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Abstract—Scattering from a two-dimensional (2-D) perfectly electrically conducting (PEC) cylinder partially embedded in a random dielectric rough surface interface is studied using the method of moments
(MoM) with pulse basis functions and the point matching technique,
for the case of horizontal polarization. The random rough surface is
modeled using Gaussian statistical characteristic for the rough surface
height and surface correlation function, and generated by the spectralmethod. The tapered plane-wave incidence is used to avoid artiﬁcial
edge diﬀraction due to the truncation of the rough surface into ﬁnitelength rough surface in the numerical simulations. With the developed
algorithms, the interactions between the dielectric rough surface and
the partially buried PEC cylinder are investigated using the Monte
Carlo simulation, and are expressed as a function of the root mean
square (rms) height of a random dielectric rough surface and the moisture content of the soil. The numerical results show that the bistatic
scattering coeﬃcients are dependent upon the moisture content, the
rms height of a rough surface, and other parameters.
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1. INTRODUCTION
Electromagnetic scattering by objects located entirely above or below
a rough surface has been extensively studied using analytical and
numerical methods, primarily due to its wide applications in microwave
remote sensing and radar signature. However, many realistic scattering
applications involve targets located in complicated environments,
for instance, partially embedded in a semi-inﬁnite dielectric ground
plane. Accurately characterizing the interactions between the dielectric
surface and the partially buried targets is especially an important
objective for the analysis of the electromagnetic wave scattering from
a ship on ocean where the statistic property of the scattering cross
section is necessary and should be thus studied. The interface of the
semi-inﬁnite dielectric ground plane is usually assumed to be a planar
interface, so as to simplify mathematically the problem of interest.
As compared to those modeled assuming a planar surface, however,
the surface roughness of the ground interface could signiﬁcantly aﬀect
the target’s scattering properties, particularly when the roughness is
larger than a fraction of the electromagnetic wavelength. Thus, more
accurate modeling of the aforementioned complicated but practical
environment is required, taking into account the eﬀects of the
rough surface interface on the object’s scattering property. This thus
motivates the present paper and forms the primary objective to be
achieved.
Electromagnetic scattering by three-dimensional (3-D) objects
located above a dielectric rough surface with a small roughness
limit has been investigated using an analytical method [1–3]. The
analytical algorithm has also been applied to solve the problem of
scattering by 2-D dielectric circular cylinder under beneath a slightly
rough surface [4]. The advantage of the analytical method is the
computational simplicity. The results obtained can be used to serve as
benchmarks for numerical algorithms. The scattering mechanisms and
physical signiﬁcance can also be easily understood from the analytical
solutions. The disadvantage of the analytical method is its applicability
limited to canonical geometries, and to a small rms rough surface
height. Therefore, a numerical method has to be used to characterize
the electromagnetic scattering from general targets located above or
below a dielectric rough surface. The scattering by a 2-D dielectric
circular cylinder buried below a sinusoidal interface has been discussed
in [5] and [6] using an integral equation with the extended boundary
condition method. The MoM with pulse basis functions and the
point matching technique have been proposed to evaluate the wave
scattering by a 2-D PEC circular cylinder located above or below
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a random dielectric rough surface for TE (horizontal polarization)
[8] and TM (vertical polarization) [9, 28] cases. For a 3-D PEC
spherical scatterer under a 2-D random dielectric rough surface, the
problem has been solved using the MoM based on surface integral
equations [10]. The MoM and modiﬁed PO hybrid method has been
used to analysis of scattering from 3-D PEC object buried under
rough surface [29]. To accelerate the solution to the electromagnetic
scattering by a 3-D dielectric/PEC object located above or below a 2-D
dielectric rough surface, the coupled canonical grid and discrete dipole
approach (DDA) [11] and the steepest descent fast multipole method
(SDFMM) [12] have been carried out. In addition, time-domain
algorithm such as the ﬁnite-diﬀerence time-domain (FDTD) technique
has also been employed to analyze the electromagnetic scattering by a
2-D metallic cylinder under a random dielectric rough surface [7].
Scattering from a 2-D (or 3-D) scatterer partially embedded in
a planar semi-inﬁnite PEC ground plane has also been studied by
other researchers. The image method has been used to solve this
problem, under plane wave illumination in the 2-D [13, 14] and 3D [15] cases. The MoM [16] and the ﬁnite-diﬀerence method [17]
have also been applied to analyze the electromagnetic scattering
by a 2-D PEC cylinder partially buried at ﬂat dielectric interface.
The generalized forward-backward (GFB) method has been employed
to analyze scattering by 2-D objects on ocean-like rough surface
to obtain accurate results and a fast convergence in an iterative
procedure [18, 19], where both targets and rough surface are assumed
to be metallic.
However, the electromagnetic scattering of objects partially
embedded in a random dielectric rough surface interface is neither
well studied nor documented in literature, to our knowledge. We
investigate the electromagnetic scattering by a 2-D metallic cylinder
partially buried in a dielectric rough surface interface in the TM case
[20]. Recently, a hybrid approach of the forward-backward method
(FBM) with spectral accelerate algorithm (SAA) and Monte Carlo
method has been developed for analysis of scattering from rough
dielectric soil surface with a conducting object partially buried [30].
In this paper, the algorithm proposed in [20] is extended to deal with
the electromagnetic scattering of PEC cylinder partially embedded in
dielectric rough surface, for the case of horizontal polarization (TE
case). The present paper is distinct from [20] in that: (1) the diﬀerent
polarization (horizontal polarization) is considered in the present work,
(2) the formulas are described in detail as compared to [20, 30], and (3)
more examples are considered and more detailed explanations of the
observed phenomena are presented. It should be noted that various
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terminologies are used literature to deﬁne the polarization. Here, Hpolarization (or TE case) is used, as deﬁned in the same coordinates
in [25, pp. 115], for the Dirichlet boundary condition in the area of
remote sensing.
This paper is organized as follows. Detailed derivation of the
integral equations on the basis of the boundary condition and the
resultant matrix equations are described in Section 2. The numerical
results based on the Monte Carlo simulations are presented in Section 3
as a function of the surface roughness, the moisture content of the soil,
and objects location. The properties of bistatic scattering coeﬃcients
for the 2-D PEC cylinder partially embedded in a random dielectric
rough surface interface are also discussed in the section. Finally,
conclusions and remarks are given in Section 4.
2. PROBLEM FORMULATION
2.1. The Random Rough Surface Generation
The spectral method proposed in [21] is applied to generate the random
rough surface geometry with the Gaussian statistic characteristic for
the rough surface height and surface correlation function. This kind of
statistical rough surface modeling is often used elsewhere in literature
for computation of electromagnetic wave scattered by a random rough
surface. To analyze the interaction between dielectric random rough
surface and PEC targets partially buried in a rough surface, truncation
of the rough surface into ﬁnite-length rough surface is required from the
numerical approach point of view. In order to reduce the artiﬁcial end
eﬀects introduced by the ﬁnite-length rough surface, the tapered plane
wave illumination is assumed. So, bistatic scattering coeﬃcients can
be computed using the MoM, based on a large number of realizations
of the Monte Carlo trials.
2.2. Integral Equations: Horizontal Polarization
Figure 1 shows the conﬁguration for the wave scattering by a 2-D PEC
cylinder partially embedded in a dielectric rough surface interface. The
upper half-space and the lower half-space of the random rough surface
are denoted as region 0 and region 1, respectively, and characterized by
(μ0 , ε0 ) and (μ1 , ε1 ), correspondingly; with ε1 = εr ε0 . Eyinc denoting
the incident electric ﬁeld. Ey0 (r) and Ey1 (r) represent the scattered
electric ﬁelds in region 0 and transmitted electric ﬁeld region 1,
respectively.
As mentioned above and described in [20], to avoid the artiﬁcial
edge diﬀraction, the incident ﬁeld used is the tapered plane wave,
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instead of plane wave. The tapered plane wave is introduced in [21]
and it satisﬁes the Maxwell’s equations in an approximate sense.
Considering a one-dimensional (1-D) random rough surface described
by z = Z(x) with a Gaussian correlation function, the tapered plane
wave incident on the 1-D random rough surface can be expressed as
follows


Eyinc (r) = exp[ik0 (x sin θi −z cos θi )(1+w(r))]×exp −(x+z tan θi )2 /g2
(1)
where w(r) = [2(x + z tan θi )2 /g2 − 1]/(k0 g cos θi )2 . The time dependence exp(−iωt) is assumed and suppressed. The incident angle θi is
deﬁned with respect to the normal in the counterclockwise direction
and g is the tapering parameter with a length controlling the tapering
of the incident wave. The g is usually chosen to be a value between L/4
to L/10, depending on the incident angle for the case of ﬁnite-length
rough surface scattering. The L is the rough surface length. The presence of w(r) in (1) ensures that Eyinc satisﬁes the wave equation to the
order of 1/(k0 g cos θi )2 , where k0 g cos θi  1 [21]. Thus, care should
be taken when using Eyinc for problems with low grazing angle (LGA)
of incidence.
The electric ﬁelds on the dielectric rough surface and the 2-D
PEC cylinder’s surface satisfy the boundary conditions in region 0 and
z
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Figure 1. Geometry of the scattering problem.
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region 1 as follows,
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where Sr , So1 and So2 stand for the rough surface, the PEC cylinder’s
surfaces in the upper region 0 and the lower region 1, respectively.
G0 (r, r ) and G1 (r, r ) are the Green’s functions
√ in region 0 and region 1
as given in [20], respectively. k0 and k1 = ω μ1 ε1 are the wavenumber
in the upper region 0 and the lower region 1, respectively. For r ∈ Sr ,
the electric ﬁelds Ey0 (r) and Ey1 (r) on the dielectric rough surface
satisfy the following boundary conditions
Ey0 (r)|r∈Sr = Ey1 (r)|r∈Sr


1 ∂Ey1 (r) 
Ey0 (r) 
=
∂n r∈Sr
ρ
∂n r∈Sr

(6)
(7)

where ρ = μ1 /μ0 . The normal derivative of the 2-D Green’s function
can be found in [20]. The diﬀerence between integral equations for the
TE case considered here and the TM case in [20] is the components
representing the scattered ﬁeld from partially buried target. Please
note that expression of coeﬃcient ρ appeared in Eq. (7) is also diﬀerent
from that in Eq. (4) of [20]. The integral equations in (2)–(5) are
converted into matrix equations by using the MoM with pulse basis
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functions and the point matching technique, with discretization on the
dielectric rough surface Sr and the PEC cylinder’s surface So (including
both the So1 and the So2 ). The resultant matrix equations are given
as
⎤ ⎡ inc ⎤
⎡
⎤⎡
Ey
A
B
C 0
V1
0 ⎥
⎢ D −ρE 0 F ⎥ ⎢ V2 ⎥ ⎢
⎥
(8)
=⎢
⎦
⎣ G
⎦
⎣
inc ⎦
⎣
V3
H
I 0
Eyo1
V4
J −ρK 0 L
0
where V1 (x) = Ey0 (r )|r∈Sr , V2 (x) = ∂Ey0 /∂n|x∈Sr , V3 (x) = Ey0 |x∈So1 ,
and V4 (x) = Ey0 |x∈So2 . Eyinc denotes the incident electric ﬁeld on the
inc represents the incident electric ﬁeld on
rough surface Sr , while Eyo1
the upper PEC cylinder’s surface So1 in region 0. Formulas for the
elements A, B, D and E of the block impedance matrix are the same
as those appearing in [20]. The other block impedance matrices are
given by,
(1)

Cmq = γo1q Δx(i/4)H0 (k0 |rm − ro1q |)
(1)

Fmv = −γo2v Δx(i/4)H0 (k1 |rm − ro2v |)
Gpn =
Hpn =
Ipq =
Jun =
Kun =
Quv =

(1)
−γn Δx (ik0 /4) (n̂ · R1 ) H1 (k0 |ro1p − rn |)
(1)
γn Δx(i/4)H0 (k0 |ro1p − rn |)

(1)
γo1q Δx(i/4)H0 (k0 |ro1p − ro1q |) , p = q
(1)
γo1q Δx(i/4)H0 [k0 Δxγo1q /(2e)] , p = q
(1)
γn Δx (ik1 /4) (n̂ · R2 ) H1 (k1 |ro2u − rn |)
(1)
γn Δx(i/4)H0 (k1 |ro2u − rn |)

(1)
γo2v Δx(i/4)H0 (k1 |ro2u − ro2v |), u = v
(1)
γo2v Δx(i/4)H0 [k1 Δxγo2v /(2e)], u = v

(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)

where n̂ is normal vector of surface considered, R1 = (ro1p −
2.71828138, γn =
r
n )/|ro1p −rn |, R2 = (r
o2v − rn )/|ro2v − rn |, e = 

 (x

2
2
2
1 + [Z (xn )] , γo1p = 1 + [Zo1 (xo1p )] , γo2v = 1 + [Zo2
o2v )] ,

and {rm , rn } ∈ Sr , {ro1q , ro1p } ∈ So1 , {ro2u , ro2v } ∈ So2 . Z (xn ) is
the ﬁrst-order derivatives of the rough surface height proﬁle function
 (x

Z(xn ). Zo1p
o1p ) and Zo2v (xo2v ) are the ﬁrst-order derivative of the
cylinder’s surface proﬁle function located on So1 and So2 , respectively.
The far-zone scattered ﬁeld in the upper region 0 can be
calculated once the matrix equation in (8) is solved. The normalized
bistatic scattering coeﬃcient is given as follows for the tapered wave
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incidence [22]:

2

σ(θs ) = |Eys (θs , θi )|

g




π/2 cos θi

1 + 2 tan2 θi
1− 2 2
2k0 g cos2 θi


(17)

where



−iπ/4
·
[−i(n̂ · ks )V1 (x) − V2 (x)]
Eys (θs , θi ) = (i/4) 2/(πk0 )e
sr

exp(−iks · r) 1 + [Z  (x)]2 dx




2
V3 (x) exp(−iks · r) 1 + [Zo1 (x)] dx ,
(18)
−
so1

with ks = k0 (sin θs x̂ + cos θs ẑ). The scattering angle θs is deﬁned
with respect to the normal in the clockwise direction. The scattering
coeﬃcient in (17) is the total scattering cross section, accounting for
both the coherent and incoherent scattering energies.
3. NUMERICAL RESULTS
3.1. Validation
Validation of the proposed method is examined by comparison with the
published data [23]. Figure 2 shows bistatic scattering coeﬃcient of a
2-D PEC cylinder of radius 1.2732λ situated on a planar ground plane
under the tapered plane wave incidence. The tapering parameter g is
selected as L/4, and length of the ﬂat surface is L = 40λ. The number
of discretisations on the ground surface and metallic cylinder’s surface
are N = 512 and N0 = 240, respectively. The incident and scattering
angles are θi = 0◦ and θs = −90◦ ∼ 90◦ . In reference [23], the
problem is solved using the extinction theorem, and conducting ground
planar is assumed. In our case, a dielectric substrate with high relative
permittivity εr = (1, 500) is assumed to represent a highly reﬂective
surface. Two results are in good agreement as observed in Figure 2.
The central peak is due to the reﬂection of the tapered incident wave
by the ﬂat surface.
3.2. Eﬀect of the RMS Height of Random Rough Surface
Figure 3 shows the bistatic scattering coeﬃcient of PEC cylinder
partially embedded in a dielectric ﬂat surface and a random dielectric
rough surface respectively. The dielectric rough surface is characterized
by a small rms height h = 0.005λ and l = 0.35λ. The metallic cylinder
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Figure 2. Bistatic scattering coeﬃcient of a PEC cylinder located on
a planar ground plane.
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Figure 3. Bistatic scattering coeﬃcient of a PEC cylinder partially
embedded in the dielectric planar surface and the dielectric rough
surface interface with small rms height, where “PS” denotes the planar
surface case while “RS” represents the rough surface case.
of radius 1.0λ is located at (xc , zc ) = (0.0, 0.0). The length of the
rough surface and tapering parameter are chosen as L = 40λ and
g = L/4, respectively. The region 1 is assumed as a nonmagnetic
medium, μ1 = μ0 . The numbers of discretization on the rough
surface and the PEC cylinder’s surface are N = 512 and N0 = 240,
respectively. The operating frequency is 1.2 GHz. The incident and
scattering angles are θi = 20◦ , θs = −90◦ ∼ 90◦ . To obtain the
average bistatic scattering coeﬃcient σ(θs ) for the rough surface
case, samples of 500 independent random rough surface realizations are
used in the Monte Carlo simulation. The number of 500 independent
rough surfaces chosen is able to guarantee the convergence of the
bistatic scattering evaluated for the cases considered here [25]. The
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above-mentioned parameters are used in the following examples unless
speciﬁed otherwise.
It can be seen in Figure 3 that bistatic scattering pattern for the
small rms height h = 0.005λ and l = 0.35λ is almost identical to that
for the planar surface case. The similar phenomenon is observed for
the cases of diﬀerent relative dielectric constants in the lower region
1. The observed specular peak is due to its coherent wave scattering
by a random rough surface with a small rms height and ﬂat surface,
respectively. More detailed explanation about this phenomenon is
given in the following paragraph. The conclusion drawn from Figure 3
is that the scattering coeﬃcients of partially buried PEC cylinder
are not signiﬁcantly aﬀected by the rough surface with small rms
height as compared to the ﬂat surface case. Thus, it is reasonable
to assume random rough surface as a planar surface to analysis of the
electromagnetic scattering problem at VHF/UHF band. The reason
is that the roughness of rough surface is less than fraction of the
electromagnetic wavelength at the VHF/UHF region.
Figures 4(a) and 4(b) show the bistatic scattering coeﬃcients for
partially buried PEC cylinder with diﬀerent sizes. A Gaussian random
dielectric rough surface is characterized by assuming: (1) h = 0.1λ,
l = 0.5λ, and (2) h = 0.25λ, l = 0.5λ, respectively. The central
position of PEC cylinder is at (xc , zc ) = (0.0, 0.0). The incident
angle is θi = 20◦ . A sharp specular peak at θs = 20◦ is observed
in the forward direction, which is due to the coherent wave scattering
from a random rough surface with a small rms height in case (1).
The ﬁnite angular width of forward specular peak is due to the ﬁnite
length of the surface. The coherent specular peak becomes smaller as
0
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Figure 4. Bistatic scattering coeﬃcient of a PEC cylinder partially
embedded in the dielectric rough surface interface with diﬀerent rms
heights and diﬀerent sizes of PEC cylinder.
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Figure 5. Bistatic scattering coeﬃcient of a PEC cylinder partially
embedded in PEC rough surface interface and the dielectric rough
surface with high relative permittivity.
the rms height increases in the case (2). The reason is that the total
scattering coeﬃcient can be decomposed into two parts, the incoherent
and the coherent components, σT = σincoh + Rcoh · σf s [21]. σincoh
is the inﬁnite length rough surface incoherent scattering coeﬃcient,
Rcoh is the coherent intensity reﬂection coeﬃcient in the Kirchhoﬀ
2
approximation given by Rcoh = e−[k0 h(cosi + coss )] , and σf s is the ﬁnite
length ﬂat surface scattering coeﬃcient. The cross section σf s can be
evaluated numerically, this factor provides a ﬁnite angular width for the
coherent component. The coherent scattered wave only exists in the
specular directions for an inﬁnite rough surface [26]. As the rms height
increases, the coherent component diminishes exponentially. This is
because the scattered ﬁelds from diﬀerent parts of the rough surface
have a large variance in phase ﬂuctuation. The width of the specular
peak was studied with measurements data in [27].
The contribution of scattering by metallic targets to the total
scattered ﬁeld becomes larger as the size of PEC cylinder increased.
Bistatic scattering coeﬃcients for the horizontal polarization have more
peaks as a function of the scattered angle for a large size of PEC
cylinder as compared to those in the vertical polarization case [20]. The
phenomenon is also observed in the case of metallic cylinder situated
on the ground plane, as shown in Figure 2.
3.3. Eﬀect of Water Content in the Soil
Analyzing of the electromagnetic scattering by the composite surface,
such as a ship on the ocean surface, is a very important issue in
the area of microwave remote sensing. To reduce the computational
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Figure 6. Bistatic scattering coeﬃcient of a PEC cylinder partially
embedded in the dielectric rough surface interface with diﬀerent
permittivities and diﬀerent rms height of a rough surface.
complexity of the problem to be solved using the MoM, both the
partially buried ship and the ocean like rough surface are usually
assumed as to be metallic to decrease the number of unknowns. For
the case of PEC targets partially embedded in a semi-inﬁnite dielectric
rough surface ground, the eﬀect of water content of the soil on the
scattering coeﬃcients is required to be further investigated.
Figure 5 shows bistatic scattering coeﬃcients of the PEC cylinder
of radius 1.0λ partially buried in a metallic rough surface and a
dielectric rough surface, respectively. A high relative permittivity εr =
(80, 71) in the lower region 1 is chosen for the case of dielectric rough
surface, which is used to approximate the relative dielectric constant of
sea at 1.2 GHz. The metallic cylinder is located at (xc , zc ) = (0.0, 0.0).
Other parameters are shown in Figure 5. The incident is θi = 20◦ . It
can be seen that the scattering characteristic of PEC cylinder partially
buried in a metallic rough surface is similar to that of metallic cylinder
buried in a dielectric rough surface with the high relative dielectric
constant. It demonstrates that ocean like rough surface assumed as
a metallic rough surface is practical to analyze the interactions of the
electromagnetic wave with PEC objects on the ocean rough surface at
L band [18, 19].
Figure 6 shows the bistatic scattering coeﬃcients of the PEC
cylinder partially embedded in a dielectric rough surface as function of
water content in the soil. The relative dielectric constants of the soil
with water content of 5% and 30% are determined using the empirical
model [24]. Their respective relative permittivity in the lower region 1
is found as εr = (3.7, 0.13) and εr = (16.16, 1.15), respectively. The
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metallic cylinder is located at (xc , zc ) = (0.0, 0.0). Other parameters
used are presented in Figure 6. The incident is θi = 20◦ . It show
that the contribution of scattering by the dielectric rough surface and
the PEC cylinder to the total scattered ﬁeld becomes stronger at the
higher water content of the soil and the larger size of cylinder, especially
in the specular forward direction. The coherent wave peak in the
specular direction is observed for the case of a smaller rms height, and
disappears as the rms height becomes larger, which is also observed in
TM case [20]. The numerical results illustrate that the water content of
the soil has signiﬁcant eﬀects on the bistatic scattering pattern. The
value of scattering coeﬃcient evaluated at large scattering angles is
almost the same in the cases of diﬀerent water contents of the soil.
Thus, investigating of the LGA scattering from the composite rough
surface with partially buried objects is an important issue in the area of
microwave remote sensing and targets detection. The method proposed
here with the help of the fast algorithm provides a numerical tool to
study the LGA scattering by a 2-D metallic target partially embedded
in a dielectric rough surface.
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Figure 7. Bistatic scattering coeﬃcient of a PEC cylinder partially
embedded in the dielectric rough surface interface with diﬀerent center
locations of the PEC cylinder and diﬀerent rms height of a rough
surface.
Figure 7 shows bistatic scattering coeﬃcients of PEC cylinder
partially embedded in a dielectric rough surface as a function of
the relative dielectric constant in region 1 and the location of PEC
cylinder respectively. The metallic cylinder of radius 2.0λ is located at
(xc , zc ) = (0.0, 0.0), (xc , zc ) = (1.0λ, 0.0) and (xc , zc ) = (1.5λ, 0.0),
respectively. Results show that bistatic scattering coeﬃcients are not
signiﬁcantly aﬀected by changing location of the PEC cylinder along
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the x-direction. One reason is that the size of cylinder is smaller than
the length of dielectric rough surface. The other reason is that the PEC
cylinder is still situated within the main beam of the tapered incident
wave. Bistatic scattering coeﬃcients become larger as the relative
dielectric constant in region 1 increases, especially at the specular
direction. As the rms height becomes larger, the coherent specular
peak becomes smaller. This is due to that the contribution of dielectric
rough surface scattering to the total scattered ﬁeld becomes smaller in
the specular direction, as mentioned in Section 3.2.
4. CONCLUSIONS
The MoM with pulse basis functions together with the point matching
technique is applied to characterize electromagnetic scattering by a 2-D
PEC cylinder partially embedded in a random dielectric rough surface
interface. The total far-zone scattered ﬁelds including scattering from
both a metallic cylinder and a dielectric rough surface in the upper half
space are computed using the Monte Carlo simulation. The numerical
results show that the rms height of a random dielectric rough surface
and the water content of the soil aﬀect signiﬁcantly the scattering
coeﬃcients of partially buried PEC cylinders. The proposed method
combined with the fast algorithm and parallel implementation can
provide a numerical tool to characterize eﬃciently and accurately the
LGA scattering of large size of 2-D PEC objects partially immersed in
a random dielectric rough surface.
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