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Pilot Contamination Mitigation Based on Interfering User’s Angle
of Arrival in Massive MIMO Systems
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Abstract—A new approach to mitigate pilot contamination in massive multiple-input multiple-output
(MIMO) systems is proposed in this paper. We consider two cells from the ﬁrst tier of copilot cells of
a cellular network where the base stations (BSs) are equipped with uniform linear arrays with hybrid
beamforming adopted. We consider one cell as the cell of interest containing a typical desired user, and
the other cell contains an interfering user sending data and contaminating pilot signals to the BS of the
cell of interest. We derive a closed-form expression for the desired user’s achievable rate as a function
of the interfering user’s angle of arrival (AoA). We model the ray propagation from the interfering user
to the BS of the cell of interest and its related AoA as Gaussian distribution. Based on the model,
we derive closed-form expressions for the pilot contamination level in the cell of interest and for the
desired user’s data path gain estimation error due to pilot contamination. A perfect agreement is found
between theoretical and Monte Carlo simulation results which show that when the interfering user’s AoA
is increased the pilot contamination level is signiﬁcantly minimized, the desired user’s data path gain
estimation error also minimized, and hence its data rate is signiﬁcantly increased. Moreover, we show
in our analysis that the interfering user’s AoA can be eﬀectively controlled and increased by reducing
the copilot cells’ radius.

1. INTRODUCTION
The ﬁfth generation wireless communication networks are expected to signiﬁcantly improve spectral
eﬃciency, energy eﬃciency, and user’ quality of services. To meet such needs, massive MIMO has been
approved as one of the technology candidates and has then recently received signiﬁcant attention from
researchers. The technology involves many single-antenna user terminals served by a large number of
antennas deployed at the base stations [1–4]. It has been proven to provide a more signiﬁcant gain in
spectral and energy eﬃciency than conventional MIMO systems, thanks to the large number of antennas
and the application of multiuser detection and beamforming techniques [5–9].
However, massive MIMO huge potential is limited by some factors, mainly pilot contamination
which is shown to have a severe eﬀect on the system performance [10–13]. Indeed, the number of
orthogonal pilot sequences within a cell is limited in a practical massive MIMO system, and the BSs then
receive pilots from other co-channel cells. Such situation generates inter-cell interference and causes pilot
contamination in the cells. Pilot contamination makes the channel state information (CSI) imperfect,
and imperfect CSI aﬀects the system performance [10–14]. The problem of pilot contamination in
massive MIMO technology has been so far addressed by several approaches from researchers. Authors
in [15] have done a survey in which they have categorized the commonly proposed techniques in two
diﬀerent approaches: pilot-based and subspace-based. The pilot-based approach includes techniques
to transmit pilot and to exploit users’ covariance information [16, 17]. Blind and semi-blind techniques
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combined with algorithms for channel estimation and prediction-based techniques for channel estimation
are used in the subspace-based approach [18–21]. However, the channel estimation methods used in those
approaches are not linear and make the system more complex. Moreover, the proposed approaches in
which mitigation methods involve dynamic channels are just limited by certain structures, but they
need to be exploited for the practicability of the system. Other approaches have also been proposed
in [22, 23] and deal with inter-cell interference represented by pilot contamination in millimeter-wave
massive MIMO systems. The approach in [22] focuses on antenna subset transmission technique where
Walsh codes are used to generate random sequence to distort the side lobes signal from antennas, and
a combination in a destructive manner occurs at the reception side. A 2 D-unitary estimation of the
signal parameters through rotational invariance techniques algorithm is used in the approach in [23].
However, inter-cell interference represented by pilot contamination in massive MIMO is less critical at
millimeter-wave frequencies due to millimeter-waves characteristics. Moreover, those approaches involve
more signal processing at the BSs.
In this paper, we propose a new approach to mitigate pilot contamination. We consider a uniform
linear array (ULA) where hybrid beamforming with the users’ AoA information is adopted. Our
approach is based on maximizing the interfering user’s AoA at the BS of a cell of interest to minimize
the pilot contamination level, a typical desired user’s data path gain estimation error, and hence increase
the user’s achievable data rate, without further signal processing at the BS.
The main contributions of our work are as follows. First, we derive a closed-form expression for the
desired user’s data rate as a function of an interfering user’s AoA. Second, we model the ray propagation
from the interfering user to the BS of the cell of interest and its related AoA as Gaussian distribution.
Based on the model, we derive closed-form expressions for the pilot contamination level in the cell of
interest and for the desired user’s data path gain estimation error due to pilot contamination. We show
analytically and by simulations that as the interfering user’s AoA increases, the pilot contamination
level decreases, the user’s data path gain estimation error also minimized, and hence its achievable
data rate increases. Third, we show in our analysis that the interfering user’s AoA can be eﬀectively
controlled and increased by reducing the copilot cells’ radius. This supports existing work in [24] that,
reducing the cell size in a massive MIMO system can mitigate pilot contamination. However, the main
diﬀerence between this work and [24] is that in [24] the cell size reduction is used to increase the pilot
sequence length in a desired cell whereas in this work it is used to maximize the interfering user’s AoA
which in turn helps to mitigate the eﬀect of pilot contamination. Moreover, results from [24] are valid
only when users are located at the edge of the cells, whereas in this work, users are randomly located
within their cells, which is the most likely situation in a practical scenario.
The rest of the paper is organized as follows. Sections 2 and 3 present the system model and
performance analysis, respectively. Our proposed model and approach are described in Section 4.
Sections 5 deals with simulation results and Section 6 concludes the paper.
For readers’ convenience, the acronyms used throughout the paper are summarized in Table 1.
Table 1. List of acronyms.
Acronyms

Full names

MIMO

Multiple-Input Multiple-Output

BS

Base Station

AoA

Angle of Arrival

CSI

Channel State Information

ULA

Uniform Linear Array

SINR

Signal-to-Interference-plus-Noise Ratio

SIR

Signal-to-Interference Ratio
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2. SYSTEM DESCRIPTION
This section presents the channel model with pilot contamination in a massive MIMO system and
provides the received signal under a uniform linear array conﬁguration.
2.1. Channel Model with Pilot Contamination
We consider the ﬁrst layer of a cellular network consisting of seven hexagonal cells sharing the same
pilots, using the same frequency (copilot cells) and including the central network cell. Those seven
cells are known as interfering cells, and the interference of copilots beyond that layer is assumed to
be neglected [25]. This is an approximation of the exact conﬁguration of the ﬁrst tier of co-channel
cells for a cluster size equal to 7 [25], and it is illustrated in Figure 1. All the cells are assumed to
have the same size with radius R, and the copilot distance (distance separating the BSs of two copilot
cells) is denoted by D. We consider an uplink transmission scenario where each BS is equipped with
M antennas receiving signals from K single-antenna users. Ideally, to estimate the channel, each BS
is supposed to receive orthogonal pilot signals only from each of its users. However, in practice, the
number of orthogonal pilot sequences within a cell is limited in a massive MIMO system. The BSs then
receive pilots from users from other co-channel cells, and the channel estimator suﬀers from a lack of
orthogonality between the desired pilots (pilots from the home cell) and the interfering pilots (pilots
from other cells). It then causes inter-cell interference with the eﬀect known as pilot contamination.

Figure 1. Illustration of ﬁrst tier of copilot cells.
To simplify our illustration of pilot contamination phenomenon, we consider a system with two
co-channel cells as illustrated in Figure 2, and one user from a total number of K is considered in each
cell just for illustration purpose. Cell 1 and Cell 2 contain BS1 and BS 2, respectively. During the
uplink transmission, BS 1 receives signal and pilot sequence from User 1 of Cell 1 and from User 1 of
Cell 2. BS 2 also receives signal and pilot sequence from User 1 of Cell 2 and from User 1 of Cell 1.
User 1 of Cell 1 and User 1 of Cell 2 are desired and interfering users for BS 1, respectively. Similarly,
User 1 of Cell 2 and User 1 of Cell 1 are desired and interfering users for BS 2, respectively.
Similar to [22] and [26], we consider a hybrid beamforming architecture consisting of a precoder F
used to transmit signal x and a combiner W used to extract the transmitted data from the received
signal. The signal received at any of the two BSs is given as [22]
√
√
(1)
y = wH ( pd hd (θd , γd , φd )fd sd + pi hi (θi , γi , φi )fi si + n)
where the indices d and i refer to the desired and interfering users of the BS, respectively; pd and pi are
the transmission powers; sd and si are the pilot signals; θd and θi are the angles of arrival between the
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Figure 2. Illustration of pilot contamination.
users and the BSs; φd and φi are the angles of departure between the users and the BSs; γd and γi are
the path loss exponents, and n is the additive white Gaussian noise component with n ∼ N (0, σn2 ).
2.2. Uniform Linear Array Conﬁguration
A uniform linear array located along the x-y plane is adopted in this work with antennas to capture
all the incoming wave information with the assumption that the angles of arrival θ ∈ [0, π/2] [22]. The
received signal in Eq. (1) can be rewritten as [22]
√
√
(2)
y = wH ( pd γd hd (θd , φd )fd sd + pi γi hi (θi , φi )fi si + n)
For maximum reception, perfect alignment is assumed between the receiver and transmitter beams [27–
31], and w = ar (φ), where ar is the reception antenna array manifold. Replacing W in Eq. (2) then
gives the received signal as
√
√
(3)
y = pd γd a∗r (φd )hd (θd , φd )fd sd + pi γi a∗r (φi )hi (θi , φi )fi si + v
where v = wH (φ)n is the modiﬁed noise component, and (·)∗ stands for the conjugate operator.
Moreover, with the perfect alignment applied, the received signal can also be written as [27–29]
√
√
(4)
y = ( pd γd hd (θd )fd + pi γi hi (θi )fi )s + v
Following the guidelines in [22], the received signal under the ULA conﬁguration is given by
⎤

⎡
πd

sin K (cos θd − cos θi ) ⎥

pi M ⎢
λ
⎢

 ⎥
(5)
γi ⎣
y = pd M Kγd s +
⎦s+ v
πd
K
(cos θd − cos θi )
sin
λ
where d is the inter-antenna spacing, and λ is the wavelength of the carrier frequency.
3. SYSTEM PERFORMANCE ANALYSIS IN THE PRESENCE OF PILOT
CONTAMINATION
This section provides an analysis of a typical desired user’s data rate under pilot contamination. We
then consider Cell 1 from Figure 2 as the cell of interest and the rate is for User 1 in that cell.
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3.1. Achievable Data Rate
For imperfect CSI due to pilot contamination, the user’s achievable data rate is given as [32]
Rk = (1 − μ) log2 (1 + SIN Rk )

(6)

where SIN Rk is the user signal-to-interference-plus-noise ratio; μ is the fraction of an uplink
transmission time devoted for channel estimation, and it is related to the total pilot sequence length τ
available within the cell and an uplink transmission cycle time Tt by μ = τ /Tt .
Our investigated system is set to be interference-limited where the noise can be neglected in contrast
with the user’s interference [22, 24, 33]. Therefore, in our work, we rather consider signal-to-interference
ratio (SIR), and Eq. (6) can be rewritten as
Rk = (1 − μ) log2 (1 + SIRk )

(7)

Moreover, in this work, we are interested in pilot contamination which occurs as an interference where a
BS from a given cell receives pilot signals from users from other cells. Therefore, following the guidelines
in [23] and [33], and based on Eq. (3), the SIRk is given as
√
2
pd γd a∗r (φd )hd fd
(8)
SIRk = √
2
pi γi a∗r (φi )hi fi
where the term in the numerator is only the desired term corresponding to the desired signal in the cell
of interest, and the term in the denominator is the interfering term corresponding to the signal from
the co-channel cell user. Using Eqs. (5) and (8), the obtained SIRk becomes
√
( pd M Kγd )2
(9)
SIRk = ⎡
 ⎞⎤2

⎛
πd

⎢ pi M ⎜ sin K λ (cos θd − cos θi ) ⎟⎥
⎥
⎢

 ⎟
γi ⎜
⎠⎦
⎣
⎝
πd
K
(cos θd − cos θi )
sin
λ
Further derivations give
SIRk =

pd K 2 γd2

 ⎞2
πd
⎜ sin K λ (cos θd − cos θi ) ⎟
2

 ⎟
pi γi ⎜
⎠
⎝
πd
(cos θd − cos θi )
sin
λ
⎛



The user’s achievable data rate in Eq. (7) then becomes
⎡

(10)

⎤

⎢
⎥
⎢
⎥
⎢
⎥
⎢
⎥
⎢
⎥
2
2
⎢
⎥
K
γ
p
d
d
Rk = (1 − μ) log2 ⎢
 ⎞2 ⎥

⎛
⎢1 +
⎥
πd
⎢
⎥
⎢
⎜ sin K λ (cos θd − cos θi ) ⎟ ⎥
⎢
⎥
⎢
⎥

 ⎟
pi γi2 ⎜
⎠
⎝
⎣
⎦
πd
(cos θd − cos θi )
sin
λ

(11)

3.2. Performance Analysis
For simplicity purpose, we assume that the path loss exponents γd and γi are equal, and the transmission
powers pd and pi are also equal [22]. Moreover, in our array conﬁguration, we adopt d = λ/2 for the
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inter-element spacing [33]. The user’s data rate then becomes
⎡
⎢
⎢
⎢
⎢
⎢
⎢
Rk = (1 − μ) log2 ⎢1 +
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
2
K
⎥


⎞2 ⎥
⎛
⎥
Kπ
⎥
(cos
θ
−
cos
θ
)
sin
i
d
⎟ ⎥
⎜
2
⎟
⎜
π
 ⎠ ⎥
⎦
⎝
sin
(cos θd − cos θi )
2

(12)

From Eq. (12), we observe that the user SI R part will increase with the number of users, for all
other parameters given and ﬁxed. However, with the presence of pilot contamination, the SI R converges
because of the corrupted channel estimate, and it limits the data rate [32]. Our primary objective is
then to increase the desired use’s achievable data rate despite the presence of pilot contamination. Let’s
denote
(13)
(cos θd − cos θi ) = Z1

Kπ
(cos θd − cos θi ) = A
(14)
sin
2

π
(cos θd − cos θi ) = B
(15)
sin

 2
Kπ
(cos θd − cos θi )
sin
2
π
 = f (θi ) = Z
(16)
(cos θd − cos θi )
sin
2
Z1 is the angular separation between the desired and interfering users [33]. For K and μ given, Rk
will increase if and only if Z decreases; that is, if A and B increase. Numerical results are provided in
Table 2 to conﬁrm this theoretical analysis of decrease of Z. From trigonometry properties, given any
angle x ∈ [0, π/2], sin(x) increases as x increases. Therefore, A and B will increase if Z1 increases. It is
evident that the values of θd and θi should be diﬀerent; otherwise, Z1 will give zero, A and B will give
zero, and Eq. (16) providing Z will be absurd. This can also be justiﬁed by the fact that the desired
and interfering signals arrive at the BS from two non-overlapping sets of paths because of the diﬀerent
physical locations of the users. The probability that their paths have the same AoA is then equal to
zero [16, 26]. Moreover, from trigonometry properties, given any angle x ∈ [0, π/2], cos(x) decreases as
x increases and vice versa. Therefore, increasing θd and θi at the same time would not guarantee an
increase of Z1 . Then, one needs to be ﬁxed while the other is increased or decreased depending on the
following two cases.
Case 1 : θd > θi , i.e., cos θd < cos θi .
For θi ﬁxed, cos θi is ﬁxed, and increasing Z1 means increasing cos θd , which means decreasing θd .
For θd ﬁxed, cos θd is ﬁxed, and increasing Z1 means decreasing cos θi , which means increasing θi .
Conclusion 1: For θd > θi , increasing Z1 means that either θi is ﬁxed and θd decreased (but not
to the value of θi ) or θd is ﬁxed and θi increased (but not up to the value of θd ).
Case 2: θd < θi , i.e., cos θd > cos θi .
For θi ﬁxed, increasing Z1 means increasing cos θd , which means decreasing θd .
For θd ﬁxed, increasing Z1 means decreasing cos θi , which means increasing θi .
Conclusion 2: For θd < θi , increasing Z1 means that either θi is ﬁxed and θd decreased, or θd is
ﬁxed and θi increased.
Conclusion 1 and conclusion 2 are the same. However, there are some restrictions in conclusion 1
that θd should not reach the value of θi if it is decreased, and θi should not reach the value of θd if it
is increased. This is to avoid θd = θi case as justiﬁed earlier in this work. Moreover, as θd belongs to
the desired user in the cell of interest and θi to the interfering user causing pilot contamination, we will
choose to keep θd ﬁxed and vary θi in a way that will help in achieving our main objective which is to
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minimize the eﬀect of pilot contamination in the cell of interest. That is, we keep θd ﬁxed and increase
θi to comply with conclusion 1 and conclusion 2. Numerical results are also provided in Table 2 to
conﬁrm the theoretical analysis of increase of Z1 . We set K = 30, θd = 15◦ , and we vary θi from 60◦ to
75◦ .
To accomplish our objective, we propose, in the next section, a model for the interfering user signal
path and AoA based on which the results from this section can be achieved.
4. INTERFERING PATH AOA MODEL
This section provides a model for the interfering path and the associated AoA, and based on the model
we show how an increase of the AoA can eﬀectively minimize the pilot contamination, reduce the desired
user’s data path gain estimation error, and hence improve its achievable rate.
We consider that the response between the antennas at the BS of the cell of interest and the
antennas of the desired and interfering users is given by a superposition of rays having distinct AoAs.
The spatial response of each ray is determined by the AoA together with the spatial distribution of
the antenna elements, their patterns and the carrier frequency [26]. We, therefore, suppose that the
BS in the cell of interest estimates each channel separately from the signals received from the desired
and interfering users. Based on that, we consider propagation according to the Gaussian distribution
model where the ray channel from the interfering user to the BS of the cell of interest is described by
m dimensional vector gi . The elements of gi are then assumed to be Gaussian random variables with
covariance matrix given by
(17)
Ri = E{gi ,g∗ }
The power received from the interfering user is also assumed Gaussian distributed in azimuthal angle
with the AoA θi being the mean and σi the standard deviation of the distribution also known as the
angular spread. Under such assumption, the covariance matrix then becomes
Ri = Gi R(θi , σi )

(18)

where Gi is the real-valued scalar referred to as the path gain between the BS and the interfering user.
4.1. Eﬀect of the Interfering User’s AoA on the Pilot Contamination Level
In this subsection, we show how an increase of θi under our model can eﬀectively minimize the eﬀect of
pilot contamination. Following the guidelines in [26], the pilot contamination level at the desired signal
reception in our case can be given to be bounded as
κ
(19)
η≤√
τ M min |ψin − ψdl |
n,l

where κ is a constant; n and l are the nth and lth interference path and data path per user, respectively;
ψin and ψdl are the inter-antenna phase diﬀerence and the constant phase diﬀerence between the
observations by two adjacent antennas, respectively [16, 26], and min |ψin − ψdl | is the minimum spatial
n,l

separation between data and interfering paths. Assuming the worst-case where the pilot contamination
level is the highest, Eq. (19) can be rewritten as
κ
(20)
η=√
τ M min |ψin − ψdl |
n,l

The interfering and desired user’ channels are represented as

and

hi = βin v(ψin ) = βin [1, ejψin , ..., ej(M −1)ψin ]2

(21)

hd = βdl v(ψdl ) = βdl [1, ejψdl , ..., ej(M −1)ψdl ]2

(22)
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respectively. Here, βin and βdl are the channel coeﬃcients. v(ψin ) and v(ψdl ) are the interference and
data path vectors, respectively. Moreover, the inter-antenna and constant phase diﬀerences are given
by
2πd
cos θi
(23)
ψin =
λ
and
2πd
cos θd
(24)
ψdl =
λ
Substituting Eqs. (23), (24) and d = λ/2 into Eq. (20) gives
κ
(25)
η=√
τ πM min |cos θi − cos θd |
n,l

To conform to the analysis done in the previous section, we consider that the values of θi and θd in Eq.
(25) are the minimum possible values from nth and lth paths. Let’s denote
|cos θi − cos θd | = Z2

(26)

Considering Eq. (25) and given κ, τ , and M , the pilot contamination level will decrease if and only if
Z2 increases. In the previous section, we considered ﬁxed θd and two cases in the analysis. We then
follow the same guidelines and show that for θd > θi (case 1 in the previous section), increasing θi will
decrease the value of Z2 . However, for θd < θi (case 2 in the previous section), increasing θi will increase
the value of Z2 , and hence reduce the pilot contamination level. The results from this analysis then
exclude case 1 and agree with case 2, for pilot contamination minimization, and numerical results are
provided in Table 2 to conﬁrm the theoretical analysis of increase of Z2 . From these results and the
ones from the previous section we deduce and propose the following theorem.
Theorem 1: With a uniform linear array deployed in a massive MIMO system subject to pilot
contamination and where the users’ AoAs are distributed in [0, π/2], for ﬁxed AoA of any desired user
(from a cell of interest) and less than that of any interfering user, an increase of the interfering user’s
AoA can minimize the pilot contamination level.
Table 2. Theoretical values of A, B, Z, Z1 , Z2 and Z3 for K = 30 and θd = 15◦ .
θi (◦ )
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75

A
0.373898
0.385456
0.397065
0.408718
0.420409
0.432129
0.443871
0.455628
0.467393
0.479159
0.490916
0.502660
0.514381
0.526072
0.537727
0.549338

B
0.012773
0.013189
0.013610
0.014034
0.014462
0.014894
0.015329
0.015768
0.016210
0.016655
0.017103
0.017554
0.018008
0.018464
0.018923
0.019384

Z
29.2725
29.2255
29.1745
29.1234
29.0699
29.0136
28.9562
28.8957
28.8336
28.7696
28.7035
28.6350
28.5640
28.4917
28.4165
28.3397

Z1
0.4659
0.4811
0.4964
0.5119
0.5275
0.5433
0.5591
0.5751
0.5913
0.6075
0.6239
0.6403
0.6569
0.6735
0.6902
0.7071

Z2
0.4659
0.4811
0.4964
0.5119
0.5275
0.5433
0.5591
0.5751
0.5913
0.6075
0.6239
0.6403
0.6569
0.6735
0.6902
0.7071

Z3
0.4659
0.4811
0.4964
0.5119
0.5275
0.5433
0.5591
0.5751
0.5913
0.6075
0.6239
0.6403
0.6569
0.6735
0.6902
0.7071
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4.2. Eﬀect of the Interfering User’s AoA on the Desired User’s Data Path Gain
Estimation
The interfering path gain Gi between the BS and the interfering user under our model aﬀects the desired
user’s data path gain by introducing an estimation error given as [26]
 
 2α (L + N − 1)

1


max
+o
(27)
ε = Ĝd − Gd  ≤
ψmin M
M
where Gd and Ĝd are the desired user’s data path gain and its estimation, respectively; αmax is the
maximum of the magnitudes of all path gains; L and N are the number of data paths and interference
1
) is the computational complexity associated to the estimation, and
paths per user, respectively; ◦( M
ψmin is the minimum AoA separation between the desired and interfering users pair of paths. For
our case study ψmin = |ψdl − ψin |. For the worst case gain estimation error due to worst case pilot
contamination level assumed in the previous subsection, Eq. (27) can be rewritten as
 

 2α (L + N − 1)
1


max
ε = Ĝd − Gd  =
+o
(28)
|ψdl − ψin | M
M
Substituting Eqs. (23), (24) and d = λ/2 into Eq. (28) gives
 


1
2αmax (L + N − 1)


+o
ε = Ĝd − Gd  =
M π |cos θd − cos θi |
M

(29)

Our objective here is to show how the desired user’s data path gain estimation error is minimized as a
result of pilot contamination level minimization. Let’s denote
|cos θd − cos θi | = Z3

(30)

Following the same analysis guidelines of Z1 and Z2 , it is inferred that increasing θi will increase Z3 ,
and hence minimize ε. Numerical results are also provided in Table 2 to conﬁrm the theoretical analysis
of increase of Z3 . The result from this analysis added to Theorem 1 gives the following Theorem 2.
Theorem 2: With a uniform linear array deployed in a massive MIMO system subject to pilot
contamination and where the users’ AoAs are distributed in [0, π/2], for ﬁxed AoA of any desired user
(from a cell of interest) and less than that of any interfering user, an increase of the interfering user’s
AoA can minimize the pilot contamination level, and hence minimize the desired user’s data path gain
estimation error. When the data path gain estimation error is minimized, the user SIR is maximized,
and hence its achievable rate increases.
4.3. Eﬀect of the Cell Size on the Proposed Model
The performance gain of an antenna array system depends on the angular distribution of the energy
received by the BS [26, 33]. Following the guidelines in [35], the standard deviation σi of the Gaussian
angle distribution with respect to the AoA θi which is the mean in our model is given as
90◦ × l0
(31)
σi =
πr
where r is the distance between the interfering user and the BS receiving signal from it, which is the
BS of the cell of interest in our case study; l0 is a propagation distance related constant.
Equation (31) shows that as the distance between the interfering user and the BS of the cell of
interest decreases, the standard deviation of the Gaussian angle distribution with respect to its AoA
will increase. In statistics, the mean and standard deviation often go together because they both
describe diﬀerent but complementary things about data distribution. The mean measures where the
data are centered, and the standard deviation measures how spread out the data are. A larger standard
deviation always means that the data are more spread out than a smaller one. Given that in this work
the standard deviation is the angular spread related to the mean (interfering user’s AoA), the larger its
value means the more it spreads out and then the larger the AoA is. From this analysis, we can conclude
that when the distance between the interfering user and the BS of the cell of interest decreases, the
interfering user’s AoA increases. Since the interfering user’s location is random, and the BS is assumed
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to be located in the center of the cell, from Figure 1 and Figure 2, the most eﬀective way to reduce
the distance between the two is to reduce the copilot distance D. Such a distance is related to the cell
radius R as [24]
√
(32)
D = 3R
Equation (32) shows that D is reduced when R is reduced, and we then deduce and propose the following
theorem.
Theorem 3: When the ray propagation from the interfering user to the BS of the cell of interest
and the related AoA θi are modelled as Gaussian distribution, reducing the copilot cells radius will
increase θi .
From Theorem 1, Theorem 2, and Theorem 3, we conclude that in a massive MIMO system where
a uniform linear array is adopted at the BSs with user’s AoAs distributed in [0, π/2], the eﬀect of
pilot contamination can be minimized when the AoA (modeled as Gaussian distribution) from any
interfering user from a copilot cell is maximized as a result of cell size reduction. When the eﬀect of
pilot contamination is minimized, the error from the estimation of the data path gain of any desired
user is minimized, and hence the use’s achievable data rate can be maximized.
5. SIMULATION RESULTS
In this section, analytical and simulated results are provided to verify our analysis and evaluate our
proposed approach. We performed the simulations over 10000 channel realizations using Monte Carlo.
We considered an uplink transmission system where the BSs are equipped with ULAs with adjacent
antennas separated by d = λ/2 and the users’AoAs θ ∈ [0, π/2]. We ﬁxed the AoA θd of the desired user
at 15◦ and varied the interfering user’s AoA θi from 60◦ to 75◦ . For generality, we used some simulation
parameters from [25, 26, 32, 36–38], and the major ones are presented in Table 3.
Table 3. Simulation parameters.
Parameter
System bandwidth,
BW

Value
20 MHz

Carrier frequency, fc

2 GHz

Cells radius, R

2000 m

Path loss exponent, γ

3.5

User uplink transmit power, p

23 dBm

Parameter
Fraction of uplink transmission time
devoted for channel estimation, μ
Pilot sequence length available within
the cell of interest, τ
Constant κ
Maximum of the magnitudes of
all paths gain, αmax
Number of data paths per user, L
Number of interfering paths per user, N

Value
0.3
15
200
0.1
2
2

Our analysis is mainly based on varying θi . However, throughout the work, only its cosine appears in
the ﬁnal analytical results. Hence, plotting those results against θi will give oscillating graphs which will
not be easy and appropriate to interpret, especially in the cases of data rate, pilot contamination level
and data path gain estimation error, which are expected to be either increasing or decreasing functions
in a smooth manner. Therefore, for simplicity and clarity of results analysis and interpretation, we
ﬁrst plotted the angular separation functions involving θi in the simulations. That is, we plotted Z,
Z1 , Z2 , and Z3 all against θi to conﬁrm the theoretical analysis. The results are depicted in Figure 3.
Even though the results from this plotting do not give the exact values provided in Table 2 due to the
sinusoidal nature of the various functions, the theoretical analysis is validated. The results show that as
the interfering user’s AoA increases, the values of Z1 , Z2 , and Z3 are the same. Moreover, it is shown
that Z decreases, and Z1 , Z2 , and Z3 increase as θi increases. This conﬁrms the theoretical analysis in
Section 3 and Section 4.
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Figure 3. Angular separations versus interfering user’s angle of arrival θi .
Next, we performed simulations and plotted the ﬁnal analytical results as functions of Z, Z2 , and
Z3 , and all the results show a perfect agreement between our simulation and theory.
In Figure 4, the pilot contamination level is depicted against Z2 using Eq. (25), and we performed
simulations for 200, 250, and 300 BS antennas. The results show that the pilot contamination level
signiﬁcantly decreases as Z2 increases. Based on these results and the ones from Figure 3 (Z2 increases
as θi increases), it can be deduced that the pilot contamination level signiﬁcantly decreases as the
interfering user’s AoA increases, which conﬁrms Theorem 1. Moreover, the results show lower pilot
contamination level for a higher number of BS antennas. This is justiﬁed by the role the number of
BS antennas which plays in the performance of a massive MIMO system. That is, a higher number of
BS antennas can achieve higher data rate when there is no or weak pilot contamination but better CSI

Figure 4. Pilot contamination versus angular separation Z2 .
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Figure 5. Desired user’s data path gain estimation error versus angular separation Z3 .

Figure 6. User’s achievable data rate versus angular separation function Z = f (θi ).
knowledge.
Figure 5 depicts the desired user’s data path gain estimation error against Z3 using Eq. (29), and
for 200, 250, and 300 BS antennas. It is shown that the error signiﬁcantly decreases as Z3 increases.
From these results and the ones from Figure 3 (Z3 increases as θi increases), we deduce that the user’s
data path gain estimation error is minimized as the interfering user’s AoA increases, which is a result
of pilot contamination eﬀect minimization, and it then conﬁrms Theorem 2.
In Figure 6, the desired user’s achievable data rate is depicted against Z using Eq. (12). We
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performed simulations for 20, 25, and 30 number of users. The results show a higher data rate at lower
values of Z. Based on these results and the ones from Figure 3 (Z decreases as θi increases), it can
be claimed that the desired user’s data rate increases as the interfering user’s AoA increases. This
is then a direct eﬀect of data path gain estimation error minimization which is also due to the pilot
contamination eﬀect minimization as shown earlier. These results also conﬁrm Theorem 2. Moreover,
the results from the ﬁgure show higher data rate for a higher number of users, which is in accordance
to one of the massive MIMO principles aiming to serve more users with higher data rate.
A performance comparison between the results from our proposed approach and some existing
referenced results is shown in Table 4. We consider the data rate with the average values chosen for the
comparison. It is realized that our approach oﬀers a competitive advantage than the referenced results
in terms of user data rate.
Table 4. Results comparison.
Carrier

System

Transmit

Number

Spectral eﬃciency (SE)

frequency

bandwidth

power

of users

or User data rate Rk

[17]

2 GHz

20 MHz

23 dBm

10

SE ≈ 9 b/s/Hz

[22]

28 GHz

100 MHz

37 dBm

64

SE ≈ 3 b/s/Hz

This work

2 GHz

20 MHz

23 dBm

20

Rk ≈ 1.45 b/s/Hz

References

6. CONCLUSIONS
In this paper, we propose a new technique to minimize the eﬀect of pilot contamination in massive MIMO
technology. The approach is based on increasing any interfering user’s AoA in an uplink transmission
system where pilot contamination occurs as the eﬀect of inter-cell interference. We considered two
copilot cells from the ﬁrst tier of copilot cells of a cellular network where the BSs are equipped
with uniform linear arrays. We modeled the interfering path and the associated AoA as Gaussian
distribution; we derived closed-form expressions for a typical desired user’s achievable rate under pilot
contamination, pilot contamination level, and the desired user’s data path gain estimation error due to
pilot contamination. Our results show that increasing the interfering user’s AoA will minimize the pilot
contamination level, reduce the desired user’s data path gain estimation error, and hence increase its
achievable data rate. In other words, the minimization of the pilot contamination level will signiﬁcantly
improve the reliability of the channel estimation, hence the user’s achievable data rate. Finally, we
showed in our analysis that the interfering user’s AoA can be eﬀectively controlled and increased by
reducing the copilot cells’ radius. This supports existing work in [24] that reducing the cell size in a
massive MIMO system can mitigate pilot contamination. However, this work diﬀers from [24] as follows.
i. In [24] the cell size reduction is used to increase the pilot sequence length in a desired cell whereas
in this work it is used to maximize the interfering user’s AoA which in turn helps to mitigate the
eﬀect of pilot contamination.
ii. Results from [24] are valid only when users are located at the edge of the cells, whereas in this
work, users are randomly located within their cells, which is the most likely situation in a practical
scenario.
Even though reducing the cell size could require more cell sites deployment in the network, the
advantages of small cells deployment recognized as another promising technique for the next generation
cellular systems come as a tradeoﬀ. Such advantages include increasing capacity in areas with higher
user densities, improving the network energy eﬃciency, and extending handset battery life by reducing
power consumption. The developed results from this work will be further extended to a multi-cell
system composed of more than two cells with other types of antenna array conﬁgurations deployed at
the BSs and also with users’ AoA distributed in a broader range.
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