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Abstract—Microwave tomography deserves attention in biomedical
imaging, owing to its potential capability of providing a morphological
and functional assessment of the inspected tissues. However, such
a goal requires the not trivial task of solving a non linear inverse
scattering problem. In this paper, the factors affecting the complexity
of the inverse problem are exploited to trace guidelines aimed at setting
the matching fluid, the frequency range and the number of probes
in such a way that the dielectric parameters of female breast tissues
can be reliably retrieved. Examples, concerning 2D realistic numerical
phantoms obtained by NMR images, are given to asses a posteriori the
effectiveness of the proposed guidelines.
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1. INTRODUCTION
In the recent years, there has been a growing interest in exploiting
microwave imaging techniques for breast cancer screening [1–4].
As a matter of fact, these latter would provide a non-invasive
diagnostics tool having the potential capability of achieving a
functional assessment, from which infer not only the morphology
but also the dielectric features of the detected anomalies. In such
a framework, this capability would allow to overcome the intrinsic
limitations in terms of false positives/negatives discrimination of Xray mammography, the standard technology used in most screening
prevention programs [5, 6]. Accordingly, several strategies, mainly
assuming a simplified model of the breast or a priori information on
its structure, have been proposed for cancer detection [7–9] and its
morphological and functional characterization [10–14].
On the other hand, some recent experimental studies have pointed
out that, in the microwave frequency range, while there is a remarkable
difference amongst the dielectric features of normal fatty breast tissues
and those of tumors [15–17], while the properties of these latter are
close to those of mammary ducts [16, 17]. As a consequence, it may
be very hard to discriminate normal and cancerous tissues, for this
last case. To overcome this drawback, some authors have proposed
the adoption of contrast agents, such as carbon nanotubes, to restore
a significant variation amongst the dielectric properties of different
tissues [18], while other authors have considered hybrid imaging
modalities combining microwaves and acoustic excitations [19, 20].
The above described framework shows clearly that the problem of
reconstructing the dielectric parameters of breast tissues is a necessary
preliminary step to tackle. As a matter of fact, it provides useful
a priori information, which allow to enhance the cancer imaging
capabilities of microwave screening tools and may also positively act
on the performances of strategies exploiting contrast agents or hybrid
excitations. However, achieving a functional characterization of breast
tissues is an ambitious aim requiring to face a non-linear and ill-posed
problem that, as well known, is affected by instabilities and occurrence
of “false solutions” [21].
Typically, non-linear inverse problems are cast as the minimization
(or the maximization) of a proper cost functional, so that the practical
task to pursue is the achievement of the global optimum of such
a functional [22, 23]. Unfortunately, owing to the large number of
unknown parameters to be determined, global optimization procedures
may be unfeasible and local algorithms are adopted. As a consequence,
the minimization process is strongly dependent on the starting guess
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and may lead to a local minimum, corresponding to a reconstruction
different from the actual scenario. This difficulty, which is of course
detrimental for any inverse scattering problem, is crucial in the
framework of medical imaging, as it ultimately influences the reliability
of the diagnosis.
In this respect, it is worth remarking that, unlike what happens in
other cases (such as for instance subsurface imaging), the experimental
scenario for breast imaging is, to some extent, a degree of freedom.
Hence, a proper design of the screening tool can (in principle) improve
the capabilities of microwave imaging diagnosis.
According to this observation, by reasoning on the factors affecting
the complexity of the inverse problem at hand, we will give some
guidelines for a suitable choice of the matching fluid as well as of the
working frequency band. In addition, since one is interested in having
an experimental system as simple as possible, these two information
will allow us to determine a minimal number of antennas. Due to the
complexity of the screening tool and the high variability of the involved
materials, the definition of an exact and general model of the scattering
scenario is a difficult task. Therefore, the proposed analysis exploits
a simplified model whose validity is checked a posteriori through the
numerical examples. In particular, the effectiveness of the proposed
guidelines is shown in the canonical 2D case, with respect to nuclear
magnetic resonance (NMR) images based anthropomorphic numerical
phantoms [24].
The inverse scattering problem is faced without requiring any a
priori information on the breast structure and the adopted imaging
procedure is based on a modified gradient inversion scheme in which
ill-conditioning is defeated by means of a suitable initialization of the
iterative process. To this end, the linear sampling method (LSM) [25]
is adopted to obtain a preliminary morphologic characterization of the
breast. In addition, a regularization by projection strategy, in which
the unknown contrast function is represented by means of Fourier
harmonics basis functions [26], is exploited.
The paper is organized as follow.
Section 2 states the
problem at hand, while the inversion strategy is summarized in
Section 3. The parameters affecting the breast microwave imaging are
discussed in Section 4, where some guidelines to properly set them
are also traced. Numerical examples corroborating the achievable
reconstruction capabilities are given in Section 5. Conclusions follow.
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2. STATEMENT OF THE PROBLEM
The measurement system usually proposed for microwave breast cancer
screening requires that the patient lies in a prone position with the
breast immersed in a beaker filled with a matching fluid. Multiview,
multistatic and multifrequency data are collected by means of a circular
array of probes immersed inside the fluid and located all around the
breast [7–14]. A sketch of this kind of measurement configuration is
given in Fig. 1, where Ω is the investigated domain, Σ the measurement
curve and ²f and σf the relative permittivity and conductivity of the
fluid, respectively.
As the paper aims at assessing how a proper design of the
microwave screening tool makes it possible accurate reconstructions of
the dielectric features of breast tissues, the canonical two dimensional
scalar case is considered.
By assuming that the incident field is polarized along the
invariance axis, that is the z-axis, for each position of the primary
source at a given frequency, the scattering problem is cast by means
of the following source type integral equations:
Z
¡
¢ ¡ ¢
2
J(r)−χ(r)Einc (r) = kb χ(r) G r−r0 J r0 dr0 = χAi [J], r ∈ Ω (1)
Ω
Z
¡
¢ ¡ ¢
Es (r) = kb2
G r − r0 J r0 dr0 = Ae [J], r ∈ Σ,
(2)
Ω

where J is the induced current into Ω, kb is the background wave
number at the working frequency, G is the scalar Green’s function for
y

εf , σf

x
Ω
Σ

Figure 1. Sketch of the reference scenario.
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homogeneous media, whose electromagnetic features are those of the
matching fluid [27]. Einc is the incident field in Ω and Es the scattered
field on Σ, i.e., the measured data in each scattering experiment.
Ai : L2 (Ω) → L2 (Ω) and Ae : L2 (Ω) → L2 (Σ) are the internal
and external radiation operators relating the contrast source to the
scattered field in Ω and on Σ, respectively. The contrast χ relates the
complex permittivity of the breast to that of the matching fluid.
To reconstruct the morphology and dielectric features of breast
tissues one has to solve the system of coupled integral Equations (1)
and (2) in terms of the unknown χ, that is a non linear and ill-posed
problem [21].
3. INVERSION STRATEGY
The imaging problem is tackled by adopting a two-step inversion
strategy. In particular, the linear sampling method (LSM) [25] is
initially exploited to achieve a morphological characterization of the
breast, that is used to define the starting guess of the iterative
inversion procedure. By addressing the reader to [25, 28, 29] for an
accurate description of the LSM and its utility in the framework
of quantitative imaging problems, we only remind that LSM is a
general and computationally effective approach to reconstruct the
targets morphology through the regularized solution of a linear
inverse problem. Since this method is not able to provide any
information on the dielectric parameters of the objects, we assign to the
reconstructed breast’ shape an arbitrary constant value of permittivity
and conductivity to provide the starting guess for the contrast χ.
The second step of the inversion strategy aims at retrieving the
dielectric features of the breast tissues and it is based on the contrast
source inversion (CSI) method [30]. In particular, the conjugate
gradient fast Fourier transform (CG-FFT) technique is used to
minimize, at a fixed frequency, the cost functional:
Φ(χ, J ν ) =

Nv
V
v − χA [J ν ]k2
X
X
kJ ν − χEinc
kEsν − Ae [J ν ]k2
i
+
, (3)
v k2
kEinc
kEsν k2
ν=1

ν=1

where v = 1, . . . , Nv denotes the v-th scattering experiment in a
multiview set-up. The first term of the cost functional represents the
misfit in the object Equation (1), while the second one the misfit
in the data Equation (2). According to the minimization scheme
in [26], the gradient update is simultaneously performed for both the
unknown contrast χ and the contrast sources J 1 , . . . , J Nv . Note this
is different from the usual CSI minimization, where alternate updates
are considered [30].
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The dispersive behavior of tissues and matching fluid is described
through a maxwellian model, i.e., it is taken into account by means of
the complex equivalent permittivity ²eq = ²0 (² − jσ/(ω²0 )). Moreover,
the minimization is carried out by taking into account that relative
permittivities less than 1 and negative conductivities are not physically
possible. In addition, a regularization by projection strategy is
applied, so that the unknown contrast is represented by means of
the spatial Fourier harmonics, instead of the commonly used pulse
basis functions [30]. This is a crucial aspect in the framework of
non-linear inverse problems, where the occurrence of local minima
in the iterative process can be reduced, or even avoided, if the ratio
between the number of unknowns and the amount of independent data
is sufficiently large [31]. In this respect, we look for the unknown
contrast belonging to a finite dimensional space, whose dimension is
compatible with the dimension of the independent data. Since the
amount of independent information increases with the frequency [32–
34], the number of Fourier harmonics is progressively enlarged while
the inversion procedure evolves.
Finally, in order to take advantage of frequency diversity while not
increasing the overall computational complexity, the frequency hopping
procedure is adopted [35], in which the inversion algorithm is first
performed at low frequency and the result is used as initial guess at
higher frequencies. At the lowest processed frequency, the initial guess
is obtained, as stated before, from the LSM.
4. PARAMETERS AFFECTING THE EFFICACY OF
FEMALE BREAST IMAGING TECHNIQUES
This section aims at providing some guidelines to set the working
frequency range, the matching fluid and the number of transmitting
and receiving probes. As a matter of fact, provided practical realization
constraints are taken into account, these parameters are degrees of
freedom for the screening tool and can contribute significantly in
reducing/increasing the complexity of the inverse scattering problem at
hand. Therefore, a suitable definition of the measurement environment
features is a key point for a successful microwave imaging.
Since the targets to be reconstructed have size ranging from
few millimeters to some centimeters, data are usually collected at
frequencies f ≥ 1 GHz [2, 7, 8, 11].
At these frequencies, the reflection coefficient at the fluid-skin
interface Γr has to be taken into account, in order to assure that a
suitable fraction of the incident field strikes the internal structures of
the breast and then contributes to the overall scattering phenomena.
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In this respect, to maximize the incident power, the better choice
would be that of using a matching fluid whose conductivity is as low
as possible, although a complete absence of losses is not possible to
achieve in the case of ultra wide band data. On the other hand, to set
the relative permittivity of the matching fluid, let us observe that the
investigated scenario can be considered angularly homogeneous and
the skin layer is very thin compared to the other involved electrical
lengths. Moreover, the breast itself is large in terms of the probing
wavelength. As a consequence of these observations, the scattering
phenomena can be reasonably described by assuming a three layers
one dimensional model [36, 37]. Of course, this simplified model does
not take into account the actual complexity of the internal breast
structure and the multi scattering effects arising from different breast
tissues. However, these effects depend on the specific structure of
the female breast and it is not at all straightforward to include
them in the framework of an analysis aiming at providing simple and
general guidelines. On the other hand, the considered one dimensional
model both allows us to deal with a very simple scenario and to
take advantage of the transmission line formalism. As a matter
of fact, a simple way to evaluate the reflection coefficient Γr is to
adopt the equivalent transmission line model sketched in Fig. 2. The
first part
p of the transmission line represents the matching fluid (i.e.,
Zf =
µ0 /(²0 ²f ) is the impedance of the fluid, µ0 and ²0 being
the permeability and the permittivity of vacuum, respectively), the
second one corresponds to a damp skin layer 1.5 mm thick and the
load impedance schematizes the internal female breast tissues. The
complex equivalent permittivities of skin and internal tissues and then
their impedances (Zs and Zb , respectively) are expressed by using the
single pole Cole-Cole model [15, 16].
By doing so, Γr is given as:
ZAA0 − Zf
Γr =
,
(4)
ZAA0 + Zf
wherein ZAA0 is the impedance of the internal breast tissues at the
section AA0 , provided by the impedance transfer equation [27].
It is worth to note that, due to the tissues heterogeneity, the
dielectric properties of female breasts are highly variable. However,
according to [16], they can be grouped into three main categories,
depending on their relative adipose tissue content.
Following this classification, the internal breast structure has been
approximated as a homogeneous medium, whose dielectric features
depend on its adipose tissue content and are fixed by using the
median Cole-Cole parameters provided in [16]. By doing so, three
different reflection coefficients have been computed as a function of
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the frequency and the relative permittivity of the matching fluid. This
latter is supposed to be lossless. Note that such an assumption, which
in the following allows us to trace some guidelines to choose the relative
permittivity of the matching fluid, will be removed in the numerical
examples of Section 5.
1.5 mm
A

Zf

Zs

Zb

A'

Figure 2. Line transmission model schematizing the breast/matching
fluid interface.
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Figure 3. Amplitude of the fluid-skin interface reflection coefficient
as a function of the frequency and the relative permittivity of the
matching fluid: (a) Breast with 0–30% adipose tissue; (b) Breast with
31–84% adipose tissue; (c) Breast with 85–100% adipose tissue.
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The plots of |Γr | are given in Figs. 3(a)–3(c). These plots show
that, as far as breasts having a low (0–30%) or moderate (31–84%)
content of adipose tissue are concerned, a relative permittivity ²f ≥ 10
is sufficient to ensure a good coupling with the probing waves, such
|Γr | ≤ 0.4, in the whole frequency range [1–10] GHz. On the contrary,
for a breast with high adipose tissue content (85–100%), two unsuitable
regions are detected. The first one is for ²f > 30 and low frequencies
(f ∈ [1–4] GHz), while the second one is mainly for ²f < 10 and covers
almost all the frequencies range. This result is similar to that in [36].
The plots of |Γr | given above provide a way to understood how
the working frequency and the matching fluid affect the scattering
phenomena. On the other hand, they show that there are several
possible choices for both ²f and f , so that criteria, related to their
expected effects on the imaging process, have to be given.
To this end, one can take into account that the achievable spatial
resolution of an imaging method mainly depends on the background
wavelength λb , being in the order of λb /4 ‡ [38]. On the other hand, the
lower is λb the larger is the size of the scatterers. As a consequence, the
difficulty of the inverse scattering problem becomes higher. As a matter
of fact, the degree of non linearity of the data to unknown relationship
grows with the electrical size of the investigated domain [29, 39, 40].
Therefore, one should choose the working frequencies as well as ²f as
a trade-off between these two opposite requests.
In this respect, the plots of |Γr | suggest that, whatever is the
adipose tissue content of the probed breast, a suitable choice should be
a matching fluid with ²f ∈ [10–30]. Moreover, by taking into account
that the complexity of the inverse problem as well as the increase of
the spatial resolution with ²f , it seems convenient set ²f approximately
equal to the medium value of the indicated range. As it is stressed by
the following numerical analysis, this seems a general guideline for
assuring a reliable characterization of the internal breast tissues.
The plots of the reflection coefficients suggest that, provided the
matching fluid is properly chosen, a good coupling between the wave
and the target is achievable already at the lower frequencies. Therefore,
one can meet the trade-off between the robustness of the inversion
approach against local minima and the achievable spatial resolution
by collecting the data in the low part of the spectrum considered in
the plots starting from 1 GHz. It is worth to remark that the electric
size of the investigated domain and then the complexity of the inverse
scattering problem at hand grow with the frequency [39]. In particular,
‡

This value is the exact one for the Born Approximation [38], whereas it can be considered
as an upper bound for the general (non-linear) case, if one takes into account that
the number of degrees of freedom of data enforces a limit on the maximum number of
parameters (describing the inclusions) which can be safely extracted [32].
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our numerical experience suggests that, as far as the adopted inversion
procedure is concerned, data collected from 1 GHz to 3.5 GHz are
suitable to image all the three typologies of breast. Of course, the
use of a different inversion strategy may allow to consider a different
frequency range. On the other hand, for a given measurement device, a
more accurate choice of the working frequencies to process can be done
by taking into account the specific properties of the matching material
actually realized and the performance of the adopted antennas.
The last issue to address is the choice of the number N of
transmitting and receiving probes. This latter should be chosen in
order to collect as much independent information as possible, while
avoiding redundant measures. To this end, one can take advantage
of the spatial band-limitedness of the scattered fields [32–34], which
allows to fix the optimal number and the position of the sampling
points needed to accurately represent the field. In particular, when
considering a circumference as measurement domain (like in the case
at hand) and assuming that Ω is enclosed in a circle of radius a,
these results suggest that the sampling points have to be angularly
equispaced with spacing ∆θ = λ/2a. As far as the transmitters are
concerned, the aim is to consider all possible independent scattering
experiments in order to improve the robustness of the imaging
process against false solutions occurrence [32], while not increasing
the complexity of the inverse problem and the measurement device.
By taking advantage of Lorentz reciprocity, one can apply the same
criterion as above to give an upper bound to the number of scattering
experiments to be considered, i.e., for the number of the transmitting
probes.
Accordingly, one can set the number of probes N ≥ 2βb a + 1, βb
being the real part of the wave number at the considered frequency [32].
Since N depends on the frequency, to collect multifrequency data one
should (in principle) modify the number of probes at each considered
frequency. Of course, this is unpractical. In addition, to reduce the
coupling effects among the probes, N should be kept as low as possible.
Taking into account these considerations and the advantages offered by
the use of the frequency hopping strategy, we set N ≥ Nmin , Nmin being
the number of probes corresponding to the lowest wave number. This
is corroborated by the following numerical analysis.
5. NUMERICAL EXAMPLES
In order to assess the effectiveness of the proposed guidelines against
realistic scenarios, the numerical breast phantom repository given
in [24] has been exploited. Such a database provides anatomically
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realistic 3D numerical phantoms from NMR images, so 2D breast
models have been obtained by considering only a slice of the selected
phantoms.
According to the statements given in the previous section and
considering the radius of the circle surrounding the investigated domain
equal to 14 cm, N = 30 equispaced transmitting and receiving probes
located all around Ω on a circle having radius of 19 cm have been
considered. The synthetic data have been generated in the frequency
range 1–3.5 GHz with ∆f = 250 MHz by means of a method of
moments based full wave forward solver and corrupted by an additive
Gaussian noise with SNR = 30 dB. Note that, unlike what we assumed
in the inversion scheme (see Section 3), the data have been generated
by using the single pole Cole-Cole model to accurately describe the
dispersive behavior of the breast tissues. In particular, the frequencydependent dielectric properties of each pixel of the considered breast
phantoms have been assigned following the instructions provided
in [24].
To quantify the accuracy of the obtained reconstructions, we have
considered the normalized reconstruction error:
kχ̃ − χk2
err =
,
(5)
kχk2
χ̃ being the reconstructed contrast function and χ the reference one.
The starting point of the iterative inversion procedure at 1 GHz is
obtained by assigning at the breast’ shape given by the LSM a relative
permittivity equal to 10 and a conductivity of 20 mS/m.
The first example concerns a breast having a moderate adipose
content. In this respect, the slice s1 = 150 of the fibroglandular
breast (breast ID: 070604PA1) [24] has been considered, s1 denoting
the horizontal slices of the 3D phantom.
In order to show the importance of a proper choice of the matching
fluid, we have processed data collected without matching fluid (²f = 1,
σf = 0 S/m) and by using liquids having ²f 2 = 18 and ²f 3 = 35,
respectively. Moreover, since it is unrealistic to have a completely
lossless liquid, we have adopted a maxwellian model to describe its
dispersive features and set σf = 10 mS/m, in these last cases.
The reconstruction errors at 1 GHz, that is the first processed
frequency, are given in Table 1. These results clearly state that
the inversion strategy provides an inaccurate reconstruction when no
matching fluid is used, since there is not a good coupling among
the incident waves and the internal breast tissues, being |Γr | >
0.5. Moreover, a completely unreliable result is attained by using a
liquid with ²f = 35 and σf = 10 mS/m, due to the increased non
linearity of the inverse scattering problem [40]. Similar results are
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foreseeable for liquids having ²f > 35. On the other hand, a functional
characterization of the breast tissues is actually possible by using a
liquid with relative permittivity in the selected range (²f = 18), as it is
corroborated by Figs. 4(a)–4(d), where the reference permittivity and
conductivity profiles as well as the reconstructed ones at the higher
processed frequency are shown. In this case, the dielectric properties
of the adipose tissue are well reconstructed and the fibroglandular
one is detected, well located and its properties are retrieved with
good approximation. It is must be observed that, the skin layer is

Table 1. Fibroglandular breast — Reconstruction errors for different
permittivities of the matching fluid at 1 GHz.
err²f =1

err²f =18

err²f =35
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Figure 4. Fibroglandular breast: (a) Reference relative permittivity;
(b) Reference conductivity [S/m]; (c) Reconstructed relative permittivity; (d) Reconstructed conductivity [S/m].
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missed because its electrical thickness is too small and lower than the
attainable resolution limit of the inversion procedure. The normalized
reconstruction errors at some frequencies are given in Table 2.
As a second example, a breast having a low adipose content
has been taken into account. In particular, the numerical phantom
corresponds to the slice s1 = 150 of the heterogeneous dense breast
(Breast ID = 070604PA2) [24]. Fig. 5 shows the reference permittivity
and conductivity profiles as well as the reconstructed ones at the
higher processed frequency, for a matching fluid having ²f = 18 and

Table 2. Fibroglandular breast — Reconstruction errors at different
frequencies (²f = 18 and σf = 10 mS/m).
1.5 GHz

2 GHz

2.5 GHz

3 GHz

3.5 GHz

0.43

0.35
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Figure 5. Heterogeneous dense breast: (a) Reference relative
permittivity; (b) Reference conductivity [S/m]; (c) Reconstructed
relative permittivity; (d) Reconstructed conductivity [S/m].
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σf = 10 mS/m. The reconstruction errors are given in Table 3. As
in the previous example, a satisfactory morphological and functional
reconstruction of the internal breast tissues is achieved.
The last example concerns a mostly fatty female breast (Breast
ID: 0.1904, s1 = 150) [24]. Also in this case, the internal breast tissues
are well retrieve by setting ²f = 18 and σf = 10 mS/m, see Figs. 6(a)–
6(d). As a matter of fact, from Figs. 6(c) and 6(d) one can conclude
that the breast exhibits a high adipose tissue content and detect and
locate the fibroglandular tissues. The reconstruction errors at different
processed frequencies are given in Table 4.
Table 3. Heterogeneous dense breast — Reconstruction errors at
different frequencies (²f = 18 and σf = 10 mS/m).
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Figure 6. Mostly fatty breast: (a) Reference relative permittivity;
(b) Reference conductivity [S/m]; (c) Retrieved relative permittivity;
(d) Retrieved conductivity [S/m].
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Table 4. Mostly fatty breast — Reconstruction errors at different
frequencies (²f = 18 and σf = 10 mS/m).

err²f =18

1 GHz

1.5 GHz

2 GHz

2.5 GHz

3 GHz

3.5 GHz

0.42

0.36

0.34

0.31

0.29

0.29

6. CONCLUSION
In this paper the factors affecting accuracy and effectiveness of
microwave techniques for breast imaging have been investigated and
some guidelines have been traced to address the design of improved
screening tools. In particular, by exploiting a simplified model, we
have achieved some useful guidelines to set matching fluid, frequency
range and number of transmitting and receiving probes such to assure
satisfactory reconstruction capabilities. The effectiveness of these
guidelines has been assessed by means of a numerical analysis dealing
with synthetic data and referred to two-dimensional anthropomorphic
numerical breast phantoms. In particular, the dielectric properties of
breast tissues have been reconstructed from multiview, multistatic and
multifrequency data by means of a two step approach. This last jointly
uses the LSM and an iterative inversion procedure, that is based on
the CSI strategy and exploits the regularization by projection and the
frequency hopping procedure.
The achieved results assess the feasibility of a morphological
and functional characterization of the internal breast tissues. In the
framework of breast cancer screening, such a characterization provides
a crucial a priori information which can be exploited to improve the
imaging capabilities of diagnostics approaches.
Future activities will be devoted to tackle the more realistic
3D case and to address the design of a microwave imaging tool
for early stage breast cancer detection. Also, we will integrate
the proposed guidelines by taking into account a more complex
model of the scattering scenario, including the dispersive behaviour
of biocompatible matching fluids and the radiation patterns of the
antennas.
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