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Abstract—The transmission line transfer matrix method (TLTMM)
is proposed for the analysis of planar multilayer metamaterial (MTM)
structures, where a transmission line model is developed by the transfer
matrix method. This novel method may consider any oblique incident
plane wave at any angle of incidence, any linear polarization (TE
or TM with respect to the incidence plane), circular and elliptical
polarizations, any frequency range (microwave or optical frequencies),
any number of layers, any combination of common materials (DPS) and
MTMs (such as DNG, ENG, MNG), any layer thickness, consideration
of any dispersion relations for ε and μ, etc. A uniﬁed formulation
is presented for both TE and TM polarizations, which lead to the
evaluation of the ﬁelds and powers inside the layers and half spaces.
The objective of the paper is to analyze and design several diverse
problems of multilayered structures by TLTMM and a matrix method.
The results of computations by TLTMM are agreed with the literature
where possible and with the matrix method.

1. INTRODUCTION
Metamaterials (MTMs) are such materials that at least one of their
constants namely permittivity (ε = ε − jε ) or permeability (μ =
μ − jμ ) is negative. Accordingly, common materials having positive
permittivity ε and permeability μ are designated as double positive
(DPS or right-handed). MTMs having only the real part of their ε
negative are designated as epsilon-negative (ENG) and those MTMs
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having only the real part of their permeability negative are designated
as mu-negative (MNG). If both ε and μ have negative real parts, the
MTM is called double negative (DNG or left-handed) [1]. The entropy
conditions show that simultaneously negative ε and μ are physically
impossible in a non-dispersive medium since they would violate the
law of entropy [2]. Here we study the macroscopic behavior of MTMs,
which are considered as homogeneous and isotropic dielectrics having
the real parts of ε or μ or both negative.
Dielectric multilayer structures made up of common materials and
structures have already been proposed in the literature and they have
extensive applications in the microwave, millimetric waves (MMW) and
optical frequency ranges. Several numerical and analytical methods
have already been devised for the analysis of multilayer common
material structures [3–8] multilayer MTM structures such as the
propagation matrix method [9], the matrix method [1], and the
iterative method [10].
In this paper, a formulation based on the combination
of transmission line model and transfer matrix method namely
Transmission Line Transfer Matrix Method (TLTMM) is proposed
for the analysis of radio wave propagation in multilayered structures
composed of common dielectrics and MTMs, which facilitates the
analysis, design and optimization of the problems. Since the methods
based on the equivalent transmission line model are simple, fast and
accurate, so is TLTMM. It combines the treatment of TE and TM
linear polarizations. Consequently, the analysis of the elliptically
polarized waves (including the linear and circular polarizations) may
be readily performed in a uniﬁed manner. The ﬁeld solutions are
obtained in all the regions of the stratiﬁed medium. First, the problem
formulation is developed in MTM media and second several examples
of the application of TLTMM are presented.
2. FORMULATION OF THE PROBLEM
Consider an isotropic and homogeneous MTM multilayer medium with
boundary surfaces at z = d1 , d2 , . . . , dN as shown in Fig. 1(a). It is
analyzed by the TLTMM method and its results are validated by a
matrix method and other simulated methods.
2.1. TLTMM Method
TLTMM develops an equivalent transmission line model as shown in
Fig. 1(b) for multilayered planar structures under oblique incidence of
an arbitrarily polarized plane wave. In this model, the transmission line
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Figure 1. (a) A MTM multilayer structure. (b) The equivalent
transmission line circuit model for an MTM multilayer structure.
section () has characteristic impedance (Z ) and propagation constant
(γz ) in the direction z normal to the structure, which depend on the
angle of incidence, polarization and frequency of the incident plane
wave. The characteristic impedanceof section  of the transmission
line model for TE and TM polarizations, is the wave impedance as the
ratio of transverse components of electric and magnetic ﬁelds,
 
μ /ε sec θ for T E
  
(1)
Z =
μ /ε cos θ for T M
and the propagation constant of section  of the transmission line,
which is identical for both TE and TM polarizations, is
√
(2)
γz = jω μ ε cos θ
where θ is the incident angle in the ’th layer according to the Snell’s
law
γ sin θ = γ0 sin θ0
(3)
By TLTMM, the tangential components at the consecutive layers
are related, which lead to two equations for two unknowns of reﬂection
coeﬃcient r and transmission coeﬃcient t of the whole multilayer
structure for TE, TM or elliptical polarizations [11]. r and t for the
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TE and TM plane wave incidence are obtained from the following two
dimensional matrix equation:
 
 
1
t
,
(4a)
= [T ](N +1)0
r
0


[T ](N +1)0 = [I](N +1)N [L]N [I]N (N −1) . . . ([L]1 [I]10 ) (4b)
where [L] (for  = 1, . . . , N ) is the wave amplitude transmission
matrix in transmission line section 
 −γ h

e z 
0
(5)
[L] =
0
eγz h
where h is the length of equivalent TL of layer , which is equal to
its thickness and [I](+1) is the ﬁeld amplitude transmission matrix of
the ’th section, which is diﬀerent for TE and TM polarization

TE
1
−r(+1)
1
TE
(6)
[I](+1) =
TE
TE
−r(+1)
1
1 − r(+1)

TM
1
−r(+1)
1
TM

(7)
[I](+1) = 
TM
Z+1
−r(+1)
1
1 + rT M
(+1)

T E/T M

Z

T E/T M

where r(+1) and t(+1) are the Fresnel reﬂection and transmission
coeﬃcients between layers  and ( + 1) for TE and TM polarization
which are assumed to be the same as those between two half spaces [12].
By deﬁning the variable
T E/T M

p(+1)

=

Z+1 /Z
Z /Z+1

for
for

TE
TM

(8)

E
M
and [I]T(+1)
in (6) and (7) in a uniﬁed
we may write matrices [I]T(+1)
form, where the characteristic impedances Z are deﬁned in (1).

E/T M 1 − pT E/T M
1 + pT(+1)
1
T E/T M
(+1)
(9)
[I](+1) =
E/T M 1 + pT E/T M
2 1 − pT(+1)
(+1)

After computing the reﬂection coeﬃcient r, the
backward traveling ﬁeld amplitudes in the  + 1’th layer,
±
and C+1
, may be determined by

 + 


C+1
[I]
[I]
)
[L]
.
.
.
([L]
=
[I]
−
(+1)

(−1)
1
10
C+1

forward and
±
namely C+1
1
r


(10)
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We may now deﬁne reﬂectance R = rr ∗ , transmittance T = tt∗
and absorption A = 1 − (R + T ).
Table 1.
The correct sign of propagation constant γz and
characteristic impedance Z of the transmission line model for lossless
DPS, DNG, ENG and MNG media.

ε

μ

DPS

ε >0

μ >0

| μ' ε ' | > 0

jω | μ 'ε ' | > 0

DNG

ε' <0

μ' < 0

| μ' ε ' | > 0

−jω | μ 'ε ' | < 0

ENG

ε' <0

μ' > 0

j | μ' ε ' | > 0

ω | μ 'ε ' | > 0

MNG

ε' >0

μ' < 0

− j | μ' ε ' | < 0

ω | μ 'ε ' | > 0

'

'

Z

γ

z

For the extension of TLTMM for MTMs, if the time dependence is
deﬁned as exp(jωt), the imaginary parts of ε and μ should be negative
to satisfy the law of conservation of energy. Furthermore, the correct
sings of square roots in the expressions for Z and γz of the equivalent
transmission lines of MTMs should be selected. That is, their signs
should be selected in such a way that in lossy MTMs the real parts
of Z are positive, because negative resistance indicates generation of
energy in a medium and γz should be positive, because the wave should
attenuate in the direction of propagation. Also in lossless MTMs only
Z of MNG and γz of DNG should be negative as shown in Table 1 [13].
Several points are noteworthy. First, it is possible to consider
the ideal ground plane at the back of the multilayered MTM
medium, which structure is applicable for the reduction of radar
cross section (RCS). Second, the forward and backward propagating
powers may be computed solely by the amplitude of forward and
backward traveling waves for TE and TM polarization. Third, the
reﬂection and transmission coeﬃcients of each internal layer may be
computed by Eq. (10). Fourth, in cases where one or more layers
contain inhomogeneous materials, those layers may be subdivided into
homogeneous sublayers with constant parameters, and the analysis
may be carried out in a similar manner. Fifth, for the linear media,
the reﬂectance due to the circularly polarized plane may be expressed
in terms of those of TE and TM waves as
RC = 0.5 RT E + RT M

(11)
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2.2. Matrix Method
The potential functions ψ in the half free space and multilayered
regions may be written as (refer to Fig. 1):
T E/T M

= e−γ0y y (e−γ0z z + r T E/T M eγ0z z )

T E/T M

= e−γy y (C+ e−γz z + C− eγz z ),


= e−γy y tT E/T M e−γ(z+1) z

ψ0
ψ

T E/T M
ψN +1

 = 1, . . . , N

(12)

where r T E/T M and tT E/T M are the reﬂection and transmission
coeﬃcients, C± are the normalized amplitudes of the forward and
backward traveling waves in the ’th layer, θ is the angle of wave
in the ’th layer as in (3) and γ is the propagation vector in the ’th
layer as follows:
√
(13)
γ = ŷγy + ẑγz = jω μ ε (ŷ sin θ + ẑ cos θ )
There are 2N + 2 unknown amplitudes (C± , r T E/T M and tT E/T M )
which may be obtained from the continuity of tangential electric and
magnetic ﬁeld components as in (14) at the N + 1 boundaries.
Ex = −∂ψ T E /∂y, Hy = 1/(jωμ) · ∂ 2 ψ T E /∂y∂z
Ey = 1/(jωε) · ∂ 2 ψ T M /∂y∂z, Hx = −∂ψ T M /∂y

for T E
for T M

(14)

The set of equations for the boundary conditions may be written
concisely as a matrix equation:
[A] · [X] = [B]

(15)

where [A], [X] and [B] are given in (16) and ξ is equal to μr and εr for
the TE and TM waves, respectively. The numerical solution of (15)
gives the unknown wave amplitudes and the coeﬃcients r and t.
3. NUMERICAL EXAMPLES AND DISCUSSIONS
Several examples of oblique and normal incidence on diﬀerent
dispersive and non-dispersive MTM multilayered media are given
below. Although MTMs are extremely dispersive [2], but they are
assumed non-dispersive in several references [10, 14–16]. First, in this
paper several non-dispersive examples (studied in these references)
are treated by TLTMM to verify its eﬀectiveness to analyze MTM
media. Then, two examples with due consideration of dispersion
phenomena are designed and optimized by the method of least squares
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and combination of conjugate gradient (CG) and genetic algorithm
(GA) to show new applications of MTMs.
The computer simulation of the proposed TLTMM may be
described as follows: The inputs to the computer program are, type of
polarization (TE or TM), angle of incidence (θi ), operating
[X] =

+
−
CN
t
r C1+ C1− . . . C+ C− . . . CN

T

,

T
[B] = [ −1 −γ0z 0 . . . 0 0 . . . 0 0 0 ] ,
A11 = 1, A12 = −1, A13 = −1,
A21 = −γ0z , A22 = −γ1z /ξ1 , A23 = γ1z /ξ1 ,

A2+1,2 = e−γz d ,

A2+1,2+1 = eγz d ,

A2+1,2+2 = −e−γ(+1)z d ,

A2+1,2+3 = −eγ(+1)z d ,

A2+2,2 = (γz /ξ )e−γz d ,

A2+2,2+1 = −(γz /ξ )eγz d ,

A2+2,2+2 = −(γ(+1)z /ξ+1 )e−γ(+1)z d ,
A2+2,2+3 = (γ(+1)z /ξ+1 )eγ(+1)z d ,
 = 1, 2, . . . , N − 1
A2N +1,2N = e−γNz dN ,

A2N +1,2N +1 = eγNz dN ,

A2N +1,2N +2 = −e−γ(N+1)z dN ,
A2N +2,2N = (γN z /ξN )e−γNz dN , A2N +2,2N +1 = −(γN z /ξN )eγNz dN ,
A2N +2,2N +2 = −(γ(N +1)z /ξ(N +1) )e−γ(N+1)z dN ,
other Aij = 0,

i, j = 1, 2, . . . , 2N + 2
(16)

frequency (f ) and bandwidth, number of layers (N ), thicknesses
of layers (h ), constants of the layer materials (ε , μ ), constitutive
parameters of the dispersion relations, etc. Then the transmission
matrices [L](+1) from Eq. (5), parameters pT E/T M from Eq. (8) and
T E/T M

the discontinuity transfer matrices [I](+1) from Eq. (9) and then the
overall transfer matrix [T ](N +1)0 by Eq. (4b) are computed. Eventually
the reﬂection and transmission coeﬃcients (r, t) are computed by
Eq. (4a) and then the values of R, T and A are calculated. The ﬁeld
and power variations may then be plotted against frequency, angle of
incidence and position in the layers.
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3.1. Single Frequency (Non-dispersive Metamaterials)
Three examples of non-dispersive media are analyzed by TLTMM to
show its capabilities for the calculation of overall reﬂectance from
40 layer structures at normal incidence, the normalized Hx ﬁeld and
Poynting’s vector inside and outside the layers for TM polarization of
incident plane wave, and overall transmittance due to the evanescent
wave in multilayer MTM media.
3.1.1. Examples 1. Distributed Bragg Reﬂection (DBR)
In this example, the reﬂection from the MTM multilayer structure
is calculated by TLTMM and compared with the literature [14]. The
distributed Bragg reﬂection (DBR) is made up of several pairs of layers.
Each pair is composed of two layers with diﬀerent permittivities. DBR
exhibits high reﬂection in a frequency bandwidth called the Bragg
regime. It has applications in waveguides, such as optical ﬁbers [17–
20]. DBR may be fabricated by common dielectric materials and by
MTMs. However, DBR may be made of MTMs in wavelength regions,
where it is impossible to fabricate them by solely common dielectrics.
Fig. 2 shows the reﬂectance of a multilayer structure composed of 40
layers (DNG-DPS)20 as DBR. The layer pairs are taken as DNG-DPS
with constants εDNG = 4(−1 − j0.001), μDNG = 1.02(−1 − j0.001) and
εDPS = 1, μDPS = 1. The DNG medium may be considered a little
lossy.
The thickness of a layer pair is equal to p and that of the DNG
layer is equal to qp with 0 < q < 1. Fig. 2 shows reﬂectance against

Figure 2. Reﬂectance of a 40 layer (DN G − DP S)20 high reﬂection
structure for normal plane wave incidence with wavelength λ0 .
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wavelength for the value of q = 0.7. The results of the proposed
TLTMM agree with those of [14].
3.1.2. Example 2. Anti-reﬂection Coating
It is possible to design double layer structures using MTMs in order to
act as a anti-reﬂection surface for any angle of incidence. Realization
of such a design is not possible by common dielectric materials. A
pair of DNG-DPS layers with equal thicknesses and opposite signs
for permittivity and permeability (εDNG = −εDPS , μDNG = −μDPS )
placed between two half-spaces [21] and a pair of ENG-MNG layers
with the selection of constants according to (εM N G = −εEN G , μM N G =
−μEN G ) placed between two half-spaces [1] produce an anti-reﬂection
coating for any frequency and angle of incidence.
For the case of dDPS /λDPS = dDNG /λDNG = 0.2, εDPS = 3.5ε0 ,
μDPS = 2.5μ0 , εDNG = −3.5ε0 , μDNG = −2.5μ0 and TM polarization
of the indicated wave at the incidence angle θi = 45◦ and arbitrary
frequency f0 , the variation of Hx ﬁeld and Poynting’s vector in the zdirection (Sz ) are plotted against position by TLTMM in Fig. 3. The
normalized Hx ﬁeld and Poynting’s vector (relative to the incident
wave) is drawn inside and outside the layers. The Hx ﬁeld components
in front of the structure (z = 0) and at its back (z = h1 + h2 ) are
identical and also it is seen that the real parts of the normalized
Poynting’s vector is constant and is equal to unity across the layers,
which is due to the complete tunneling of the incident wave and the
reﬂection coeﬃcient becoming zero. Fig. 4 shows the distribution of
the real part of the Poynting’s vector inside and outside the lossless
DPS-DNG for the TM plane wave at the incident angle 45◦ , indicated
in the title of Fig. 3. Here we see the complete ﬂow of power through
the slabs.
3.1.3. The Eﬀect of Losses on the Image Quality of Nonperfect Lenses
A DNG layer in air makes a perfect lens [16, 21]. The waves emanating
from an object hit a DNG layer, and produce transmitted waves of
amplitude 1 and phase 0, which will then combine to create a complete
image of the object. Since the DNG layer is inherently lossy, this is
not realizable due to the principle of causality [23, 24].
The propagation vector in diﬀerent layers is considered as γ =
γx x̂ + γz ẑ, where γi = αi + jβi for i = x, z and αi and βi
are the attenuation constant and phase constant in the directions
i = x, z, respectively. The DNG media may be considered lossy, but
2
2
the DPS media are assumed
√ lossless with αi = 0 and kx + kz =
2
ω μDPS εDPS . If |kx | > ω μDPS εDPS , the wave traveling in the z
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direction is evanescent. The evanescent waves in perfect lenses are
actually amplifying, as opposed to the case in common lenses. For this
reason, they are eﬀective in the improvement of image quality [24].
Figure 5 depicts the concept of creation of an image by a multilayer
structure and the perfect lens conditions (μDNG = −μDPS , εDNG =
−εDPS , h = h,  = 1, . . . , N ). The image of object in the ﬁrst layer
(S) may be perfectly reproduced in the last layer (S  ). The distance
of object from the ﬁrst boundary should be less than the thickness h,
which is taken equal to 0.5h for simplicity. Therefore, the image S  is
also at a distance of 0.5h from the last boundary. The number of layers
(N ) is odd. Any deviation of εDNG and μDNG from the perfect lens
conditions adversely aﬀect the image quality. This eﬀect is expressed

(a)

(b)

Figure 3. Variation of the ﬁeld component Hx and Poynting’s vector
in z-direction (Sz ) for TM polarization, angle of incidence 45◦ and
frequency f0 . (a) Normalized Hx ; (b) Real and Imaginary parts of
normalized Poynting’s vector.
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Figure 4. Distribution of the real part of the Poynting’s vector inside
and outside the lossless DPS-DNG for the TM plane wave at the
incident angle 45◦ , speciﬁed in Fig. 3.

Figure 5. A periodic multilayer structure consisting of DNG and DPS
layers, which is a perfect lens in the lossless case.
by a factor called recovery degree [16, 24]
q = |q| ejφq =

−0.5γ(N+1)z h
A+
N +1 e
0.5γ0z h
A+
0e

(17)

where A+
0 is the amplitude of the incident plane wave at the surface of
the ﬁrst layer, and A+
N +1 is that at the surface of the last layer. The
perfect lens condition is evidently q = 1.
For minimizing the eﬀect of dielectric losses due to ε and μ on
the image quality, a DNG layer may be divided into several sublayers,
which are placed in between the DPS layers. If the total thickness
of layers of this structure is large enough, the value of q = 1 and
consequently the excellent image quality is achieved [24].
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Consider an evanescent plane wave impinging on a DNG layer
along the z-direction. In Fig. 6, the recovery degree and phase shift are
drawn versus ky /k0 and are compared with the DNG-DPS multilayer
structure. This comparison is made subject to the similarity of DNG
layers. The speciﬁcations are: εDNG = −1−j0.1, μDNG = −1−j0.001,
εDPS = μDPS = 1, k0 h = 1, 0.5, 13 for N = 1, 3, 5, respectively.

Figure 6. The recovery rate and phase shift of evanescent waves as a
function of ky for three diﬀerent layer numbers when the total thickness
of the DNG is invariable.
In Fig. 6, it is seen that the recovery degree for TE and TM waves
increases with the increase of number of layers. Practically, with high
enough number of layers, and large values of ky , the recovery degree
and phase shift are 1 and 0, respectively, particularly for TE waves.
Furthermore, the phase shifts of TE and TM waves decrease with the
increase of number of layers.
3.2. Multi Frequency (Dispersive Metamaterials)
Example 4 is presented for the validation of TLTMM method in
dispersive media and examples 5 and 6 show the capabilities of
TLTMM for the design of multilayer MTM structures for speciﬁc
purposes.
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Figure 7. Radiative properties of DPS-DNG bilayer structure.
3.2.1. Example 4. Propagation Characteristics of Dispersive
Metamaterials
In this example, the propagation characteristics in terms of power
reﬂection, power transmission and power absorption of a DPSDNG bilayer structure (including dispersion properties of DNG) are
obtained. The parameters (εr , μr ) of the media on the two sides of the
bilayer are (2.25, 1), those of the DPS layer are (1, 1) and those of the
DNG layer are according to Resonance and Drude’s dispersion relations
in Eqs. (18) and (19), respectively, with magnetic resonant frequency
fm0 = 4 GHz, electric plasma frequency fep = 10 GHz, electric and
magnetic damping factors Γe = Γm = 30 MHz and relative factor
F = 0.56. The thickness of each layer is 8 mm, the incident wave
is T E polarized, and the angle of incidence is 45◦ . The reﬂectance
(R), transmittance (T ) and absorption (A) are shown in Fig. 7. Power
absorption occurs only in the DNG layer. Power transmittance has the
highest value in the frequency range 4–6 GHz, where the real part of
the refraction index of DNG layer is negative. Absorption curve has a
maximum value near the resonance frequency 4 GHz. The results by
TLTMM completely coincide with those of reference [25].
2
− jΓm f )
μr = 1 − F f 2 /(f 2 − fm0

(18)

εr = 1 −

(19)

2
fep
/(f 2

− jΓe f )

3.2.2. Example 5. Radar Absorbing Metamaterials
Absorbing materials have various applications such as stealth and
shielding of high reﬂection surfaces. However, the fabrication of lossy
magnetic materials having desirable dispersion relations at microwave
frequencies is diﬃcult and increases the weight of coatings Fabrication
of wide band and wide angle RAMs being thinner and having less
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weight will be possible by MTMs which may be an improvement
over the available technologies [26]. Since the multilayer structures
are inﬁnite in the transverse directions, and the plane surfaces are
assumed smooth, specular reﬂection occurs and scattering is ignored.
Consequently, RCS is assumed proportional to reﬂectance. The even
layers are composed of lossy DNG-MTMs with the Drude’s and Lorentz
dispersion relations in Eqs. (19) and (20), respectively, where fm0 is the
magnetic resonant frequency, fmp is the magnetic plasma frequency,
and Γm is the magnetic damping factor [27, 28], and the odd layers
are made of common lossy materials having the dispersion relation
according to Eq. (21).
2
2
2
− fm0
)/(f 2 − fm0
− jΓm f )
μr = 1 − (fmp

(20)

εc = ε − j(ε + σ/ω)

(21)





An error function is constructed in terms of reﬂectance by the
method of least squares (MLS) in Eq. (22), where t = 1, . . . , 10
indicates ten incident angles in the range of 0◦ to 80◦ and f = 1, . . . , 10
indicates ten frequencies from 1 to 12 GHz and wtf is a weighting
function. The minimization of error function is achieved by the
combination of GA and CG methods, which provides the fastest
convergence towards the global minimum point of the error function.
Error =

10
10 


wtf |Rf b + 20|2

(22)

t=1 f =1

The frequency response of a designed eight layer DPS-DNG RAM
under the oblique incidence of a TE polarized plane wave is shown in
Fig. 8. it is observed that for more than one frequency decade from 1
to 12 GHz and for wide range of angles from 0 to 75◦ , the reﬂectance
is low. The parameters of the layers are given in Table 2.
3.2.3. Example 6. Dual Band Reﬂectors
Applications of wireless LAN and Wi-Fi frequency bands are rapidly
expanding. They are used only indoors and they should not be
transmitted to outdoors. Therefore, shielding of buildings should
be implemented. However, stealth wallpaper can reﬂect the speciﬁc
frequencies (wireless LAN and Wi-Fi) and transmit other frequencies
(TV broadcasting, mobile services, etc) for the protection of indoor
information. Fabrication of stealth wallpaper with MTM is a new
application. For example, a dual band reﬂector with three-layers of
MNG-MTM is designed for the obstruction of data transmission at 12
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Table 2. Speciﬁcation of an eight DPS-DNG pair RAM where the
odd layers are composed of common lossy materials with μr = 1 and
the even layers are composed of split ring resonators and metallic thin
wires.
Layer
No.
1

Thickness
(mm)
10

Dispersion
Relation
21

2

4.8

19, 20

3

4.5

21

4

9.6

19, 20

5

9.9

21

6

1.4

19, 20

7

9.2

21

8

8.3

19, 20

Dispersion
Parameters
εr = 1.1293, σ = 14.9936
fep = 1 GHz,
Γm = 28.7334 GHz
fmp = 8.6081 GHz,
fm0 = 7.0909 GHz,
Γm = 6.4500 GHz
εr = 1.3920, σ = 14.9984
fep = 1 GHz,
Γm = 28.7334 GHz
fmp = 5.8525 GHz,
fm0 = 3.5940 GHz,
Γm = 5.4400 GHz
εr = 1.4034, σ = 14.9986
fep = 1 GHz,
Γm = 28.7334 GHz
fmp = 19.6504 GHz,
fm0 = 4.6807 GHz,
Γm = 8.7073 GHz
εr = 8.1963, σ = 14.9992
fep = 1 GHz,
Γm = 28.7334 GHz
fmp = 11.2008 GHz,
fm0 = 5.6229 GHz,
Γm = 6.8129 GHz

and 13 GHz for circularly polarized wave. The layers are composed
of lossy MNG-MTMs with the dispersion relation in Eq. (20). An
error function is constructed according to Eq. (23). Occurrence of
transmittance is indicated by b = 1, 2 for frequencies 12 and 13 GHz
and no transmittance is indicated by b = 3, 4, 5 for frequencies below
12 GHz and above 13 GHz and between 12 and 13 GHz. Also f =
1, . . . , 10 indicates ten frequencies in each band, and t = 1, . . . , 10
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(b)

(c)
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(d)
Figure 8. The reﬂectance of an eight DPS-DNG pair RAM coating
composed of lossy common material and DNG-MTM under the TE
polarized plane wave, at incident angle of 30◦ . (a) The reﬂectance
versus frequency; (b) The reﬂectance versus incident angle; (c) The
reﬂectance versus incident angle in polar plot, (d) 3-D reﬂectance
manifold versus frequency and incident angle.
indicates ten incident angles from 0◦ to 60◦ . The minimization of error
function is achieved by the combination of MLS, GA and CG.
 2

10
10 
5



2
2
wtf b |Tf b + 15| +
wtf b |Tf b |
(23)
Error =
t=1 f =1

b=1

b=3

Figure 9 shows the transmittance-frequency characteristic of a
designed six layer MNG-MTM dual band reﬂector under the oblique
incidence of a circular polarized plane wave and Table 3 shows its
designed parameters.
TLTMM has some common features with TMM, but is based on
the transmission line formulation. It therefore beneﬁts from some
physical interpretations and approach on the other hand; TLTMM
provides a uniﬁed formulation for both TE and TM polarizations. The
results from the TLTMM and TMM formulations are quite similar.
Examples 1, 3 and 4 in references [4, 16] and [25] are solved by TMM
and are solved by TLTMM in our paper for comparison.
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(a)

(b)

(c)

Figure 9. The transmittance-frequency dependence of a dual reﬂector
MNG-MTM under circular polarization. (a) The transmittance versus
frequency; (b) The transmittance versus incident angle; (c) 3-D
transmittance manifold versus frequency and incident angle.

Table 3. Speciﬁcations of six-layers of MNG-MTM as a dual band
reﬂector, composed of split ring resonators with εr = 1.
Layer No.

Thickness (mm)

1
2
3
4
5
6

4.7
1.4
1.7
1.8
1.6
3.5

fmp
(GHz)
841.6854
886.7427
915.3140
900.4392
871.9699
878.5522

fm0
(GHz)
381.1716
50.0068
340.2613
216.7181
32.0342
369.1462

Γm
(MHz)
1
1
1
1
1
0.8246
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4. CONCLUSIONS
A method based on the Transmission Line Transfer Matrix Method
(TLTMM) is implemented for the analysis of MTM multilayer
structures. The frequency responses of reﬂected and transmitted waves
of such multilayer structures are accurately determined by TLTMM,
which exhibit dependence on frequency, angle of incidence, polarization
of the incident wave,physical parameters of the stratiﬁed media, and
dispersion relations of materials. The formulation of the combined TE
and TM polarizations, leads to the generalized treatment of elliptically
polarized waves (including linear and circular wave polarizations).
The ﬁeld and power distributions inside and outside layers may
be computed. The TLTMM may also be applied to MTM multilayer
structures which are inhomogeneous in the variable normal to the layer
surfaces.
Several examples were treated by the proposed TLTMM, such
as anti-reﬂection coating, high reﬂection coating, distributed Bragg
reﬂector (DBR), photon tunneling in MTMs, and the eﬀect of losses
on the image quality of nonperfect lenses. The results of computations
by TLTMM agree very well with those available in the literature.
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