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Abstract—A great deal of researches have so far been conducted
on the analysis of eccentricity in induction machines. However,
they mostly consider radial non-uniformity and neglect non-uniformity
in the axial direction, but in practice, the axial non-uniformity
due to rotor misalignment faults is quite common. This paper
presents a modified model of a three-phase squirrel cage induction
machine under different rotor misalignment conditions. For this
purpose, general expressions for air gap and mean radius of induction
machine, considering axial non-uniformity, have been developed. The
proposed model is able to calculate the time varying inductances versus
rotor angle for three-phase squirrel cage induction machines under
general rotor misalignment, including static, dynamic and mixed rotor
misalignment in the frame of a single program. Simulation results were
verified by the experimental ones.
1. INTRODUCTION
The model presented by Tolyiat et al. [1] has been shown to be
accurate for the time domain simulation of AC motors based on the
basic geometry and winding layout of stator windings and rotor loops.
Contrary to the classical d-q model, this theory can take into account
all of the winding magnetomotive force space harmonics. An essential
part of this theory is the calculation of machine inductances. These
inductances are calculated using winding function and other equations
within the theory. By this approach, all space harmonics are taken
into account without any restriction concerning symmetry of stator or
rotor windings. Hence, this model is widely used for the analysis of
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asymmetrical and fault conditions in machines, such as broken rotor
bars [2, 3] and fault condition in stator windings [4]. The modified
winding function approach (MWFA) [5] for nonsymmetrical air-gap
is regarded as a very powerful and general approach and has been
extensively used for the last 15 years. MWFA is indeed very well suited
for analyzing machines with small air gaps of arbitrary shape [6].
This method has been applied to analyze static, dynamic and
mixed eccentricity in induction and synchronous machines [7–12].
In [13], different geometrical models for the calculation of inductances
of induction machines were evaluated, and the best approximation
was recommended. A new method for the calculation of inductances
of induction machine under healthy and faulty conditions, based
on combined MWFA and Magnetic Equivalent Circuit (MEC), was
presented in [14].
Different eccentricities in induction machines were documented
previously [7, 8, 13–18]. In reality, the most probable case is the inclined
air gap eccentricity or rotor misalignment fault.
The mentioned models are not able to analyze the effects produced
by the axial air-gap non-uniformity in induction machines. In [19],
an extension of the MWFA for the inductance calculation considering
axial non-uniformity was proposed. This method was used to calculate
the mutual inductance of a three-phase induction machine under
static inclined eccentricity condition. Different inclined eccentricities
in induction machines have been previously documented [19–22]. In
these models, only static inclined eccentricity is considered. Also, to
calculate the inductances, mean radius of the machine is considered
to be constant. On the other hand, the air-gap length of the machine
and mean radius of the air gap are approximated, and therefore the
geometrical model of the machine is simplified.
This paper presents a precise model for squirrel cage induction
machine under different rotor misalignment conditions.
In the
presented model, precise functions of mean radius and air-gap length,
considering slots effects, rotor skewing and other asymmetries, are
determined.
The proposed technique is used to calculate the inductances
of a three-phase squirrel cage induction machine under different
misalignment conditions. Effects of stator and rotor slots, rotor
skewing and several rotor axial asymmetries on inductances in these
conditions are shown. Calculated inductances are also used in a
coupled electromagnetic model to simulate the squirrel-cage induction
machine under different healthy and rotor misalignment conditions.
Finally, simulation results are compared to those obtained from
experiments.
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2. INDUCTANCES OF INDUCTION MACHINE UNDER
AXIAL NONUNIFORMITY
In order to model eccentricity in induction machine, without skew and
with uniform air-gap along the rotor, we can use the MWFA used
in [13]. However, for the calculation of machine inductances under
rotor misalignment conditions, considering rotor skewing, slots effect
and axial non-uniformity, the extended MWFA should be used [23].
Magnetomotive force (MMF) distribution in the air gap produced by
a current ia flowing in any coil a (stator or rotor windings) is as follows:
FA (ϕ, z, θ) = NA (ϕ, z, θ)iA

(1)

where, Na (ϕ, z, θ) is the winding function of winding a, ϕ is arbitrary
angle in stator reference frame, θ is rotor angle and z is axial position.
In an electrical machine, this function can be defined for each stator
and rotor windings [23].
R 2π R l
r(ϕ, z, θ)g −1 (ϕ, z, θ)n(ϕ, z, θ)dzdϕ
N (ϕ, z, θ) = n(ϕ, z, θ) − 0 0 R 2π R l
(2)
2πl 0 0 r(ϕ, z, θ)g −1 (ϕ, z, θ)dzdϕ
where, r is the mean radius function, n the turn function, l the rotor
length, and g the air gap function. A differential flux through a
differential area in the air gap, r(ϕ, z, θr )dzdϕ, can be derived as
follows:
dϕ = µ0 Na (ϕ, z, θ)ia g −1 (ϕ, z, θ)r(ϕ, z, θ)dzdϕ
(3)
Integrating the differential flux in the region covered by coil b
yields:
Zϕ2 ZZ2 (ϕ)
r(ϕ, z, θ)Na (ϕ, z, θ)ia g −1 (ϕ, z, θ)dzdϕ
ϕb = µ0

(4)

ϕ1 Z1 (ϕ)

nB (ϕ, z, θ) is equal to the coil turns in the region (ϕ1 < ϕ < ϕ2 ,
z1 (ϕ) < z < z2 (ϕ)) and zero otherwise. Therefore, the total flux
linking coil b is obtained from multiplying (3) by nb (ϕ, z, θ) and
integrating it over the whole surface:
Z2π Z l
r(ϕ, z, θ)nb (ϕ, z, θ)Na (ϕ, z, θ)ia g −1 (ϕ, z, θ)dzdϕ

λb = µ0
0

(5)

0

The mutual inductance between windings a and b, considering
radial and axial nonuniformity, is obtained as follows [23]:
λb
Lba (θ) =
(6)
ia
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Z2π Z l
Lba (θ) = µ0
0

0

r(ϕ, z, θ)nb (ϕ, z, θ)Na (ϕ, z, θ)
dzdϕ
g(ϕ, z, θ)

(7)

Equation (7) shows that the mean radius, air gap, winding
and turn are functions of ϕ, z and θ. Therefore, this technique
has capability to simulate the mechanical asymmetry and fault of
stator and rotor with no restrictions about the axial and radial nonuniformity. Also, space harmonics of the windings MMF and slots
harmonics are taken into account. The winding functions of the
stator phases and rotor loops of the machine do not change under the
non-uniformity conditions compared to the symmetrical conditions.
However, the functions of air-gap length and the mean radius will
change with respect to the symmetrical case.
The winding function used in this study considers the sinusoidal
variation of MMF on the slots. Fig. 1 shows the turn function of stator
phase A. Phase A winding is distributed in 12 slots.
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Figure 1. Turn function of the stator phase A.
3. MIXED MISALIGNMENT MODELING
The eccentricity fault occurs when the rotor axis is separated from the
stator axis, while the rotor axis remains parallel to that of the stator.
Eccentricity can be categorized into three general groups: Static
eccentricity (SE), Dynamic eccentricity (DE) and mixed eccentricity
(ME).
Rotor misalignment is caused by improper alignment of right and
left bearing centers. Consequently, the centerlines of rotor shaft and
stator bore are not parallel. Therefore, along the axial direction, the
degree of eccentricity is not constant. To model the rotor misalignment,
this fault can be treated as a variable circumferential eccentricity.
Rotor misalignment fault can also be subdivided into three categories;
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static misalignment (SM), dynamic misalignment (DM) and mixed
misalignment (MM).
Contrary to the winding function, the air-gap function and the
mean radius function change in non-uniformity conditions compared
to the symmetrical case. It is intended to develop these functions
which express the geometrical model of the machine.
Figure 2 shows an elementary induction machine with static rotor
misalignment. In this condition, the symmetrical axis of rotor, which
is superimposed to the rotor rotating axis, is inclined relative to the
symmetrical axis of stator.

(a)

(b)

Figure 2. Static misalignment in an induction machine. (a) Axes
position and (b) a cross section of machine. Os is stator center, or is
rotor center and Oc is rotor rotating center.
In this condition, the air gap length variation can be described by
air gap function as follows:
g(ϕ, θ, ϕs , z) = gH (ϕ, θ)(1 − δs (z) cos(ϕ − ϕs ))
(8)
where gH is the air gap function in healthy condition, gM the air gap
function in case of rotor misalignment, ϕs the angle at which rotor
rotation and stator centers are separated, and δs the static eccentricity
level. ϕs is clearly shown in Fig. 2(b) and δs obtained from the ratio
between the distance of stator and rotation centers (os oc in Fig. 2(b))
and air gap length of healthy machine. Through geometric analysis on
Fig. 2(a), it is straightforward to show the static eccentricity level at
any point along the axial direction as
δs (z) = − tan(αs )(z − ls )/g0
(9)
αs is the inclined angle of the rotor and ls the shaft misalignment
level in the case of static misalignment. αs and ls are clearly shown in
Fig. 2(a). The variation of static air gap eccentricity coefficient versus
axial position in this condition is shown in Fig. 3.
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Figure 3. Variation of static eccentricity coefficient in different
positions for machine under static misalignment.
The mean radius function is obtained as follows:
g(ϕ, θ, ϕs , z)
r(ϕ, θ, ϕs , z) = r(ϕ) −
(10)
2
where, rs (ϕ) is the inner stator radius of induction machine. Mean
radius function depends on the geometry of the air gap. In many
studies, this function has been considered to be constant [7, 8, 13–22].
Fig. 4 shows variation of mean radius of the air gap for the healthy
and faulty induction machine. The slots effects are taken into account
by using the technique introduced in [24].
Dynamic misalignment is shown in Fig. 5. As shown, in this
condition, the symmetrical axis of rotor is inclined relative to the stator
symmetrical axis which is superimposed to the rotor rotating axis. The
air gap length variation can be described by air gap function as follows:
g(ϕ, θ, ϕd , z) = gh (ϕ, θ)(1 − δd (z) cos(ϕ − ϕd ))

(a)

(11)

(b)

Figure 4. Mean radius function in cases of (a) healthy and (b) rotor
misalignment where (θ = 0, z = 0).
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(b)

Figure 5. Dynamic misalignment in an induction machine. (a) Axes
position and (b) a cross section of machine
where ϕd is angle at which rotation and rotor centers are separated, and
δd is dynamic eccentricity coefficient. ϕd is clearly shown in Fig. 5(b).
δd is obtained from the ratio between the distance of rotor and rotation
centers (Oc Or in Fig. 5(b)) and air gap length of healthy machine.
Through geometric analysis on Fig. 5(a), it is straightforward to show
the dynamic eccentricity level at any point along the axial direction as
δd (z) = − tan(αd )(z − ld )/g0

(12)

αd is the inclined angle of the rotor and ld the shaft misalignment
level in this case.
In reality, static and dynamic cases tend to coexist. In the case
of the mixed rotor misalignment, rotor axis and rotating axis are
separated from each other and are inclined compared to stator axis
(Fig. 6). The air gap length variation can be described by air gap
function as follows:
g(ϕ, θ, ϕs , ϕd , z) = gh (ϕ, θ)(1−δs (z) cos(ϕ−ϕs )−δd (z) cos(ϕ−ϕd )) (13)
The static and dynamic cases are special cases of the mixed
misalignment, where δd (z) = 0 in static and δs (z) = 0 in dynamic.
The mean radius of the air gap is derived as (10).
The air gap function and mean radius function express the
geometrical model of induction machines. The geometrical model
can then be defined for induction machine with a general rotor
misalignment fault including static, dynamic and mixed cases in a
unified technique. So it is possible to model different types and
degrees of rotor misalignments, without any restriction about axial
non-uniformity.

192

Akbari

(a)

(b)

Figure 6. Mixed misalignment in an induction machine. (a) Axes
position and (b) a cross section of machine.
4. SKEW EFFECT MODELING
To model the rotor skewing, the rotor is axially divided to several cross
sections. The length of the air-gap and the mean radius functions are
as follows:
³
ρ ´
gskew (ϕ, z, ϕs , θ) = g ϕ, z, ϕs , θ − z
(14)
l
gskew (ϕ, z, ϕs , θ)
rskew (ϕ, z, ϕs , θ) = rs (ϕ) − gskew
(15)
2
where ρ is the mechanical angle of skewing and g(ϕ, 0, ϕs , θ) the airgap function in the cross section in front of the rotor (z = 0). Fig. 7
shows the turn functions of the rotor loops, considering rotor skewing.
The machine has 28 rotor bars on the cage.

(a)

(b)

Figure 7. Turn function of (a) the rotor loop 1 and (b) rotor loop 28,
considering skew effect.

Progress In Electromagnetics Research B, Vol. 54, 2013

193

5. CALCULATION OF INDUCTANCES
In this section, inductances of a 2200 W, 220 V, three-phase induction
machine are calculated under different rotor misalignment conditions.
Specifications of the proposed motor have been summarized in Table 1.
Inductances are calculated using the Eq. (7) and presented model. All
the inductances are computed at several rotor angular positions and
stored within a computer file. It should be noted that the saturation
and leakage flux have not been considered.
Table 1. Specifications of simulated motor.
Number of poles
Inner diameter of stator (mm)
Air gap length (mm)
Core length (mm)
Number of stator slots
Number of rotor slots
Rated voltage, V
Rated frequency, Hz
Rated power, hp

4
90
0.3
90
36
28
380
50
3

Figure 8 shows the calculated mutual inductance in thick line and
its derivative in thin line. As shown in Fig. 8(b), due to skew effect,
the derivative of mutual inductance between stator phases and rotor
loops has lower variations. On the other hand, shape of inductance
gets smooth in presence of skew.
Comparison of plots in Figs. 9 and 10 shows how SM, DM and
MM affect the profile of the magnetizing inductance of stator phase
A and mutual inductance between stator phase A and rotor loop 1.
Eccentricity level at two ends of machine is specified on these figures.
For example, In SM (SE = 20% & SE = 40%) condition, static
eccentricity level at two ends of machine is 20% and 40% and in DM
(DE = 60% & DE = 70%), dynamic eccentricity level at two ends
of machine is 60% and 70% respectively. As shown in Fig. 9, static
misalignment causes an asymmetrical mutual inductance between
stator phase A and rotor loop 1 and a symmetrical magnetizing
inductance of stator phase A with a larger magnitude compared to
the non-eccentric condition.
As shown in these figures, in SM case, the magnetizing inductance
is independent of θ, but in DM and MM cases, it is a function of
the rotor angle. The reason is that in the cases of the DM and
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Figure 8. Mutual inductance between stator phase A and rotor loop 1
(thick line) and its derivative (thin line). (a) Without skew, (b) with
skew.

(a)

(b)

Figure 9. Magnetizing inductance of (a) stator phase A and
(b) mutual inductance between phase A and rotor loop 1, as a function
of rotor position under healthy, static and dynamic rotor misalignment
conditions.
MM, the air gap permeance is rotor position dependent. Since the
rotor angular position varies continuously, the distribution of the
magnetizing inductance of stator phase A is not constant. It is obvious
again that by increasing the average eccentricity level, the magnitude of
this inductance increases. The ripple which is present in the inductance
profiles clearly exhibits the slots effect.
MM causes a pulsating magnetizing inductance, whereas, SM
and DM cause a symmetrical magnetizing inductance with a larger
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(b)

Figure 10. Magnetizing inductance of (a) stator phase A and
(b) mutual inductance between stator phase A and rotor loop 1, as a
function of rotor position under healthy and mixed rotor misalignment
conditions.
magnitude compared to the healthy condition. SM and DM increase
the magnitude of mutual inductance as such that the maximum value
of mutual inductance of the healthy, 0.2 mH increases to 0.26 mH in
the case of SM (one end is 20% SE and the other end is 40% SE) and
to 0.51 mH in the case of DM (one end is 60% DE and the other end
is 70% DE).
Referring to Fig. 10, it is seen that MM increases the mutual
inductance between stator phase a and rotor loop 1 and creates
asymmetrical inductance distribution. Since in the case of the MM,
the minimum and maximum air gap values vary continuously, the
distribution of the inductance is asymmetrical.
6. DYNAMIC SIMULATION
The calculated inductances were used in a coupled electromagnetic
model to simulate and study the performance of the machine in the
presence of rotor misalignment fault. The fundamental equations of
multiple coupled circuit model of the machine are defined as follows [5]:
dλs
+ Rs I s
dt
dλr
Vr =
+ Rr Ir
dt
dw
Te − Tl = j
dt
Vs =

(16)
(17)
(18)
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Te =

∂wco
∂θ

(19)

where
wco = ITs Lss Is + Ist Lsr Ir + IrT Lrs Is

(20)

where, V is the voltage of windings, I the current of windings, λ
the flux linkage of windings, Te the developed electromagnetic torque,
T1 the load torque, wco the co-energy, and j the inertia of the rotor.
The electromagnetic coupling model of the machine circuits is solved
using a 4th and 5th order Runge-Kutta method. The simulation is
performed with a symmetrical three-phase sinusoidal voltage source as
the supply.
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(b)

Figure 11. Motor speed from (a) simulation under healthy and
(b) misalignment conditions.
Figure 11 shows the motor speed from simulation under healthy
and rotor misalignment conditions.
As shown in the case of
misalignment condition motor is started in 23 ms, where as in healthy
condition motor is started in 26.5 ms. Electromagnetic motor torque
depends on derivative of mutual inductances between stator phases
and rotor loops. In misalignment condition, the derivative of mutual
inductance has lower magnitude respect to the healthy condition. This
in turn leads to increased torque magnitude in misalignment condition.
Therefore, in the case of misalignment condition, motor is started faster
than in the healthy condition.
7. EXPERIMENTAL RESULTS
In order to validate the simulation results, a 3-phase induction motor,
similar to the simulated one, was tested under healthy and rotor
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tachometer

Figure 12. Test setup.
misalignment conditions. As shown in Fig. 12, tachometer was used
to measure the speed. A digital oscilloscope was used to measure
the induced voltage in tachometer. To be able to impose static
misalignment on the rotor, a special test bed was built. The stator
and the rotor bearings at the two ends of the motor were separately
mounted on the test bed. This made it possible to displace any of
bearings separately and create different static rotor misalignment By
this manner, the induction machine with different types and degrees
of static misalignment can be provided for tests.
To obtain the mutual inductance between stator phase A and
phase B, a sinusoidal voltage was applied in stator phase A and the
voltage induced in phase B was measured for different rotor positions
from 0◦ to 360◦ taking 6◦ steps. The mutual inductance was calculated
as follows:
VB (θ)
LAA (θ)
(21)
LAB (θ) =
VA (θ)
where VA (θ) and VB (θ) are induced voltages in stator phase A and
phase B, respectively, and LAA (θ) is the self inductance of stator phase
A, previously calculated by means of phase A voltage and current
measurements. To avoid the magnetic saturation in the experiments,
a low ac voltage was applied.
Figure 13 shows the mutual inductance between stator phase
A and phase B under healthy and misalignment conditions for the
experiment and simulation. The experimentally obtained inductances
profiles are very similar to those obtained using the proposed technique.
Figure 14 shows the motor speed from experiment under healthy
and misalignment (SE = 50% & SE = 60%) conditions. As shown, the
maximum speed value cannot be determined precisely due to noise. For
measurement of motor speed, the experiments were repeated several
times. In the case of misalignment condition, the average start time
is approximately 22.3 ms, and in healthy condition, average start time
is approximately 23.4 ms. The influence of misalignment on the speed
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Figure 13. Mutual inductance between stator phase A and phase
B under healthy and rotor misalignment (SE = 50% & SE = 60%)
conditions for the experiment and simulation.

(a)

(b)

Figure 14. Motor speed from experiment under (a) healthy and
(b) misalignment.
transient is relatively small. It is worth noting that the present research
does not intend to derive a method to detect the misalignment fault
from motor speed responses. Motor speed responses and inductance
profiles from simulation and experiment are compared to verify the
proposed model. Comparison between simulation and experimental
results indicates a good agreement.
Probably the discrepancy between results from the proposed
method and the experiments is due to neglecting the magnetic
saturation. This claim needs more detailed study.
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8. CONCLUSIONS
The effects of rotor misalignment fault have been previously addressed
in induction motors. In these studies, only static non-uniformity is
modeled, assuming that mean radius of the air gap is constant. In
this paper, a more precise geometrical model of three-phase squirrel
cage induction machine under different rotor misalignment conditions,
considering rotor skewing, slots effect and variable mean radius
function is presented. The proposed comprehensive geometrical model
is able to calculate the time-varying inductances of induction machines
with any rotor misalignment type and degree in a unified technique.
The extended MWFA and the proposed model were used to calculate
the inductances of the induction machine, under healthy and different
rotor misalignment faults. Simulation results show that in the case of
rotor misalignment condition, motor starts faster than in the healthy
condition. Good agreement is found between the simulated and the
experimental inductances profiles. Since the calculation of inductances
is an essential step for simulation and analysis of fault in the machine,
the proposed method can improve the on-line diagnosis of the fault.
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