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New Features of the “Double-Humped Eﬀect”
in the Magnetized Plasma
George Jandieri1, * , Akira Ishimaru2 , and Oleg Kharshiladze3

Abstract—Statistical moments of a scattered ﬁeld are calculated in the ﬁrst and second approximations
using modiﬁed smooth perturbation method. Analytical expressions of both the variance and correlation
function are obtained in the principle plane containing wave vector of an incident wave and external
magnetic ﬁeld. Observation points are spaced apart at small distances taking into account diﬀraction
eﬀects. Numerical calculations are carried out for the anisotropic Gaussian spectral function containing
both anisotropic factor and the angle of inclination of elongated anisotropic plasma irregularities using
the experimental data. It was shown that 3D surface of the correlation function of the phase ﬂuctuation
oscillate and these variations are decreased increasing characteristic spatial scale of plasma irregularities.
New peculiarities of the “Double-humped Eﬀect” are revealed in the collisionless magnetized plasma. It
was shown that spatial scale and the inclination angle of elongated anisotropic plasma irregularities play
important role in formation of a gap in the spatial power spectrum. Varying the magneto-ionospheric
plasma parameters and values of characteristic spatial scales of anisotropic irregularities the depth of a
dip increases and oscillates.

1. INTRODUCTION
Fluctuations in amplitude and phase (scintillation) of radio waves passing through the ionosphere are
caused by spatial irregularities in the electron density. The sizes of ionospheric irregularities have
been obtained by several techniques, including topside sounding, radio-satellite scintillations and direct
measurements by satellite probes. The irregularities have a variety of sizes and usually are elongated
in the magnetic ﬁeld direction [1]. Electromagnetic waves propagation in the turbulent atmosphere is
discussed for the case when the scattering is weak. Geomagnetic ﬁeld leads to the birefringence and
anisotropy.
The connection between irregularities of random media, phase and amplitude ﬂuctuations has been
studied in [2, 3].
The features of the spatial power spectrum (SPS) of scattered radiation in magnetized anisotropic
plasma in the complex geometrical optics approximation using the perturbation method have been
investigated in [4, 5]. The power spectra of scintillation signals can yield valuable information about
wavy processes in plasma and the structure of the irregularities. Evolution of the SPS of EM waves
propagating and scattering in magnetized ionospheric plasma with elongated plasma irregularities has
been investigated in [6–8].
The present paper reports second order statistical moments of the SPS and new peculiarities of
the “Double-humped eﬀect” of multiple scattered electromagnetic waves in randomly inhomogeneous
anisotropic collisionless magnetized plasma with electron density ﬂuctuations. The evaluation of a
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double-peak shape in the SPS of multiple scattered ﬁeld is analyzed under oblique illumination of
turbulent plasma by mono-directed incident radiation taking into account diﬀraction eﬀects in the
principle plane containing wave vector of an incident wave and external magnetic ﬁeld. Numerical
calculations have been carried out for the Gaussian anisotropic plasma irregularities using experimental
data for the ionospheric F -region.
2. FORMULATION OF THE PROBLEM
One of the important research objectives is the relationship between scintillation and ionospheric
plasma-density irregularities in the context of space weather and scintillation models. The ionospheric
scintillation study comes from its signiﬁcant impact on satellite radio communications which can degrade
the performance of navigation systems and generate errors in received messages. The irregularities
distort the original wavefront, giving rise to a randomly phase-modulated wave.
Electric ﬁeld in the turbulent collisionless magnetized plasma satisﬁes the wave equation:


∂2
2
− Δδij − k0 εij (r) Ej (r) = 0,
(1)
∂xi ∂xj
with the components of the dielectric permittivity [9]:
√
√
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where: Δ is the Laplacian; δij is the Kronecker symbol; α is the angle between the Z-axis (the direction of
the wave propagation) and the static external magnetic ﬁeld H0 lying in the YZ principle plane; ωp (r) =
[4πN (r)e2 /m]1/2 is the plasma frequency; N (r) is the electron concentration; u(r) = (e H0 (r)/mcω)2
and v(r) = ωp2 (r)/ω 2 are the magneto-ionic parameters. At high frequency the eﬀect of ions can be
neglected.
Consider a plane wave propagating in the Z direction. Wave ﬁeld we introduce as [7] Ej (r) =
E0j exp(ϕ1 + ϕ2 + ik⊥ y + ik0 z) (k⊥  k0 ), k⊥ is the wavenumber normal to the principle plane and
k0 the wavenumber of an incident wave. Electron density v(r) = v0 [1 + n1 (r)] is a random function of
(0)
(1)
(1)
position: εij (r) = εij + εij (r), |εij (r)|  1. First component represents zero-order approximation;
(1)

(1)2

ﬂuctuations of complex phase are of the order ϕ1 ∼ εij , ϕ2 ∼ εij The parameter μ = k⊥ /k0 describing
diﬀraction eﬀects is calculated in zero-order approximation.
Taking into account inequalities characterizing modify smooth perturbation method [2, 10]:





 2 
 2 



 ∂ϕ2 
 ∂ ϕ1 
 ∂ ϕ2 
 ∂ϕ1 
 ∂ϕ2 
 ∂ϕ1 












 ∂z   k0 |ϕ2 |,
 ∂z 2   k0  ∂z  ,
 ∂z 2   k0  ∂z  ,
 ∂z   k0 |ϕ1 |,
in the ﬁrst approximation we obtain:
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where Δ⊥ = (∂ 2 ϕ1 /∂x2 ) + (∂ 2 ϕ1 /∂y 2 ) is the transversal Laplasian.
Fourier transform of the phase ﬂuctuations is
∞
∞
dkx
d ky ψ(kx , ky , z) exp(i kx x + i ky y).
ϕ1 (x, y, z) =
−∞

−∞

2D spectral function of the phase ﬂuctuation in the principle plane (Y-component) satisﬁes diﬀerential
equation:
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Polarization coeﬃcients are deﬁned as [9]:

√

here:
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u sin2

α±
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= iΓj ,
E0x

E0y
= iPj ,
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u(1−v) cos α
sin4

α+4u(1−v)2

cos2

α

, Γj = −

√
v u sin α+Pj uv sin α cos α
,
1−u−v+uv cos2 α

(4)
upper sign (j = 1)

before square root corresponds to the ordinary wave, lower sign to the extraordinary wave (j =
2). External magnetic ﬁeld changes electromagnetic properties of plasma make it magnetized
(birefringence,gyrotropic and anisotropic) medium. Gyrotropy of plasma is revealed in elliptic
polarization of normal waves; anisotropy is appeared in the direction of propagation depending of
their characteristics (polarization, refractive index and absorption).
Using the Fourier transformation for the spectral component we obtain:
ik0  (1)
∂ψ id1 + d2
(1)
+
ψ(æ, z) =
(5)
−εxy (æ, z) + Pj ε(1)
yy + Γj εyz n1 (æ, z),
∂z
2k0 Pj
2Pj
Solving Equation (5) using the boundary condition ψ(æ, z = 0) = 0 we calculate statistical
characteristics of scattered electromagnetic waves.
3. SECOND ORDER STATISTICAL MOMENTS OF SCATTERED ELECTROMAGNETIC FIELD
Using Equation (5) taking into account Θαβ (æ, z  )Θγδ (æ , z  ) == Wαβ,γδ (æ, z  − z  )δ(æ + æ ) and
new variables: z  − z  = ρz , z  + z  = 2η, for the variance of the phase ﬂuctuation we obtain:
∞
∞
π k0 L
2
dkx
dky Q1 (kx , ky ),
(6)
ϕ1 (r) = −
2 P2j
−∞

−∞

Vxy,xy + P2j Vyy,yy + Γ2j Vyz,yz − 2(Pj Vxy,yy + Γj Vxy,yz + Pj Γj Vyy,yz )

contains arbitrary
where: Q1 (kx , ky ) =
3D spectral correlation function of electron density ﬂuctuation, æ = {kx , ky }, Vαβ,γδ (æ, iG3 − G4 ), L
is the distance travelling by electromagnetic wave in the ionospheric plasma, and the angular brackets
indicate the statistical average: G3 = kx k⊥ /2k0 Pj , G4 = k0 ky Γj /2k0 Pj .
Correlation function of the phase ﬂuctuations is:
∞
∞
π k02 L
∗
dkx
dky Q2 (kx , ky ) exp(−ikx ρx − i ky ρy ),
(7)
Wϕ (ρ) >≡ ϕ1 (r)ϕ1 (r + ρ) =
2 P2j
−∞

−∞

where: Q2 (kx , ky ) function contains Vαβ,γδ (æ, G5 ), G5 = k0 kx (Pj kx + ik⊥ )/2Pj k02 , and ρy and ρx
are distances between observation points spaced apart in the principle and perpendicular planes,
respectively. Phase ﬂuctuations at diﬀerent observation points are not independent and they correlate.
The asterisk indicates the complex conjugate.
Phase ﬂuctuations in the second order approximation satisﬁes stochastic diﬀerential equation:
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Solution of the Equation (8) is:
∞
∞
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L
· exp [(Λ1 + iΛ2 )k0 L]




dz 1 − exp (G̃1 − iG̃2 )k0 z exp [−(Λ1 + iΛ2 )k0 z] , (10)

0

where: G̃i = k0 Gi , x = kx /k0 , y = ky /k0 are non-dimension wave parameters.
The transverse correlation function of a scattered ﬁeld WEE ∗ (ρ) = E(r)E ∗ (r + ρ) is expressed
via the correlation function and the variances of the phase ﬂuctuations in the ﬁrst and second
approximations [11–13]:



1 2
2
2∗
∗
ϕ1 (r) + ϕ1 (r + ρ) +ϕ1 (r)ϕ1 (r+ρ)+2Re ϕ2  · exp(−iρy k⊥ ), (11)
WEE ∗ (ρ, k⊥ ) = E0 exp
2
where: E02 is the intensity of an incident radiation.
√ In the ray-(optics) approximation describing multiple
scattering in the random media, the condition λL  l is fulﬁlled, but it neglects the diﬀraction eﬀects.
If a distance L travelled by the wave in a turbulent magnetized plasma is substantially big, L  (l /λ),
diﬀraction eﬀects become essential. The smooth perturbation method is more general method for the
solution of diﬀraction eﬀects if the parameter λ/l is small. SPS of the scattered ﬁeld in case of an
incident plane wave is easily calculated by Fourier transform of the transversal correlation function
W (k , k⊥ ) of a scattered ﬁeld [2, 14]:
∞
W (k, k⊥ ) =

dρy WEE ∗ (ρy , k⊥ ) exp(ikρy ).

(12)

−∞

If the angular power spectrum (APS) of an incident wave has a ﬁnite width and its maximum coincide
with z axis, APS of scattered radiation is given:
∞
 2 2
dk⊥ W (k, k⊥ ) exp −k⊥
β ,
(13)
I(k) =
−∞

where β characterizes the dispersal of an incident radiation (disorder of an incident radiation), k is a
transverse component of the wave vector of scattered ﬁeld.
4. NUMERICAL RESULTS
The incident electromagnetic wave has the frequency of 3 MHz (k0 = 6.28 · 10−2 m−1 ). Plasma
parameters at the altitude of 300 km are: u = 0.22, v = 0.28. Numerical calculations are carried
out for the angle α = 20◦ between incident wave propagation and external magnetic ﬁeld. v = 0.28.
An RH-560 rocket ﬂight was conducted from Sriharikota rocket range (SHAR), India (14◦ N, 80◦ E,
dip latitude 5.5◦ N) to study electron density irregularities during spread F. The rocket was launched
an apogee of 348 km. It was found that the irregularities were present continuously between 150 and
257 km. Large-scale structures, with vertical scale sizes up to a few tens of km, are also seen in this
region. Vertical structures, in the scale size range of 5–10 km, are also quite prominent. The most
intense irregularities occurred in three patches at 165–178 km, 210–257 km and 290–330 km [15, 16].
Irregularities of a range of scale sizes starting from a few hundred meters to a few ten of kilometers are
observed in this patch. Studying the equatorial spread F irregularities using RH-560 rocket instrumented
with Langmuir probes launched from SHAR it was established [15, 16] that the relationship between
the spectral index, p and the mean integrated spectral power (in 20 m to 200 m scale size range) could
be represented by a Gaussian function.
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A knowledge of the SPS of ionospheric refractive index ﬂuctuations can lead to an understanding
of the physical processes that characterize the region of the ionosphere under study. The anisotropic
3D Gaussian autocorrelation function describing narrow-band process has the following form [4]:


2
l3
ky2 l2
kz2 l2
kx2 l⊥
2
2
− p1
− p2
+ p3 ky kz l ,
(14)
Vn (kx , ky , kz ) = σn 3/2 2 exp −
4
4
4
8π χ


where: p1 = (sin2 γ0 + χ2 cos2 γ0 )−1 1 + (χ2 − 1)2 sin2 γ0 cos2 γ0 /χ2 , p2 = (sin2 γ0 + χ2 cos2 γ0 )/χ2 ,
p3 = (χ2 − 1) sin γ0 cos γ0 /2χ2 , σn2 is the mean-square fractional deviation of electron density.
Diﬀusion processes along and across directions with respect to the geomagnetic lines of force leads
to the anisotropy of plasma irregularities in the ionospheric F-region. The shape of electron density
irregularities has a spheroidal form with its axis along the magnetic ﬁeld line. Elongated spheroid
characterizes by anisotropy coeﬃcient χ = l /l⊥ , the ratio of longitudinal and transverse linear sizes
of plasma irregularities, and the slope angle γ0 of its axis to the geomagnetic lines of force. The
structure, the generation and the evolution of plasma irregularities are dependent on the condition in
the ionospheric F-region.
It was established that small (≤ 10 km) F-region irregularities are highly elongated along the
direction of the magnetic ﬁeld, and large anisotropy may also be expected in the case of certain types
of plane waves, propagating in the ionosphere. On the other hand, large irregularities (≥ 10 km) may
be only weakly anisotropic.
For small-scale ionospheric irregularities having characteristic linear scale ∼ 1 km the ratio of the
diﬀusion coeﬃcients along and transverse directions with respect to the geomagnetic ﬁeld on the altitude
2 + Ω2 )/ν 2 ∼ 104 − 105 , taking into account that the diﬀusion coeﬃcients are
300 km is D /D⊥ ∼ (νin
i
in
proportional to the corresponding mobility and the diﬀusion spread of the ionospheric irregularities are
determined by ions mobility, not by electrons mobility. Solving the diﬀusion equation and taking into
account the initial conditions it is easy to show that for creation of elongated ionospheric irregularities
along the external magnetic ﬁeld having anisotropy factor ≥ 10 it is necessary time ≥ 2 minutes. We
should also point out that lifetime of ionospheric irregularities is determined by turbulence varying
substantially along latitude but not by diﬀusion.
Substituting the spectral function in Equation (14) into Equation (6) and applying the saddle-point
method (ξ = k0 l  1) in the saddle point x0 = 0 the variance of the phase ﬂuctuations caused by the
electron density ﬂuctuations is:

−1/2 


2
Γj
π 2
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p 2 μ2
p 2 Γj
μ2
p 2 Γj 2
1
2
−
+
−
2p
−
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p
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1
3
3
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4 P2j
Pj
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⎛
⎞−1 ⎤−1/2
1
⎠ ⎦
·⎝
,
(15)
2
2μ
2
χ − p4P
2
j

where: A0 =
−2

v02
[u cos2 α
(1−u0 )2 0

+ P2j (1 − u0 sin2 α)2 + Γ2j u20 sin2 α cos2 α].

√

v02 u0 cos α 
√
Pj (1 − u0 sin2 α) + Γj u0 sin α cos α + Pj Γj u0 (1 − u0 sin2 α) sin α .
2
(1 − u0 )

Correlation function of the phase ﬂuctuations in Eq. (7) for the Gaussian correlation function yields:
 2

∞
∞
2
A0
ξ
2 ξ k0 L
2
dx
dy exp − p1 y − iηy y
Wϕ (ηx , ηy , L) = σn · √ · 2 2
4
16 π P χ
−∞
−∞

 "
"
!
! 2

1 p 2 μ2
ξ2  μ  3
ξ p2 4
2
x + 2−
x +4p3 xy −iηx x . (16)
+2p3 y x
· exp −i
· exp −
4 4
χ
4P2
4 2P
In isotropic case (χ = 1) neglecting diﬀraction eﬀects we obtain the well-known result [9] Wϕ (L) =
√
πσn2 v02 ξk0 L.
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Figure 1. Correlation function of the phase
ﬂuctuation at ξ = 200, χ = 20, γ0 = 0◦ .

Figure 2. Correlation function as a function
of distance between observation points in the
principle plane for diﬀerent angle γ0 .

Figure 1 illustrates oscillating 3D surface of the correlation function of the phase ﬂuctuations versus
distances between observation points in the principle and perpendicular planes for large scale plasma
irregularities (l ≈ 3 km) at the diﬀraction parameter μ = 0.06, anisotropy factor of elongated plasma
irregularities χ = 20.
Figure 2 depicts the behaviour of the second order statistical moment for diﬀerent distances between
observation points in the principle plane at the diﬀraction parameter μ = 1 and χ = 5. Analyses show
that for small scale ionospheric plasma irregularities l = 300 m correlation function oscillates having
maximums at ηy = 0 and ηy = 39 (distance between observation points is equal 600 m) and γ0 = 0◦
(curve 1); ηy = 5 and ηy = 53 (observation points space apart at 200 m and 800 m, respectively)
for γ0 = 20◦ (curve 2); at ηy = 7 and ηy = 83 (100 m and 1300 m, respectively) for γ0 = 40◦ . Hence,
increasing inclination angle γ0 between observation points oscillations of the correlation function become
smooth.
Figure 3 illustrates the behaviour of the second order statistical moment of the phase ﬂuctuations
for diﬀerent characteristic spatial scale of anisotropic plasma irregularities l = 320 m (curve 1), 1.6 km
(curve 2), 3.2 km (curve 3) and 8 km (curve 4) having anisotropy factor χ = 10 and elongating along
the line of forces of geomagnetic ﬁeld ( γ0 = 0◦ ). Increasing characteristic spatial scale of plasma
irregularities from ξ = 100 oscillations are disappeared.
Figure 4 represents curves of correlation function of the phase ﬂuctuations for elongated
irregularities l = 32 km for diﬀerent inclination angle γ0 = 0◦ , 10◦ , 20◦ , 30◦ .
Substituting Equation (14) into Equation (10), complex statistical moment can be easily calculated
in the second order approximation:
$
∞
∞ #

3k L A
G̃
ξ
+
i
G̃
0
0
1
2
1 − exp(G̃1 − iG̃2 )k0 L
dx
dy 1 +
ϕ2 (L) = −σn2 √
32 π P2 χ2
k0 L(G̃21 + G̃22 )
−∞
−∞

 2
ξ
(17)
· exp − (ax2 + b y 2 ) exp(−igxy),
4
where a =

1
χ2

−

p2 μ2
,
4P2j

b = p1 +

2
p2 Γj
4 P2j

Γ

− 2p3 Pjj , g =

ξ2 μ
2 Pj (p3

−

p2 Pj
4 Γj ).

Figure 5 represents the SPS of a scattered ﬁeld for diﬀerent characteristic spatial scales of
ionospheric plasma irregularities using Equation (12). Increasing parameter ξ from 100 (l = 1.6 km) to
150 the gap appears in the SPS (curve 2). Curve 3 corresponds to l = 3.2 km. Growing spatial scale
of anisotropic irregularities from up to l = 6.4 km deep of a gap increases and oscillates (curve 4).
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Figure 3. Correlation function as a function
of distance between observation points in the
principle plane for diﬀerent characteristic special
scale of plasma irregularities l .

Figure 5. Spatial power spectrum of a scattered
ﬁeld.
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Figure 4. Correlation function of the phase
ﬂuctuations versus anisotropy factor χ.

Figure 6.
“Double-humped Eﬀect” in the
magnetized collisionless plasma.

Figure 6 depicts the “Double-humped Eﬀect” in the collisionless magnetized turbulent plasma
in the principle plane containing wave vector of an incident wave and external magnetic ﬁeld. This
eﬀect appears if anisotropic plasma irregularities are strongly elongated along the line of forces of
geomagnetic ﬁeld (γ0 = 0◦ ). In this case ξ = 200 (or l = 3.2 km), β = 1, χ = 5 and parameter
2

B ≡ σn2 · ξ k80 L · PA2 χ0 2 varies: B = 50 (curve 1), B = 100 (curve 2), B = 200 (curve 3), B = 400 (curve
4). This parameter includes both magneto-ionic plasma parameters and parameters characterizing
anisotropic ionospheric plasma irregularities. Numerical calculations show that increasing B the gap
becomes deep, SPS broadens and maximums are displaced symmetrically to the direction of wave
propagation coinciding with the direction of elongated ionospheric irregularities.
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5. CONCLUSION
Second order statistical moments of a scattered electromagnetic waves are calculated in the ﬁrst and
second approximations using modify smooth perturbation method (narrow-angle scattering). Analytical
expressions of both the variance and correlation function are obtained in the principle plane containing
wave vector of an incident wave and external magnetic ﬁeld taking into account diﬀraction eﬀects.
Numerical calculations are carried out for the anisotropic Gaussian spectral function containing both
anisotropic factor and the angle of inclination of elongated anisotropic plasma irregularities using the
experimental data. Analyses are carried out for both small and a very elongated inhomogeneities.
Correlation function of the phase ﬂuctuation oscillates for small-scale irregularities and these variations
are decreased increasing dip angle and characteristic spatial scale of plasma irregularities. New
peculiarities of the “Double-Humped Eﬀect” are revealed in the collisionless magnetized turbulent
plasma. It was shown that the spatial scale and the inclination angle of elongated anisotropic plasma
irregularities play important role in formation of a gap in the SPS. Varying the magneto-ionospheric
plasma parameters and values of anisotropic irregularities the depth of a dip increases and oscillates.
The results could ﬁnd practical application in optics and be useful in development of principles of
remote sensing of random media.
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