, L, of the output boundary; G0 (r, r  ) =
(2)
− 4i H0 (k |r − r  |), is the 2-D scalar Green’s function in free space and
k is the wave number; ω is the angular frequency; ε and µ are the
permittivity and permeability, respectively.
First, the ﬁelds, E (r  ) and H (r  ), on the output boundary are
obtained by 2D-FDTD method. Then, these ﬁelds can be considered as
secondary sources and substituted into Eq. (1) to obtain ﬁelds, E (r )
and H (r ), at arbitrary observation point in the far region. Note that
the integral herein is over the closed curve, L, of the output boundary.
4. NUMERICAL RESULTS AND ANALYSES
4.1. The Properties of Bessel Beams Generated by FCLs at
Diﬀerent Steps
To investigate the properties of Bessel beams generated by FCLs at
diﬀerent steps when illuminated by a plane wave of unit amplitude,
Fig. 3 displays the axial intensity distributions and corresponding
transverse patterns at zmax planes for step S = 0, 1, 2 and 3,
respectively. Note that on the left side of Fig. 3, as well as in Fig. 4
and Fig. 5, the z-axis is marked using logarithmic graduation for clarity
in the near region. The parameters used in Fig. 3 are as follows: an
incident wavelength is λ = 3 mm, the open angle is ϕ = 10◦ , and
the diameter is D = 24λ, the refractive indexes of the axicon and
the air are n1 = 1.4491 (Teﬂon) and n0 = 1.0, respectively. From
the left side of Fig. 3, we can see apparently that the oscillation
amplitudes of all these curves increase slowly, and reach their respective
maximum value then decrease sharply, as the propagation distance z
increases. The maximum values of on-axis intensities in Fig. 3(a),
Fig. 3(c), Fig. 3(e) and Fig. 3(g) are 6.6172, 3.4386, 6.4523 and 7.6588,
respectively; and they are located at z = 60.14λ, 150.75λ, 165.53λ and
175.86λ, respectively. Therefore, the larger the step S is, the farther
is the propagation distance z. Moreover, the larger the step S is, the
higher is the average value of axial intensity, except the step S = 0 in
which it reaches the maximum. This is interpreted as the increasing
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(a) the maximum axial intensity is 6.6172 located at z =60.14λ.

(b)

(c) the maximum axial intensity is 3.4386 located at z =150.75λ.

(d)

(e) the maximum axial intensity is 6.4523 located at z=165.53λ.

(f)

(g) the maximum axial intensity is 7.6588 located at z =175.86λ.

(h)

Figure 3. The axial intensity distributions and transverse patterns for
step S = 0, 1, 2, and 3, respectively. The axial intensity distributions
are illustrated on the left side and corresponding transverse patterns at
zmax planes are shown on the right side. Note that on the left side the
z-axis is marked using logarithmic graduation for clarity in the near
region.
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Figure 4. The inﬂuence of aperture diameters D on axial intensities,
curves a, b and c corresponding to D = 12, 16, 20λ, respectively. The
maximum intensities of curves a, b and c are 7.6133, 6.4328, 4.9013,
respectively, and their locations at z-axis are 43.64λ, 74.64λ, 110.86λ,
respectively.

Figure 5. The inﬂuence of open angles ϕ on axial intensities,
curves a, b and c corresponding to ϕ = 7, 9, 10◦ , respectively. The
maximum values of curves a, b and c are 5.9949, 4.4189 and 3.4386,
respectively, whose locations at z-axis are 164.92λ, 158.08λ and
150.75λ, respectively.
convergence while the step S increase, but except the step S = 0 in
which the FCL has the largest convergence performance and therefore
has the highest average value of axial intensity. It is also found that
the farther the propagation distance z is, the lower is the oscillation
frequency.
In order to study the properties of the transverse patterns, we
typically present them only at zmax planes on the right side of Fig. 3.

112

Yu and Dou

Side bars illustrate the relative magnitudes. It is indicated that all of
FCLs illuminated by a plane wave can generate Bessel beams which
are only the approximations to the ideal. In addition, it can be seen
clearly that the larger the step S is, the larger the diameter of central
spot becomes.
4.2. The Inﬂuence of Aperture Diameters D on Axial
Intensities
To further research the characteristics of FCLs, in this Subsection 4.2
and next Subsection 4.3, the studies of the properties of Bessel beams
produced by FCLs with diﬀerent aperture diameters and open angles
are made respectively. The inﬂuence of aperture diameters D on axial
intensities are investigated under the conditions of step S = 1 and
the open angle ϕ = 10◦ . The axial intensities along the z-axis are
displayed in Fig. 4, when the FCLs, with D = 12, 16, 20λ, respectively,
are illuminated by a plane wave of unit amplitude. The curves a, b
and c in Fig. 4 correspond to the aperture diameters D = 12, 16, 20λ,
respectively. The maximum intensities of curves a, b and c are 7.6133,
6.4328, 4.9013, respectively, and their locations at z-axis are 43.64λ,
74.64λ, 110.86λ, respectively. Thus, under the conditions of ﬁxed step
S and open angle ϕ, a conclusion, that the larger the aperture diameter
is, the farther is the propagation distance z, and the smaller is the
oscillation amplitude, can be easily reached from Fig. 4.
4.3. The Inﬂuence of Open Angles ϕ on Axial Intensities
Assuming that step S = 1 and D = 24λ, we examine the inﬂuence of
open angles ϕ on axial intensities. When the FCLs, with ϕ = 7, 9, 10◦ ,
respectively, are illuminated by a plane wave of unit amplitude, the
axial intensities of them are illustrated in Fig. 5, where the curves
a, b and c correspond to the open angles ϕ = 7, 9, 10◦ , respectively.
The change tendencies of three curves in Fig. 5 are similar to those in
Fig. 4. The maximum values of curves a, b and c are 5.9949, 4.4189
and 3.4386, respectively, whose locations at z-axis are 164.92λ, 158.08λ
and 150.75λ, respectively. Therefore, a conclusion can be easily draw
from Fig. 5 that when the step S and diameter D of FCLs is ﬁxed, the
smaller the open angle ϕ is, the farther is the propagation distance z,
and the larger is the oscillation amplitude.
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5. SUMMARY
The rigorous electromagnetic analysis method, which combines a 2D FDTD method and Stratton-Chu formulas, has been employed to
accurately analyze the FCLs illuminated by a plane wave. Results show
that not only the axial but also the transverse intensity distributions
depend on the step S of growth. The diﬀerent step S corresponds to
diﬀerent convergence performance, and therefore there are diﬀerent
axial and transverse intensity distributions. In addition, at a ﬁxed
step S, the on-axis intensity distributions are depended on the diameter
and open angle of the FCLs. These results give us an indication that
the desired Bessel beam at millimeter wavelengths can be acquired by
selecting the diameter and open angle of a FCL with suitable step S.
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