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Surface-Plasmon-Polaritons at the Interface
of Nanostructured Metamaterials
Tatjana Gric*

Abstract—The rigorous modeling and analysis of surface waves at the boundary of two metamaterials
are presented. The nature of the phenomenon of the surface-plasmon-polaritons and the inﬂuence of
various parameters on it are investigated. We have analyzed the properties of structures incorporating
nanostructured metamaterials. Surface-plasmon-polaritons at the interface of such metamaterials are
studied. We demonstrate the ways to control the properties of the surface waves. Each metamaterial
comprises alternating metal and dielectric layers. We analyze the dependence of the dispersion
characteristics on the materials employed in metal-dielectric compound. The consistency of the
dispersion diagrams and eﬀective permittivity is studied. The Drude model is introduced in the metal
dispersion in order to take into account the eﬀects of the structure on dielectric properties.

1. INTRODUCTION
Surface waves open wide avenues for many physical phenomena forming a basis for a number of
devices [1–3]. The range of structures capable of supporting surface waves has been expanded due to
the invention of metamaterials with controllable electric and magnetic properties [4]. Surface plasmon
polaritons (SPPs) are electromagnetic excitations propagating at the interface between a dielectric and
a conductor, evanescently conﬁned in the perpendicular direction [5–8]. The properties of conﬁned
surface-plasmon-polaritons can be imitated by geometrical induced SPPs, also known as spoof SPPs at
lower frequencies being microwaves and terahertz, or even under the limit of a perfect electric conductor.
It seems that surface structure may spoof surface plasmons, and the former provides a perfect prototype
for structured surfaces [9].
One of the key concepts of the physics of artiﬁcial composites (or metamaterials) for electromagnetic
waves is the possibility to describe their properties by eﬀective parameters derived under the assumption
that the structural elements of such a metamaterial are much smaller than the radiation wavelength.
Anisotropic metamaterials is one outstanding class of metamaterials [10]. It is interesting to
notice that its material parameters are not scalars but tensors, with diﬀerent values of the principle
components. Due to this fact, the solutions of the dispersion relations possess elliptic or hyperbolic
shapes [11]. The outstanding properties of such anisotropic metamaterials are as follows: negative
refraction [12, 13], super-resolution in the far-ﬁeld through image magniﬁcation [14], and enhanced
spontaneous emission [15]. It should be mentioned that nanostructured metamaterials presented in this
study is the example of anisotropic metamaterials. Periodic metal-dielectric nanostructures open the
wide avenues for applications [16–21]. In addition, a lot of investigations have been done in the ﬁeld of
anisotropic metamaterials, both experimentally [22] and theoretically [23–25].
Thus, a huge stream of papers is dedicated to the examination of properties of the metal-dielectric
nanostructures [26–28]. However, there is still lack of studies directed towards the investigation of ways
to control their properties.
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The present paper is devoted to the rigorous modeling and treatment of surface waves at the
boundary of two metamaterials that are supposed to be characterized by certain given eﬀective
parameters. Firstly, a theoretical model is presented, and then we proceed by mentioning various
metamaterial structures where the surface waves can propagate.
2. MODELLING AND THE ANALYTICAL SOLUTION
The system considered in our study is a nanostructured metamaterial formed by metal and dielectric
layers of diﬀerent thicknesses, as shown in Fig. 1.

Figure 1. Schematic view of an interface separating two diﬀerent layered nanostructured metamaterials
formed by alternating metal and dielectric layers.
One can apply the eﬀective-medium approach if the wavelength of radiation is much larger than
the thickness of any layer. It is based on averaging the structure parameters. As a consequence, it
is possible to conclude with the eﬀective homogeneous media for two semi-inﬁnite periodic structures.
The eﬀective permittivities are as follows [29]:
ε1 d1 + ε2 d2
(1a)
εI =
d1 + d2
ε3 d3 + ε4 d4
(1b)
εII
 =
d3 + d4
ε1 ε2 (d1 + d2 )
,
(2a)
ε1 d2 + ε2 d1
ε3 ε4 (d3 + d4 )
,
(2b)
εII
⊥ =
ε3 d4 + ε4 d3
where subindexes I and II refer to the ﬁrst and second metamaterial under consideration, respectively.
Matching the tangential components of electrical and magnetic ﬁelds at the interface implies the
dispersion relation for the surface modes localized at the boundary separating two anisotropic media [30].
We assume the permittivities ε1,3 (ω) to be frequency dependent as the corresponding layers are
represented by metals. The mentioned issue is important for both usual plasmon polaritons [31] and
surface waves in artiﬁcial media [32]. It is interesting to notice that in the case of ε1 = ε3 and ε2 = ε4 ,
the obtained result coincides with the dispersion of a conventional surface plasmon at a metal-dielectric
interface and is as follows [30]:

ε1 ε2
(3)
β=k
ε1 + ε2
εI⊥ =

Progress In Electromagnetics Research M, Vol. 46, 2016

167

In contrary, the dispersion for the case of ε1 = ε3 and ε2 = ε4 , d1 = d2 = d3 = d4 depends on the
thicknesses of the layers employed in the metamaterial as follows:




d1 ε1 + d2 ε2 d3 ε1 + d4 ε4

2
ε1 ε2 ε4 (d1 + d2 ) · (d3 + d4 ) ·
−

d1 + d2
d3 + d4


(4)
β = k 
 ε1 ε2 (d1 ε1 + d2 ε2 ) ε1 ε4 (d3 ε1 + d4 ε4 )
· (d1 ε2 + d2 ε1 ) · (d4 ε2 + d3 ε4 )
−
d1 ε2 + d2 ε1
d4 ε1 + d3 ε4
In case of ε1 = ε3 and ε2 = ε4 , d1 = d2 , d3 = d4

ε
ε2 ε3 ε4
1
+
−
−
β = 2k
ε1 ε2 ε3 ε4
2
2
2
2

/ ((ε1 + ε2 ) · (ε3 + ε4 ) · (ε1 ε2 − ε3 ε4 ))

In case of ε1 = ε3 and ε2 = ε4 , d1 = d2 = d3 = d4




d1 ε1 + d2 ε2 d3 ε3 + d4 ε4

ε1 ε2 ε3 ε4 · (d1 + d2 ) · (d3 + d4 ) ·
−

d1 + d2
d3 + d4




β=k
 ε1 ε2 (d1 ε1 + d2 ε2 ) ε3 ε4 (d3 ε3 + d4 ε4 )
−
· (d1 ε2 + d2 ε1 ) · (d3 ε4 + d4 ε3 )
d1 ε2 + d2 ε1
d3 ε4 + d4 ε3

(5)

(6)

It is of particular importance that the results in Eqs. (3)–(6) are valid only under the condition of
surface conﬁnement, which can be presented in the following way [30]:

⎧
2 = k 2 − β 2 /εI εI < 0,
⎨ kz,I
⊥
||

(7)
⎩ k2 = k2 − β 2 /εII εII < 0.
z,II
⊥
||
Assume that we are considering the structures with μ = dd12 = dd43 and equal periods, i.e., d1 + d2 =
d3 + d4 = D. Doing so, the condition of the mode conﬁnement is as follows:


1
2
2
<0
(8)
ε1 + ε2 − |ε1 | |ε2 | μ +
μ
Equation (8) generates a range of frequencies where the surface mode is conﬁned considering the ﬁlling
factor μ as a parameter. This range is presented in Fig. 3 as blue area for the case Ag/Al2 O3 -Ag/Al2 O3 .
Moreover, the limiting cases should be mentioned. First, this is the case when the ﬁlling factor μ vanishes
— in this case, we have a conventional surface plasmon resonance at the interface between two isotropic
media, and the plasmon is conﬁned for all frequencies. The other case is when the ﬁlling factor is unity,
i.e., there is no boundary between metal-dielectric structures and thus we are dealing with only one
inﬁnite periodic structure. In this case, the surface state can only be conﬁned exactly at the frequency
of a bulk plasmon.
3. SIMULATION RESULTS AND DISCUSSIONS
To obtain the insight into the propagation characteristics associated with the surface waves, numerical
calculations have been performed using the analytical solutions presented above. This brings about
interesting phenomena which is new and important for an actual design.
In this section, several examples of polaritons at the boundary of two metamaterials are given. To
illustrate the properties of SPPs we plot the wave vector β (Eqs. (3)–(6)) as a function of the frequency.
To exempliﬁcatively demonstrate the properties of surface waves, we adopt a lossless Drude model to
2 /ω 2 ,
characterize the metals (silver or gold) in which the permittivities are expressed as ε1,3 = 1 − ωp1,3
where ωp1,3 are the plasma frequencies. It should be mentioned that for silver ωp = 9.5 eV [33] and for
gold ωp = 10 eV [30].
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3.1. Engineered Eﬀective Permittivity of the Nanostructured Hyperbolic Metamaterials
The asymptotic frequencies of the surface waves can be tuned by changing the metamaterial design and
its eﬀective properties. The perpendicular eﬀective permittivities of the metamaterials are displayed
in Fig. 2 showing how they vary for diﬀerent structure cases. The peak positions can be controlled
through adjusting the structure of the metamaterials under consideration. It should be noted that the
resonant behavior of ε⊥ can be regulated by changing the permittivity of the dielectric employed in the
metamaterial (Fig. 2(a)). Moreover, the resonant frequency of ε⊥ shifts to the higher frequency as the
value of the permittivity of the dielectric in the metamaterial is decreasing. Also, it is of particular
importance that the frequency of the negative ε⊥ is also extended simultaneously. These properties are
substantial in order to control the surface wave. Particularly, the frequency ranges of surface wave can
be tuned by changing the metamaterial design, which is consistent with the dependence of the negative
permittivity ε⊥ on the metamaterial properties as shown in Fig. 2.
Thus, it should be stated that Ag/Al2 O3 [34] has the smallest resonance frequency (Fig. 2(b)). The
resonant frequency of Ag/Al2 O3 being smaller than of other metal/dielectric compounds leads to the

(a)

(b)

(c)

(d)

Figure 2. The inﬂuence of the material design on the real part of ε⊥ , if (a) ε1 = ε3 , ε2 = ε4 and
d1 = d2 = d3 = d4 ; d1 = 40 nm; d2 = 22.5 nm; d3 = 30 nm; d4 = 33.5 nm; (b) ε1 = ε3 , ε2 = ε4 and
d1 = d2 = d3 = d4 ; d1 = 40 nm; d2 = 22.5 nm; d3 = 30 nm; d4 = 33.5 nm; (c) ε1 = ε3 and ε2 = ε4 ,
d1 = d2 = 20 nm, d3 = d4 = 30 nm. (d) An enlarged view of the case (c) at the frequency range (0,
1015 ) rad/s. Dashed and solid lines refer to the metamaterials with subindexes I and II correspondingly.
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decrease of the asymptotic frequencies of the dispersion curves (Fig. 3). It can be observed that the
resonant frequency shifts to lower frequencies quickly as the permittivity of the dielectric is increased
(Fig. 2(b)).
3.2. Surface Waves at the Boundary of the Nanostructured Hyperbolic Metamaterials
We have ignored metal losses in our analysis. Directing towards a realistic examination, however, the
permittivities of the metals ε1,3 are not the real-valued constants, thus leading to a non-vanishing
imaginary part of the permittivity ε⊥ of the metal-dielectric compound. The derived equations for
the longitudinal propagation constant (Eqs. (4)–(6)) will now be illustrated by means of the dispersion
diagrams of the TM modes supported by the considered structure. In Fig. 3 the dispersion curves for
the case ε1 = ε3 , ε2 = ε4 and d1 = d2 = d3 = d4 are reported. The dispersion curves of spoof SPPs
at the boundary of two metamaterials with d1 = 40 nm, d2 = 22.5 nm, d3 = 30 nm, d4 = 33.5 nm
are shown in Fig. 3. It is of particular interest to analyze the eﬀect of the employed dielectric on the
dispersion curves of spoof SPPs. For this reason four diﬀerent dielectrics, i.e., Al2 O3 [34, 35], LiF [36],
MgF2 [37], Ti3 O5 [38] are suggested for the study. As seen from Fig. 3, the smallest asymptotic
frequency is achieved employing the dielectric with the largest permittivity, i.e., Al2 O3 . Moreover, we
2 /(ω 2 + iδω) with
have employed a Drude-like dielectric function of the following form ε1,3 = 1 − ωp1,3
δ = 0.0987 eV [33] to discover the impact of losses to the dispersion curves (presented with dots in
Fig. 3). It should be noticed that losses do not make signiﬁcant impact on the dispersion curves at the
frequency range under the consideration. By this reason, we will ignore metal losses in further analysis.
Turning now to the second case under the study, i.e., ε1 = ε3 and ε2 = ε4 , d1 = d2 = d3 = d4 , in
Fig. 4, six modes are represented at the boundary of two diﬀerent metamaterials. As seen from Fig. 4,
the smallest asymptotic frequency corresponds to the case Ag/Al2 O3 -Ag/LiF. It is worth mentioning
that for cases such as Ag/Al2 O3 -Ag/LiF, Ag/LiF-Ag/Ti3 O5 , Ag/Al2 O3 -Ag/MgF2 , the frequency of the
SPPs grows more slowly with increasing β, than dealing with other cases. Moreover, the splitting factor
of all the curves, except Ag/Al2 O3 -Ag/LiF, decreases at higher frequencies. The splitting factor here is
assumed as the diﬀerence in frequency for the chosen propagation constant value.
As in previous cases, the case denoted as ε1 = ε3 and ε2 = ε4 , d1 = d2 , d3 = d4 will be illustrated
by means of the dispersion diagrams of the TM modes. In Fig. 5, six diﬀerent modes are presented.

Figure 3. Dispersion curves for spoof SPPs in
the case of ε1 = ε3 , ε2 = ε4 and d1 = d2 = d3 =
d4 . Blue area shows the bounds of surface mode
existence predicted by eﬀective media approach
for the case Ag/Al2 O3 -Ag/Al2 O3 .

Figure 4. Dispersion curves for spoof SPPs in the
case of ε1 = ε3 and ε2 = ε4 , d1 = d2 = d3 = d4 .
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Figure 5. Dispersion curves for spoof SPPs in
the case of ε1 = ε3 and ε2 = ε4 , d1 = d2 , d3 = d4 .
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Figure 6. Dispersion curves for spoof SPPs in the
case of ε1 = ε3 and ε2 = ε4 , d1 = d2 = d3 = d4 .

Actually, we obtain an astonishing result: the dispersion of a (single) interface mode does not depend
on the thicknesses of the layers (Eq. (5)).
In Fig. 6, the dispersion curves of six modes are reported in the same frequency range as in Fig. 5
for the case ε1 = ε3 and ε2 = ε4 , d1 = d2 = d3 = d4 . All the modes have a similar behavior.
4. CONCLUSION
In conclusion, we have studied surface modes at an interface separating two diﬀerent layered metaldielectric structures.
It is found that the perpendicular components of eﬀective permittivity have the resonant behavior,
and they can be tuned by changing the metamaterial design. Moreover, the frequency ranges of the
surface waves existence are consistent with the resonant frequencies of the perpendicular components.
Consequently, the possibilities to tailor the surface waves are suggested. Frequency range of surface
wave existence can be engineered by varying metamaterial design.
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