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Abstract—We present an efficient way to generate the inverse
synthetic aperture radar (ISAR) image of a target at an arbitrary
aspect angle using the shooting and bouncing ray (SBR) method,
which is much faster than the conventional approach by inverse Fourier
transforming the computed scattered fields over frequency and aspect
domain. We propose a general image-domain ray-tube integration
formula, which contains aspect-dependent factors. The new formula
can provide ISAR images of a target rapidly and conveniently in
different image planes at different aspect angles in a world coordinate
system. The ISAR images of a cube and an aircraft for several aspect
angles and different image planes are presented to demonstrate the
efficiency and accuracy of the general formula. The proposed method
is more significant when large amount of ISAR images of a target are
required to build the database for target recognition.

1. INTRODUCTION
The synthetic aperture radar (SAR) or inverse synthetic aperture
radar (ISAR) based automatic target recognition (ATR) have become
increasingly popular due to their ability to work under almost all
weather conditions and complicated environment [10, 11, 22]. The SAR
synthetically increases the antenna’s size or aperture to increase the
image resolution. With the radar moving on the platform, a pulse is
transmitted at multiple positions. The return echoes pass through the
receiver and are recorded in an echo store, yielding an effective increase
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of the antenna aperture. Similarly, ISAR is used to generate images of
a moving target. The concept and processing algorithms are similar to
SAR, but it is the movement of the target, not the radar system, that
is used to effectively increase the aperture of the radar’s antenna. The
subject of SAR and ISAR has been of great interest and a wide range
of research has been carried out on different issues [3–5, 12–14, 23, 24].
SAR and ISAR images are powerful visualization tools that can
provide high-resolution two-dimensional (2D) electromagnetic (EM)
images of an area or a target of interest. Usually the SAR or ISAR
images are obtained by coherently signal processing the received radar
echoes of transmitted pulses. A high resolution in the range direction
is achieved by the large bandwidth of the transmitted impulses, while a
high resolution in the cross-range direction is obtained by the synthetic
aperture generated by motion of the target or possibly by motion of
the radar platform. When the target or radar moves, usually in an
unknown trajectory, the motion compensation is considered in the
image formation [14, 17, 19]. ATR based on SAR or ISAR images has
great importance on the target recognition, but its development is still
slow due to the lack of valid SAR/ISAR image database, which was
merely obtained by measurements previously.
The fusion of computer graphics and modern computational
electromagnetics has facilitated a possible access for the necessary
database of SAR and ISAR images [4–9, 20–24]. Since the movement of
target or radar is equivalent to that radar receives echoes at different
aspect angles, the SAR and ISAR images of a given target can be
simulated using the scattered fields over a frequency band and a range
of aspect angles. Hence, in the means of simulation, there is no
difference between SAR and ISAR images. Because what we studied
in this paper is aircraft, the moving target, we adopt the term of ISAR
image. Combining the measured and simulated SAR and ISAR images
together, a large database could be set up, which will enhance the
progress of ATR.
In recent years, the ISAR imaging with the EM model has been
well studied [4–9, 20, 24]. In the conventional ISAR-image formation,
the target is located in the center of the coordinate system, and
the scattered fields are computed over a band of frequencies which
determines the range resolution and a band of angles which determines
the cross-range resolution. The ISAR image of target on the given
angle is derived by inverse Fourier transformation of the 2D data [1, 2].
In [3], three different image-formation approaches were compared
and the images were obtained respectively. In [4], the ISAR image
was achieved based on the full-wave numerical technique, the finite
difference time domain method, which can avoid evaluating the multi-
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scattering effects on the image. In [5], the shooting and bouncing rays
(SBR) method was used to calculate the scattered fields, and then the
ISAR image was obtained through the inverse Fourier transform.
In the above methods, however, the whole computation procedure
has to be carried out over a band of frequencies and a band of aspect
angles to get the scattered data. Hence it is rather time consuming to
obtain high resolution images of a complicated target. A significant
contribution was the introduction of SBR method to the ISAR-image
formation [6], which is under the concept of the equivalence between
the bistatic and monostatic radar cross sections (RCSs) in a small angle
approximation [7, 16]. This procedure can briefly be described by the
following formula [6]
O(x, y) =

N
X

Oi (x, y)

(1)

i=1

where, Oi (x, y) is the contribution of each effective ray tube to
the ISAR image which has a closed form under the small angle
approximation, and N is the number of effective ray tubes. Using such
a technique, the ISAR image can be accessed without the laborious
multiple frequency-aspect calculations. In this paper, we propose an
efficient way to generate the ISAR images of a target at an arbitrary
aspect angle using the SBR method. We derive a general formula
which contains the aspect dependent factors, and then write it in a
convolution form and use the fast Fourier transform to carry out the
convolution, the scheme can get a speed gain of a factor of more then
two hundred. The proposed method is more significant when large
amount of ISAR images of a target are required to build the database
for ATR.
2. GENERAL FORMULA
The SBR method is a high-frequency EM simulation technique
to compute the scattering properties of arbitrary shaped realistic
targets, which becomes more powerful when combined with the
computer graphics since arbitrary-shaped targets can be modeled
accurately [8, 9, 16]. In the SBR method, the ray path and the
geometrical physics (GO) field associated with each ray are considered
respectively. For a specific ray, when it is intersected with the target,
the reflected ray direction will be determined by the Snell’s law,
where the normal vector is known. The GO field can be obtained
by determining two coefficients: the reflection coefficients and the
divergence factor. By using the reflected ray as the incident ray, the
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above procedure can be repeated until the ray escapes the target. For
conducting object, the physical optics (PO) integration is carried out
at the wave front of the ray tube just before the ray escapes the target.
Millions of rays modeling the incident plane wave are launched
towards the target. The total scattered field at an observation point
is the summation of the contributions from each ray tube. The
SBR technique is more efficient especially when multiple bouncing
rays contribute to the scattered field. To derive the general ISAR
image formula at an arbitrary aspect angle, we consider the ray-tube
integration formula which calculates the far-field scattered electric field
at an arbitrary observation point (r, θ, ϕ) [9]
´
e−jkr ³
θ̂Aθ + ϕ̂Aϕ
(2)
E(r, θ, ϕ) =
r
where Aθ and Aϕ are related to the aperture field of the ray tube by
the surface integral based on the Huygens’ principle. By carrying the
integral over the wave front of the ray, we get the approximate formula
for Aθ and Aϕ as
¸µ ¶
· ¸
N ·
X
jk
Aθ
Bθ
=
(∆A)exit S(θ, ϕ)ej k̂·rA
Bϕ
Aϕ
2π
i=1

Bθ = −s1 E3 cos ϕ − s2 E3 sin ϕ + s3 (E1 cos ϕ + E2 sin ϕ)
Bϕ = s1 (E3 cos θ sin ϕ + sin θE2 ) + s2 (−E1 sin θ −
E3 cos θ cos ϕ) + s3 (E2 cos θ cos ϕ − E1 cos θ sin ϕ)
in which N is the total number of the effective ray tubes, rA is the
position vector of the last hit point on the target, S(θ, ϕ) is the shape
function [15] and can be usually assumed unity if the ray tube area is
sufficiently small, and (∆A)exit is the cross section of the exit ray tube
at point A. E(A) = E1 x̂ + E2 ŷ + E3 ẑ is the electric field with each
ray tube at A, s = s1 x̂ + s2 ŷ + s3 ẑ is the exit ray tube direction, and
k = kx x̂ + ky ŷ + kz ẑ = k k̂ is the observation wave vector.
The ISAR image of a target can be generated through a 2D Fourier
transform
ZZ ∞
1
eθ,ϕ (kx , kz )e−j(kx x+kz z) dkx dkz
Oθ,ϕ (x, z) =
O
(3)
(2π)2
−∞
where
eθ,ϕ (kx , kz ) =
O

4πr
E s (k, θ, ϕ)
−jkE0 e−jkr θ,ϕ

s (k, θ, ϕ) is the far-field scattered electric field. The subscript
and Eθ,ϕ
θ or ϕ donates the corresponding polarization. In a global coordinate
system, the target is located at the origin. We set the image plane as
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the x-z plane and the incident wave as the z direction for convenience.
The bistatic observation angle varies from −θ0 to θ0 and the frequency
from kmin to kmax to achieve the Fourier space information. Under
the small angle condition we get the approximate expression of the
contribution of each effective ray tube to the ISAR image
Z kmax
N ½
k0 X
Oθ,ϕ (x, z) = − 2
(∆A)exiti ·
e−jk(2z+di −zi ) dk
π
kmin
i=1
¾
Z θ0
−jk0 (2z+di −zi )
·
(αi + θβi )e
dθ
(4)
−θ0

The integrations can be easily carried out analytically. After ignoring
the terms of order θ02 , we get the closed form expression as
(
N
k0 X
Oθ,ϕ (x, z) = − 2
(∆A)exiti · ∆ke−jk0 (2z+di −zi )
π
i=1
)
¶¸
·
µ
di − z i
· 2αi θ0 sinc[k0 θ0 (x − xi )] (5)
·sinc ∆k z +
2
in which sinc(u) = sin u/u, sinc0 (u) = (−sinc(u) + cos u)/u, k0 is the
center wave number, ∆k = kmax − kmin , di is the distance traveled by
the ith ray tube, (xi , zi ) is the position of the last hit point on the
target, and αi is the GO field associated with the ith ray. We call the
position dependent part of every ray tube
¡
¢
£
¡
¢¤
0
0
h x − xi , z 0 − di 0 = ∆kej2k0 (z −di ) sinc ∆k z 0 − di 0
·2αi θ0 sinc [k0 θ0 (x − xi )]
(6)
as the ray spread function, where z 0 = −z is defined as the range
direction, di 0 = (di − zi )/2 is half of the distance traveled by the ith
effective ray tube. The ray spread function obtain its maximum at
z 0 = (di − zi )/2 in the range direction, and x = xi in the cross-range
direction which is the last hit-point on the target.
In order to obtain the ISAR image of a target at arbitrarily
continuous aspect angles, we present a general formula, in which the
aspect-dependent factors in (5) need to be modified. When the ISAR
image of an arbitrary aspect angle is considered, the range direction is
along the incident direction, and the cross-range direction is orthogonal
to the range direction and within the aspect-scanning plane. Similarly,
the image space along the range direction and cross-range direction
are updated by the aspect-dependent ray spread function, whose peak
position is determined according to each ray tube. Analogically, we
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get a general formula and the contribution of each effective ray tube
to the arbitrary-aspect ISAR image is described as
Oθ,ϕ (R, CR) =
¶
µ
(
(
"
Ã
!#)
N
d −k̂·r
jk0 R− i 2 A
k0 X
di − k̂ · rA
− 2
sinc ∆k R−
(∆A)exiti · ∆ke
π
2
i=1
)
n
h
³
´i o
· 2αi θ0 sinc k0 θ0 CR − k̂⊥ · rA
(7)
where k̂ is the range direction, k̂⊥ is the cross-range direction, and
the two directions determine the image plane. R and CR are the
coordinates in the two directions respectively. The above equation is
a general formula, from which ISAR images in different directions and
different image planes can be obtained rapidly and conveniently. This
is significantly important to the setup of ISAR image database for the
ATR usage.
The imaging formula (5) is obtained by the Fourier transform of
the k -space data (3) analytically. The process has already fulfilled
the broadband property in the pulse radar (corresponding to the
range domain) and the relative motion between radar and target
(corresponding to the cross-range domain). Hence, the ISAR image
is formed in the image-domain directly without using the Fourier
transform numerically. We find that each ray tube contributes to the
ISAR image in a form of conduct of two sinc functions. The image
plane is updated by each ray tube. The amplitude and the position of
each sinc function depend on the cross section of ray tube, the range
direction and coordinate, the cross-range direction and coordinate, the
GO field at the last point, the coordinates of the last hit point on the
target, and the traveling distance. Using the general formula (7), the
ISAR images of a target in any image planes and at arbitrary aspect
angles can be obtained rapidly without rotating the target model.
3. FAST-IMPLEMENTATION SCHEME
The general formula (7) can be recognized as a convolution form
Oθ,ϕ (CR, R)
(N
)
X
k0
= − 2·
(∆A)exiti αi δ(R − Ri , CR − CRi ) ∗ h(R, CR), (8)
π
i=1

where Ri = (di − k̂ · rA )/2, CRi = k̂⊥ · rA , and x(R, CR) =
PN
i=1 (∆A)exiti αi δ(R − Ri , CR − CRi ) is a two-dimensional unequal
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spaced discrete array. The ray spread function h(R, CR) is defined in
(6). We apply a linear interpolation method to make an equally spaced
0
array x (R, CR) after the ray tracing. Then following fast scheme is
available:
Oθ,ϕ (CR, R)
n
o
£
¤
k0
= − 2 · IFFT2D FFT2D x0 (R, CR) · FFT2D [h(R, CR)] . (9)
π
Using the two-dimensional FFT algorithm, the computation time
would be reduced immensely, as shown in Table 1.
4. NUMERICAL RESULTS
Several numerical results are presented to demonstrate the validity and
accuracy of the proposed method. The ISAR images generated using
this general image-domain formula are compared to those generated
using the conventional Fourier transforming method. We will show a
simple target of cube first, and then a complex aircraft P51.
First, we consider the ISAR image of a cube with the size of
10 m × 10 m × 10 m, whose geometrical model is shown in Fig. 1. The
incident direction is θ = 90◦ and ϕ = 45◦ , and the image plane is
the x-y plane. The central frequency is 3 GHz and the bandwidth
is 1 GHz. Hence, the range resolution is 0.15 m. The cross-range
resolution is also set as 0.15 m for observation convenience, while it
is dependent on the width of observation angle. In order to achieve
the cross-range resolution, the bistatic observation angle is set around
the incident direction over a range of ±19.1◦ . The range window and
the cross-range window are both set as [−L/2, L/2], where L is chosen

ence
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Z
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Direction
Y
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Figure 1. The geometrical model of a cube target.
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Cross-Range(m)

to be twice the size of the target. The ISAR image is computed on a
256 × 256 grid, and the result is shown in Fig. 2(b).
A numerical result of the same target on the equal condition using
the conventional frequency-aspect method is presented in Fig. 2(a)
to demonstrate the accuracy and computational time of the general
formula we derived. The monostatic observation angle over a range of
±9.55◦ around the incident direction is set for the reason of monostatic
and bistatic equivalence [2, 7]. From Fig. 2, we clearly notice the strong
scattering centers in the two ISAR images, which are corresponding to
the three corners. The comparison of the computational time is shown
in Table 1.
Figure 3 is the geometrical model of the aircraft P51. The target
model consists of 2600 planar triangular facets and it is encircled by
a box of 14.115 m × 16.984 m × 4.499 m. Figs. 4 and 5 show the
2D ISAR images of the P51 aircraft, where the incident direction is
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Figure 2. The ISAR images of the cube, in which the incident
direction is chosen as θ = 90◦ and ϕ = 45◦ , and the resolution is
0.15 m. (a) Conventional approach by inverse Fourier transforming
the computed scattered fields over the frequency-aspect domain. (b)
General image-domain ray-tube integration formula.
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Figure 3. The geometrical model of an P51 aircraft target.
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Table 1. Comparison of the computational time to generate the ISAR
images using the two methods.
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Generate Formula

Cube (sec)
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(a)
(b)
Figure 4. The 2D ISAR images of the P51 aircraft target in the x-y
plane, in which the incident direction is chosen as θ = 90◦ and ϕ = 0◦ ,
and the resolution is set as 0.3 m. (a) The ISAR image generated by
the conventional method. (b) The ISAR image generated from the new
formula.
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Figure 5. The 2D ISAR images of the P51 aircraft target in the x-z
plane, in which the incident direction is chosen as θ = 90◦ and ϕ = 0◦ ,
and the resolution is set as 0.3 m. (a) The ISAR image generated by
the conventional method. (b) The ISAR image generated from the new
formula.
θ = 90◦ and ϕ = 0◦ . The x-y plane is selected as the image plane in
Figs. 4(a) and 4(b), and the x-z plane in Figs. 5(a) and 5(b). In the
conventional method, the scattered fields are computed in a frequency
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range from 2.5 GHz to 3.5 GHz in 300 steps and in an azimuth angle
range from −9.55◦ to 9.55◦ in 300 steps, and the imaging result is shown
in Fig. 4(a). The ISAR image generated from the general formula on
a 512 × 512 grid is shown in Fig. 4(b), where the same frequency
range is used with a bistatic angle window of ±19.1◦ . Under the same
frequency band, when the elevation angle ranges from 80.45◦ to 99.55◦
in 256 steps, the ISAR image from the conventional method is shown in
Fig. 5(a). Correspondingly, the ISAR image from the general formula
on a 512 × 512 grid is shown in Fig. 5(b), where the window of bistatic
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Figure 6. The 2D ISAR images of the P51 aircraft generated from
the new formula, in which the incident elevation angle is 75◦ , and the
incident azimuth angle is from 33◦ to 57◦ with an incremental of 3◦ ,
respectively, from (a) to (i). Here, the resolution is set as 0.3 m.
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angles is ±19.1◦ . Comparing Figs. 4(a) with 4(b) and 5(a) with 5(b),
we notice that the dominating strong scattering centers have emerged
in both the two method and the image generated by the new method
has been better focused.
Moreover, the computation time of generating a ISAR image
with the proposed method in this paper is much smaller than the
conventional method, as shown in Table 1. Where the computation
time of the conventional method is the sum of the SBR method to
create the scattered fields and the image creation process. There is a
speed gain of a factor of more than two hundred. All computations are
performed in a personal computer (HP Compaq dc7800). There are
two factors which give rise to the superior speed performance of the new
imaging formation over the conventional approach. First, the bistatic
approximation and the time-domain integral allow the ray tracing to
be performed only one time. Second, the using of FFT accelerated the
imaging process.
The proposed method is more significant when large amount of
ISAR images are required to build the database for ATR, where
ISAR images for different aspect angles and different image planes
are needed. In Fig. 6, the ISAR images of the P51 aircraft for different
azimuth angles are given, in which the frequency is the same as that in
the earlier example, the incident elevation angle is 75◦ , and the azimuth
angle is from 33◦ to 57◦ with an incremental of 3◦ . Without rotating
and adjusting the target model, the ISAR images are generated rapidly
and conveniently, as shown in Fig. 6.
5. CONCLUSION
In this paper, we proposed an efficient way to generate the ISAR
images of a target at an arbitrary aspect angle using the SBR method.
We derived a general formula containing the aspect-dependent factors,
which can provide ISAR images of a target rapidly and conveniently in
different image planes at different aspect angles in a world coordinate
system, without scanning the frequencies and aspect angles. As the
general formula can be written in a convolution form, the FFT method
is used to accelerate the convolution after a linear interpolation. The
proposed method is more significant when large amount of ISAR
images of a target are required to build the database for ATR.
We remark that the image-domain ray-tube integration formula
based on the SBR technique is inefficient to take into account the
multiple scattering effects. When high fidelity ISAR images are
required, especially for stealth radar targets, the effects of edge
diffraction are non-negligible. Hence the contribution of the edge
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diffraction to the ISAR images must be considered. Moreover, the
current ISAR simulation is only restricted to conducting objects. The
image calculation of large objects including dielectric components is
still difficult.
As the millimeter-wave radars have been common these days,
the high-frequency approximations will become more applicable.
Furthermore, for the aim of producing a library (i.e., large volume)
of images for the ATR purpose, and for the real-time imaging purpose,
the proposed method is very significant.
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