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On the Rain-Induced Mutual Coupling Eﬀect of Multiple-Input
Multiple-Output Communication Systems at Millimeter Wave Band
Shuhong Gong* , Xuan Wang, and Daopu Yan

Abstract—The concept of Scattering-Induced Mutual Coupling Eﬀect (SIMCE) is proposed, and the
mechanism of producing this phenomenon in Multiple-Input Multiple-Output (MIMO) communication
systems at MilliMeter Wave (MMW) band is demonstrated. The model of estimating the scatteringinduced mutual impedance in rain environment is derived, and the characteristics of Rain-Induced
Scattering Mutual Impedance (RISMI) are discussed taking parabolic antennas as an example. The
model of estimating the rain-induced mutual impedance is helpful for investigating the SIMCE in other
discrete random media. And, the results given in this paper are signiﬁcant for developing MMW MIMO
communication systems.

1. INTRODUCTION
In comparison with traditional Single-Input Single-Output communication system, MIMO communication system, which is equipped with multiple transmitting antennas and multiple receiving antennas,
shows great advantages, such as higher transmission rate, better spectrum utilization ratio and greater
power eﬃciency. Therefore, MIMO communication technology represents a breakthrough in the modern communication ﬁeld [1]. Many reports about MIMO communication have been focused on the
frequencies below 10 GHz [1]. In recent years, some publications have paid attention to the MIMO
communication at MMW band, because the communication technology at those frequencies has many
advantages [1]. The study on the MIMO communication at MMW band has become a hot issue [1].
It is well known that the mutual coupling eﬀect between antennas of a MIMO communication
system impacts its performances [2–6]. But comparing with the antennas below 10 GHz, the nearﬁeld mutual coupling eﬀect between the reﬂector antennas of a massive MIMO communication system
at MMW band is very weak even can be neglected, because the antennas have a higher gain and a
narrow beam. However, the weak near-ﬁeld mutual coupling eﬀect does not mean that the MIMO
communication systems at MMW band are free from the inﬂuences of mutual coupling eﬀect, because
the so-called SIMCE exists. The SIMCE is caused by the scattering eﬀect of the randomly distributed
scatterers, such as raindrops, snowﬂakes and hails, in the common volume of the beams of the antennas.
And, the characteristics of the SIMCE are randomly variable due to the random properties of the
particles. Therefore, it is signiﬁcant for developing MMW MIMO systems to investigate the properties
of the SIMCE.
Without a doubt, rain-induced impacts are the ﬁrst consideration aspects for designing both SISO
and MIMO links working at MMW band. But the Rain-Induced Mutual Coupling Eﬀect (RIMCE) of
MMW MIMO communication systems is still in a gap status, although it really exists and is important
for estimating the performances of MMW MIMO communication systems. This paper focuses on the
RIMCE based on the theory of radio wave propagation and scattering in random media, antenna theory
and communication fundamental. The mechanism of producing the SIMCE is analyzed. The model
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of estimating the RISMI is established. The characteristics of the rain-induced mutual impedance are
discussed taking parabolic antennas as an example. The results given in this paper are important and
helpful for developing MMW MIMO communication systems.
2. MECHANISM AND MEASUREMENT OF THE SIMCE IN MMW MIMO
COMMUNICATION SYSTEMS
As shown in Figure 1, MIMO communication systems are equipped with nT transmitting antennas and
nR receiving antennas. An overall MIMO input-output relation between the transmitting signal vector
x and the receiving signal vector y is formulated by (1) [1].
y = Hx + n

(1)

where, H expresses the channel matrix, whose element hi,j (i = 1, 2, . . . , mR ; j = 1, 2, . . . , mT )
represents the random channel parameter from the jth transmitting antenna to the ith receiving
antenna. n is a noise vector, the element ni is the noise into the receiver via the ith receiving antenna,
whose mean is 0 and variance is σn2 i .
It is well known that the mutual coupling eﬀect between antennas of a MIMO communication
system impacts its performances [2–6]. If the factor of the mutual coupling eﬀect is taken into account,
(1) should be rewritten as (2).
(2)
y = CR HCT x + n = HC x + n
where, CR expresses the mutual coupling coeﬃcient matrix of its receiving end and CT of its
transmitting end. HC represents the channel matrix, in which the mutual coupling eﬀect has been
taken into account [2–6]. The mutual coupling coeﬃcient matrix of either the transmitting end or the
receiving end is closely related to its mutual impedance matrix [2–6].
Some available publications have explored several aspects of mutual coupling eﬀect between antenna
array elements on MIMO channels [7–11]. However, their research is only limited in the inﬂuences of the
near-ﬁeld mutual coupling eﬀect on MIMO channels. Due to the antennas at MMW band have a higher
gain and a narrower beam, once MIMO technology is applied to MMW band, the near-ﬁeld-caused
mutual coupling eﬀect will decrease. Nonetheless, it does not mean that MMW MIMO systems are free
from the inﬂuences of mutual coupling eﬀect on the channel properties and the system performances,
because the SIMCE exists, which is caused by the scattering eﬀect of the randomly distributed scatterers
in the common volume of the beams of the antennas, such as raindrops, snowﬂakes and hails. As shown
in Figure 2, suppose that the transmitting antennas A and B of a MMW MIMO communication system
communicate with its receiving antennas, their beams possibly intersect and form a common space. If
there do not exist or exist few scatterers in the common space, the antennas A and B will be independent
of each other and will not aﬀect each other. On the contrary, in the case where there exist a large number
of scatterers, such as atmospheric turbulence, raindrops, snowﬂakes and hails, the electromagnetic waves
radiated by the antennas A and B will be scattered in all directions by the scatterers. As a consequence,
a part of radio wave transmitted by the antenna A or the antenna B is received by the other antenna.
Therefore, the SIMCE occurs. Note that although the mechanism of the occurring of the SIMCE is

Figure 1. The sketch of a MIMO system.

Figure 2.
The sketch for explaining the
mechanism of the SIMCE.
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explained under the assumption that the antennas A and B are in transmitting mode, the SIMCE also
occurs even when they are in receiving mode [12].
Similar to the impacts of the traditional near-ﬁeld mutual coupling eﬀect on the performances
of a MIMO communication system, the SIMCE also aﬀects the performances of a MMW MIMO
communication system. As a consequence, it is necessary to investigate the degree of the SIMCE
for developing the MIMO technology at MMW band.
Mutual impedance or mutual coupling coeﬃcient is often used to measure the degree of mutual
coupling eﬀect. And, as mentioned in the previous section, mutual coupling coeﬃcient is closely related
to mutual impedance. Therefore, mutual impedance is investigated to measure the degree of the SIMCE
in this paper. The scattering-induced mutual impedance ZS BA of the antenna B with respect to the
antenna A in Figure 2 is deﬁned as (3) [13–15].
VS BA
ZS BA = −
(3)
IA
where, IA is the amplitude of an assumed current at the input port of the antenna A while it is assumed
as in transmitting mode; VS BA denotes the open-circuited induced voltage added to the output port of
the antenna B while it is assumed as in open-circuited receiving mode. Note that VS BA is induced by
the scattered ﬁeld ES BA , which is scattered to the antenna B by the scatterers in the common space
while the radio wave radiated by the antenna A impinges on them. In a similar manner to deﬁne ZS BA ,
ZS AB of the antenna A with respect to the antenna B is deﬁned as
VS AB
(4)
ZS AB = −
IB
Without a doubt, rain-induced impacts are the ﬁrst consideration aspects for designing both SISO
and MIMO links working at MMW band. Hence, in what follows, the model of evaluating the RISMI
will be established, which is used to discuss the characteristics of the rain-induced mutual impedance
taking parabolic antennas as an example.
3. THE MODEL OF EVALUATING THE RISMI
In rain environment, the mutual coupling eﬀect between antenna array elements of a MMW MIMO
system is induced by the scattering of the raindrops in the common volume. In this paper, the model of
evaluating the RISMI between reﬂector antennas is established, for reﬂector antennas are often used in
MMW systems. While a part of the radio wave radiated by the antenna A is scattered to the reﬂector
of the antenna B by the raindrops in the common volume, the scattered wave on the reﬂector will
be reﬂected to the feed (such as a linear center-fed short dipole) of the antenna B, and ZS BA of the
antenna B with respect to the antenna A is written as
 



VS-BA
E S BA 0 · l 0
l E S BA · d l
=−
=−
(5)
ZS-BA = −
IA
IA
IA






In Equation (5), E S-BA is the electric ﬁeld vector at the point of d l along the feed, E S-BA 0 is the


electric ﬁeld at the center of the feed, l 0 is the equivalent directed length. Note that, suppose the
feed is located along a coordinate axis, usually take the positive direction of the coordinate axis as the


direction of d l or l 0 , for convenience.

And, E S BA 0 is expressed as


 exp(jkr)
jωμ0
ds
(6)
E S BA 0 = −
Jτ
4π
r
s

In Formula (6), r is the distance from a surface element ds on the reﬂector to the center of the feed, ω


the angular frequency, μ0 the permeability of a vacuum. J τ denotes the surface current density vector
at the position of ds and is determined by (7) [14].




J τ = 2n̂ × r̂ × E S-R /η

(7)
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where, E S-R is the electric ﬁeld vector of the scattered wave at the position of ds, n̂ the normal unit
vector at the position of ds, and r̂ the unit vector of the propagation direction of the scattered wave. η
represents the wave impedance of rain environment and can be estimated by

εeﬀ
η=
(8)
μ0
where, εeﬀ is the equivalent permittivity of rain environment [16].


E S-R in Equation (7) can be calculated by


D
max

E S-R =
Dmin



VC

E S (D)N (D)dV dD

(9)

In Equation (9), VC denotes the volume of the common space, D the diameter of a raindrop in VC ,


N (D) the raindrops size distribution function, E S (D) the scattered ﬁeld by a raindrop with a diameter


D, and Dmin and Dmax are respectively the minimum and the maximum of D. E S (D) can be calculated


with a good approximation by Mie theory [17]. The components of E S (D) in the θ-direction and the
ϕ-direction in Figure 3 are written as (10) and (11) [17].
iS2 (D, θs )
exp(ikrs ) cos ϕs
(10)
krs
iS1 (D, θs )
exp(ikrs ) sin ϕs
(11)
ES ϕ (D) = −EA exp(−γ1 − γ2 )
krs
where, rs is the distance from the raindrop to the position of ds on the reﬂector; EA is the amplitude of
the electric ﬁeld at the raindrop’s position radiated by the antenna A; γ1 and γ2 are the path attenuation
of the incident wave and the scattered wave, respectively; S1 (D, θs ) and S2 (D, θs ) are the scattering
amplitude functions which are elaborated in [17]; θs and ϕs are the scattering angle and the scattering
azimuth angle in Figure 3, respectively.
As the antennas at MMW band have a very high gain and very narrow beam, it is logical and
convenient to make the following approximate assumptions: the scattering angles of any two raindrops
in the common space, such as the scattering angles of the two raindrops at P1 and P2 in Figure 4(a),
are identical and equal the scattering angle of the raindrop at the center of the common space, namely
at the intersection c of the central axes of the two beams in Figure 4(a) and Figure 4(b); the incident
wave on the common space has a plane wave-front, on which the electric ﬁeld has the same amplitude
of 0.8535EA , see Figure 4(a), where EA is the amplitude of the electric ﬁeld at the intersection between
ES θ (D) = EA exp(−γ1 − γ2 )

(a)

Figure 3. The sketch of Mie scattering of a
raindrop.

(b)

Figure 4.
The sketch for demonstrating the
approximate assumptions.
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the wave-front and the beam central axis of the antenna A; the distances associated with the amplitude
and the attenuation in (10) and (11), such as rs in the dominator of Equations (10) and (11), r1 and r2
for calculating the attenuation γ1 and γ2 in Equations (10) and (11), can be replaced by the distance
to the intersection c, but the distance for estimating the phase factor in Equations (10) and (11) need
to use the real distance r1 and r2 , see Figure 4(b). Note that 0.8535 = (1 + 0.707)/2, that is, suppose
it is approximately true that the magnitude of the electric ﬁeld linearly reduced from the center of the
beam to the position of the half-power beam width. The approximation is logical for an antenna whose
half-power beam width is less than 10◦ .

According to the approximate assumptions mentioned above, the components of E S-R in the θdirection and the ϕ-direction can be derived as
D
max

0.8535EA exp(−γ1c − γ2c )

ES-R-θs =
Dmin

iS2 (D, θsc )
exp(ikr2c )
kr2c



· cos ϕsc N (D)

VC

exp [ik(P o1 + P o2 )]dV dD

D
max

−0.8535EA exp(−γ1c − γ2c )

ES-R-ϕs =
Dmin

(12)

iS2 (D, θsc )
exp(ikr2c )
kr2c



· sin ϕsc N (D)

VC

exp [ik(P o1 + P o2 )]dV dD

(13)

where, θsc and ϕsc are the scattering angle and the scattering azimuth angle of the raindrop at the
intersection c, respectively; P o1 and P o2 , r1c and r2c are shown in Figure 4(b); γ1c and γ2c can be
approximately estimated by (14).
γ1c = γ · r1c · 10−3 /8.686
γ2c = γ · r2c · 10−3 /8.686

(14)

where, γ represents the speciﬁc attenuation in rain environment, which is elaborated in [18].
As shown in Figure 5, the common space is an irregular volume, so it is diﬃcult to calculate
the integrals in (12) and (13). Therefore, it is necessary to make an equivalent approximation for the
common space. In this paper, the irregular common space is simpliﬁed as a sphere with the same volume
as that of the irregular common space. The center of the equivalent sphere overlaps the center c of the
common space.
For the narrow beam antennas, the volume of the common space of the two beams can be
approximately estimated by [17]
 π 3/2 r 2 r 2 θ θ φ φ
1
1c 2c A B A B
(15)
Vc =
 2 2
1/2 sin θ
2
2
4 ln 2
sc
r1c φA + r2c φB

Figure 5. The schematic of the irregular volume
and the equivalent sphere.

Figure 6. The schematic for calculating the
integral in Equations (12) and (13).
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where, θA , θB and φA , φB represent the half power beam width of the vertical plane and the horizontal
plane of the antennas A and B. As a consequence, the radius of the equivalent sphere can be given as
9π
as =
1024(ln 2)3

1/6

2 r2 θ θ φ φ
1
r1c
2c A B A B
 2 2

1/2
2 φ2
sin θsc
r1c φA + r2c
B

1/3

(16)






For convenience’s sake, as shown in Figure 6, select the direction of the vector k s = k 1 − k 2 as the
Zsp -axis of Xsp -Ysp -Zsp , which is the local spherical coordinate system to describe dV in Equations (12)
and (13). As a consequence, k(P o1 + P o2 ) in Equations (12) and (13) can be approximately expressed
as (17).

θsc
cos(θ)
(17)
k (P o1 + P o2 ) = 2k sin
2
where, θ is shown in Figure 6. Therefore, the volume integral in Equations (12) and (13) can be
presented as

 2π
 π
 as
int =
eik(P o1 +P o2 ) dV =
dϕ
sin θdθ
ei2 sin(θsc /2)kr cos θ r 2 dr
V

0

0

0

4π
{[2 sin(θsc /2)kas ] cos [2 sin(θsc /2)kas ] − sin [2 sin(θsc /2)kas ]}
=
[2 sin(θsc /2)k]

(18)


Note that it is necessary to convert the results in (12) and (13) into the components of E S-R in the
coordinate system for depicting the function of the curved surface of the antenna B, because the results
in Equations (12) and (13) are given in the spherical coordinate system in Figure 3. In addition, the
magnitude of the electric ﬁeld at the vertex of the reﬂecting surface of the antenna B can be expressed
as the results in Equations (12) and (13), however, that at any point should be given as
D
max
iS2 (D, θsc )
0.8535EA exp(−γ1c − γ2c )
· exp[ik(r2c − Δr] cos ϕsc N (D)(int)dD
(19)
ES-R-θs =
kr2c
Dmin

D
max

−0.8535EA exp(−γ1c − γ2c )

ES-R-ϕs =
Dmin

iS2 (D, θsc )
· exp[ik(r2c − Δr)] sin ϕsc N (D)(int)dD (20)
kr2c

 denotes a distance diﬀerence between r

where, Δr = r2c − r2c
2c and r2c as shown in Figure 7.

Figure 7. The sketch for interpreting Δr in Equations (19) and (20).
In a similar manner to deriving the model for calculating ZS BA in rain environment, the model
for calculating ZS AB in rain environment can be derived. It is reasonable to consider that ZS BA
approximatively equals ZS AB in rain environment, because Mie theory [17] can be used for calculating
the scattered ﬁeld of the raindrops with a good approximation.
4. THE SIMULATION RESULTS OF THE SCATTERING MUTUAL IMPEDANCE
BETWEEN TWO PARABOLIC ANTENNAS
The universal model for estimating the RISMI is established in the previous section. In this section,
the simulation results of the RISMI are given and discussed taking parabolic antennas as an example.
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As shown in Figure 8, suppose that the same two front-fed rotating parabolic antennas, whose feeds
are a linear center-fed short dipole with a dish reﬂector, are adopted in a MMW MIMO system. For
convenience and without loss of generality, ZS BA is calculated by using (5) under the assumptions that
the antenna A in Figure 8 is in transmitting mode and the antenna B is in open-circuited receiving
mode.
In Figure 8, α and β denote the elevation angles of the antennas A and B respectively; d is the
distance between the antennas A and B; c is the center of the common volume; the coordinate system
x-y-z is used to determine the relative location of the antennas A and B; the coordinate system x -y  -z 
is used to describe the antenna A and x -y  -z  the antenna B; the coordinate system xs -ys -zs is used
to present the scattered ﬁeld of the raindrops in the common volume; a represents the radius of the
aperture plane of the antennas A and B; fp denotes the focal length; n̂ is the unit vector of the normal
direction of any point on the paraboloid; ξ0 is the aperture angle of the antennas; x -y  -z  is obtained
by clockwise rotating x-y-z an angle 90-α around its x axis; xs -ys -zs is obtained by translating x -y  -z 
along the z  axis; x -y  -z  is got by ﬁrstly anticlockwise rotating x-y-z an angel 90-β around its x axis,
then translating the rotated coordinate a distance d along the positive direction of the y axis of x-y-z.
Note that during the simulation it is necessary to relate the space variables in one of these rectangular
coordinate systems such as (x , y  , z  ) to those in the spherical coordinate system deﬁned by itself such
as (r  , θ  , ϕ ), to relate the space variables in one of these coordinate systems such as (xs , ys , zs ) to
those in another diﬀerent coordinate system such as (x , y  , z  ). The coordinate transformation matrix,
which relates coordinates and basis vectors in one frame to those in another frame, can be found in
some relevant publications such as [19, 20].
Based on Figure 8, the necessary parameters for simulating the rain-induced mutual impedance
can be obtained. For example, θsc = 180 − α − β; r1c and r2c can be given by solving the following

(a)

(b)

(c)

Figure 8. The sketches of the coordinate systems and the geometry of the simulation example. (a) The
geometry of the simulation example. (b) The antenna A. (c) The antenna B.
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equation set


r1c · cos α + r2c · cos β = d
r1c · sin α = r2c · sin β

(21)


ϕsc can be obtained by transforming the components (r  , θ  , ϕ ) of the vector O Q in x -y  -z  into

the components (rs , θs , ϕs ) of the vector cQ in xs − ys − zs ; Δr = rs − r2c − fp .
According to the publication of [14], the radiated electric-ﬁeld of the antenna A in Figure 8 is linear
polarization along the x -axis, and EA at point c is derived as
EA =

J1 (7a/4fp )J0 (0) 3J2 (0)J1 (21a/8fp )
120π 2 IA l0 a2
−
1.48
2
λ r1c fP
(7a/4fp )
(21a/8fp )2

(22)

And, for the antennas in Figure 8, the half power beam width of E-plane or H-plane in (15) and (16)
is related to a/2fp . During the simulation in this paper, suppose that the half power beam width of
E-plane is 3◦ and a/2fp = 0.4, which means that θA = θB = 3◦ and ϕA = ϕB = 2.9◦ in (15) and (16),
a = 63λ/6, fp = a/0.8 [14].
At the position of a surface element ds on antenna B, the total scattered electric-ﬁeld by the
raindrops in the common volume can be calculated by substituting (22) into (19) and (20). Relate the
electric-ﬁeld components of ES-R-θs and ES-R-ϕs in xs -ys -zs to those of ES-R-x , ES-R-y and ES-R-z  in

Figure 9. The changing relationship of ZS BA
with R under the conditions of the same d, α, β
and the diﬀerent f .

Figure 11. The changing relationship of ZS
the diﬀerent d.

BA

Figure 10. The changing relationship of ZS BA
with R under the conditions of the same d, f and
the diﬀerent α, β.

with R under the conditions of the same α, β, f and
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Figure 12. The changing relationship of ZS
the diﬀerent R.

BA
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with d under the conditions of the same α, β, f and

Figure 13. The changing relationship of ZS
diﬀerent α, β.

BA

with d under the conditions of the same R, f and the

Figure 14. The changing relationship of ZS
the diﬀerent f .

BA

with d under the conditions of the same R, α, β and
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x -y  -z  , also relate the components of the unit vector r̂ of the scattered wave propagation direction in
xs -ys -zs to those in x -y  -z  , then the components of the vector of the surface current density at the
position of ds can be obtained by using (7). The rain-induced mutual impedance of the two antennas
in Figure 8 can be estimated by using (5). In this simulation example, the Weibull raindrops size
distribution function [21, 22] is employed as N (D).
For the two antennas in Figure 8, Figure 9–Figure 11 show the changing relationship of their raininduced mutual impedance with rain rate R when the parameters of d, α, f are speciﬁed, Figure 12–
Figure 14 with the distance d between the two antennas when the parameters of R, α, β f are speciﬁed,
and Figure 15–Figure 17 with frequency f when the parameters of d, α, β R are speciﬁed. In what
follows, the simulation results are listed and discussed.
Figure 9–Figure 11 show that the changing trend of the RIMCE with rain rate increase is related
with the other parameters such as α, β, d and f . Figure 9 displays that for the same α, β and d, ZS BA
increases more slowly at 50 GHz than at 35 GHz with rain rate increase, because the rain-induced
attenuation at 50 GHz is severer than that at 35 GHz, as well as because the scattering properties
of raindrops are diﬀerent at the two frequencies. In fact, it can be concluded that due to the severer
attenuation at higher frequencies, ZS BA maybe ﬁrstly increase and then decrease with R increase, which
is jointly determined by the attenuation and the scattering properties at those frequencies. Figure 10
and Figure 11 imply that α, β and d can impact the trend of ZS BA varying with R by changing the
size of the common volume and the severity degree of the attenuation. The larger common volume and
the less attenuation will enhance the RIMCE, whereas the RIMCE will be reduced.

Figure 15. The changing relationship of ZS
and the diﬀerent α, β.

BA

with frequency under the conditions of the same d, R

Figure 16. The changing relationship of ZS
β and the diﬀerent R.

BA

with frequency under the conditions of the same d, α,
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Figure 17. The changing relationship of ZS
the diﬀerent d.

BA
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with f under the conditions of the same R, α, β and

Figure 12–Figure 14 display that ZS BA presents an oscillation variation trend with the change of
d, what is more, f , α and β obviously alter the oscillation period. In addition, as mentioned above, the
scattering properties of the raindrops, the severity degree of the attenuation and the size of the common
volume jointly determine ZS BA , therefore the envelops in Figure 12–Figure 14 ﬁrstly increase and then
decrease with d increase.
Similar to the variation relationship of ZS BA with d, ZS BA in Figure 15–Figure 17 vary in
ﬂuctuation with f . And d, α, β are sensitive to the ﬂuctuation period. For the same reasons stated
above, the envelops in Figure 15–Figure 17 also ﬁrstly increase and then decrease with f increase.
5. CONCLUSIONS
This paper focuses on the RIMCE of MMW MIMO communication systems. The conclusions from the
simulation results in this paper are summarized in what follows:
The simulation results in this paper signify that ZS BA is about in the dozens to hundreds of
Omegas magnitude, which means that ZS BA cannot be ignored. In other words, the RIMCE is a new
necessary consideration aspect for developing MMW MIMO communication technology.
The characteristics of the oscillation variations of ZS BA with d and f , of the dependence
relationship of the oscillation periods on d, f , α and β, imply that it is feasible to reduce the negative
impact of the RIMCE on MMW MIMO communication systems by optimizing their link parameters.
That is, the model for estimating rain-induced mutual impedance derived in this paper is signiﬁcant for
designing a MMW MIMO link.
Therefore, it can be concluded from this paper that the RIMCE is a new necessary consideration
aspect for developing MMW MIMO communication systems and that the model for estimating raininduced mutual impedance derived in this paper is signiﬁcant for designing a MMW MIMO link.
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