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Abstract—Computation of the broadband matching potential of a
microstrip antenna requires the wideband lumped equivalent circuit
of the antenna. The general topology of the equivalent circuit of
rectangular microstrip patch antennas has been used to model the feedpoint impedance of microstrip antennas over a wide frequency band
and equivalent circuit parameters are determined using optimization
techniques. The proposed procedure overcomes the problems of
physical realizability of the equivalent circuit and estimation of the
starting values of the optimization. Applying this technique, wideband
lumped equivalent circuits of a rectangular and E-shaped microstrip
antenna have been computed which are in good agreement with
measurement data from 0.1 to 6 GHz.

1. INTRODUCTION
Computation of the broadband matching potential of a microstrip
antenna requires determination of the lumped wideband equivalent
circuit that models the input impedance of the antenna on a wide
frequency band, i.e., from zero up to frequencies that contribute the
most in the Bode-Fano integral [1–3]. The maximum theoretical return
loss of a microstrip antenna can be calculated versus bandwidth by
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applying the Fano or Youla gain-bandwidth theory to the lumped
equivalent circuit of the antenna [4–6]. Although impedance matching
networks can enhance the impedance bandwidth of a microstrip
antenna [7–9], the resulting bandwidth is always smaller than the
maximum theoretical bandwidth which is given by the Fano or Youla
theory [5, 6].
The narrowband equivalent circuit of a rectangular microstrip
patch antenna (RMPA) has been related to the physical dimensions
of the antenna [10]. Kajfez proposed a systematic approach to
calculate the equivalent circuit of double resonant microstrip antennas
[11]. Later, Kim devised a procedure to calculate the wideband
equivalent circuit of broadband antennas [12]. However, the singular
value decomposition technique utilized in [12] has failed to converge
to physically realizable circuits in case of rectangular and wideband
E-shaped microstrip antennas. In this paper, the topology of the
equivalent circuit is ﬁxed and thus, this issue has been resolved in
case of rectangular and wideband E-shaped microstrip antennas.
In general, wideband equivalent circuits of microstrip antennas are
determined by using optimization techniques [11–14]. In case of the
equivalent circuit that models double resonant microstrip antennas,
Kajfez devised a systematic approach to calculate the starting values
of the involving optimization [11]. On one hand, no systematic method
has been provided to estimate the starting values of the optimization
process in case of wideband equivalent circuits that model antennas
in more than two radiation resonances, on the other hand, as the
number of resonances that equivalent circuits of antennas should model
increases, the number of the parameters of the equivalent circuit
increases too and thus, the convergence and computation cost of the
involving optimization technique becomes critically sensitive to the
starting values of the optimization such that optimization methods
will not converge unless starting values are “close enough” to the ﬁnal
parameters of the equivalent circuit. The proposed method overcomes
this problem, as well.
In this paper, the general topology of the equivalent circuit of
RMPAs is presented in Section 2. In Section 3, the systematic method
to estimate the starting values of the parameters of the equivalent
circuit has been introduced and applied to a rectangular and E-shaped
microstrip antenna. Then, the starting values are optimized by using
the non-linear curve-ﬁtting technique and the exact values of the
parameters of the equivalent circuit are obtained. Finally, conclusions
are made is Section 4.
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2. EQUIVALENT CIRCUIT TOPOLOGY
The general topology of the wideband lumped equivalent circuit of
RMPAs is determined as shown in Fig. 1 by applying the modiﬁed
mode expansion technique to the advanced cavity model of RMPAs
[15]. This topology has been used in case of the E-shaped microstrip
antenna reported in [16] and its slot-less form which are depicted in
Fig. 2. The generated modes in the wideband E-shaped antenna [16–
18] are basically perturbed versions of the modes that are excited in
conventional RMPAs and the radiating modes are modeled as the series
connection of parallel resonant sections [15]. The slots on the patch
contribute to perturbations in radiating modes which can expand the
antenna bandwidth or generate dual-band functionality [16–23].
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Figure 1. General topology of the equivalent circuit of rectangular
microstrip antennas.

3. CALCULATION OF CIRCUIT PARAMETERS
The geometries of the wideband E-shaped microstrip antenna reported
in [16] and its slot-less form are depicted in Fig. 2. Physical dimensions
of these antennas are illustrated in Fig. 2 and the values of dimensions
are given by:
(L, W, H)=(70, 45, 10), (Xf , Yf ) = (35, 7), (Ls , Ws , Ps ) = (35, 4, 9) (1)
(2)
(L, W, H)=(70, 45, 10), (Xf , Yf ) = (35, 7)
where dimensions are in millimeter.
The antennas depicted in Fig. 2 have been manufactured and their
input reﬂection coeﬃcient has been measured with a HP8510C network
analyzer and the feed-point impedance of these antennas is shown in
Fig. 3. Moreover, the co-polarization and cross-polarization radiation
patterns of the E-shaped antenna have been measured and reported
in [16].

80

Ansarizadeh, Ghorbani, and Abd-Alhameed

Top View

Side View

Top View

Side View

(a)

(b)

Figure 2. Geometries of a rectangular and the E-shaped microstrip
antenna reported in [16].
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Figure 3. Measured values of the feed-point impedance of the
rectangular and E-shaped microstrip antennas depicted in Fig. 2.
The parameters of the equivalent circuit shown Fig. 1 are
determined by the nonlinear curve-ﬁtting optimization technique such
that the resulting circuit parameters minimize the error function
deﬁned by:

 N

1
1
Re [Zm (fk )−Zeq (fk )]2 +Im[Zm (fk )−Zeq (fk )]2 (3)
∆zrms ≡ 

Z0 N k=1
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where Z0 is the reference impedance and is set to 50 Ω, Zm and
Zeq are respectively the measured and equivalent circuit values of
the feed-point impedance of the antenna, fk is the kth frequency of
measurement and N is the number of measurement samples.
Referring to Fig. 1, R0, 0 is the conduction loss of the substrate
material for the T M00 mode which is negligible for low-loss substrates,
such as air. With this assumption, we arrive at the general form of the
input impedance of the equivalent circuit of microstrip antennas:
Zeq (f ) = j2πf L∞ +

M

1
+
j2πf C0, 0 i=1

R

 0, i

1 + jQ0, i

f
f0, i
−
f0, i
f

(4)

where L∞ and C0, 0 specify the asymptotic behavior of the feedpoint impedance of the antenna at the higher and lower edges of the
frequency band of modeling, respectively; M is the number of radiation
resonances in the frequency band of interest; And f0, i , Q0, i and R0, i
are the resonant frequency, Q-factor and radiation resistance of the ith
radiating mode, respectively.
The input impedance of the antenna at suﬃciently low frequencies
can be approximated by:


M

1
R0, i
1
+ jf 2πL∞ +
=
(5)
lim Zeq (f ) = lim
f →0
f →0 j2πf C0, 0
Q f
j2πf C0, 0
i=1 0, i 0, i

By computing the ﬁrst order derivate of (5) with respect to frequency,
it’s found that C0, 0 is estimated by:
C0, 0 ≈ lim

f →0

≈

1
∂Im
[Zm (f )]
2πf 2
∂f

πf32 ∆f Im [Zm (f1 )

6
− 8Zm (f2 ) + 8Zm (f4 ) − Zm (f5 )]

(6)

where ∆f = f2 − f1 is the sampling frequency interval. The right
hand side of (6) should be evaluated at frequencies in which the eﬀect
of C0, 0 constitutes the dominant term in (4). Similarly, at suﬃciently
high frequencies, the eﬀect of L∞ constitutes the dominant term of the
input impedance of the antenna and (4) can be approximated by (7)
and thus, L∞ can be estimated by the slope of the input reactance of
the antenna as given by (8).
lim Zeq (f ) = j2πL∞ f +

f →∞

1
jf

M

1
R0, i f0, i
+
= j2πL∞ f (7)
2πC0, 0 i=1 Q0, i
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∂Im [Zm (f )]
2π∂f
Im [Zm (fN −4 )−8Zm (fN −3 )+8Zm (fN −1 )−Zm (fN )]
≈
24π∆f

L∞ ≈ lim

f →∞

(8)

Practically, (8) is evaluated at frequencies that are higher than all
resonant frequencies of the parallel resonant sections such that the
slope of the real part of the input impedance of the antenna versus
frequency as shown in Fig. 3, becomes negligible.
In order to estimate f0, i , Q0, i and R0, i for each parallel resonant
section in Fig. 1, we assume that these parameters are such that at
f = f0,i , the contribution of the remaining parallel sections in (4)
is negligible so that the radiation resistance and Q-factor of the ith
radiating mode can be approximated by (9) and (10), respectively.
R0, i ≈ Re [Zm (f )]|f =f0, i

(9)


∂Zm (f ) 
f0, i
× Im
Q0, i ≈ −

2R0, i
∂f
f =f0, i

(10)

The resonant frequencies of the parallel sections in Fig. 1 are considered
to be every frequency fk , at which the following equations are satisﬁed:




∂Re [Zm (f )] 
∂Re [Zm (f )] 
×


∂f
∂f
f =fk−1
f =fk+1

< 0

(11)

< 0

(12)

< 0

(13)



∂Im [Zm (f )] 

∂f
f =fk

∂Re [Zm (f )] 

∂f
f =fk−1

where k = 3, 4, . . . , N − 2 because the ﬁrst order derivates of the
smoothed impedance data are evaluated by the numerical central
diﬀerence which is chosen to be of O (∆f )4 .
Before calculating the derivatives of measurement data with
respect to frequency in (10)–(13), it’s necessary to note that
measurement data are often corrupted by noise from various sources
and thus, it is necessary to smooth the real and imaginary components
of the measured input impedance prior to any diﬀerentiation. In this
paper, a moving average method is applied to measurement data in
MATLAB to minimize eﬀects of noise while estimating the starting
values of the optimization.
After smoothing the measured input impedance of the rectangular
and E-shaped microstrip antennas depicted in Fig. 2, the starting
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values of the parameters of the equivalent circuits are obtained
using (6) and (8)–(13). The exact values of these parameters are
calculated by altering the starting values through the non-linear curveﬂitting optimization such that the error function deﬁned by (3) is
minimized. The optimization process converged to circuit parameters
that are given in Table 1 and correspond to ∆zrms = −19.66 dB
and ∆zrms = −7.73 dB for the rectangular and E-shaped microstrip
antenna, respectively. The input impedance and return loss of the
resulting equivalent circuits are compared with measurement data in
Fig. 4.
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Figure 4. Measured and equivalent circuit values of the input
impedance and return loss of the rectangular and E-shaped microstrip
antennas depicted in Fig. 2.
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Table 1. The parameters of the equivalent circuits of the rectangular
and E-shaped microstrip antennas depicted in Fig. 2.

Table 1 reveals that C0, 0 and L∞ are relatively independent from
the parallel slots on the patch. Moreover, incorporation of parallel
slots reduces the resonant frequencies of the T M01 , T M10 and T M02
modes that are excited in the structure of RMPAs.
Figure 4 also shows good agreement between the measured and
equivalent circuit values of the input impedance and return loss of the
rectangular and E-shaped microstrip antennas depicted in Fig. 2, in a
frequency band that starts from zero and includes up to four radiating
modes.
4. CONCLUSIONS
A new technique is presented to calculate the wideband lumped
equivalent circuit of rectangular and E-shaped microstrip antennas.
This method also extracts the initial values of the parameters of the
equivalent circuit which is an attractive feature of this approach. It
is shown that, in case of an arbitrary rectangular microstrip antenna
and its E-shaped wideband form, this technique arrives at equivalent
circuits that are in good agreement with measurement data on a wide
frequency band, i.e., from 0.1 to 6 GHz. The resulting equivalent
circuit facilitates calculations of the broadband matching potential of
the rectangular and E-shaped microstrip antennas using the Fano or
Youla gain-bandwidth theory.
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