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Abstract—This paper presents the analysis of linear tapered
waveguide. Voltage-standing-wave-ratio (VSWR) is obtained from
transmission matrix of the taper waveguide. Taper section is divided
into number of section having uniform length. Transmission matrix of
taper waveguide is found by multiplication of transmission matrix of
each section. Transmission matrix of each section is obtained as the
product of three matrices. One is of the initial length of transmission
line, second one is due to discontinuity and third one is of the final
length of transmission line. Transmission matrix of discontinuity
is obtained by two methods. One is by equivalent circuit of step
discontinuity and another is by moment method. The results are seen
to be in good agreement with [1,2] and [3].

1. INTRODUCTION

In a tapered section the dimension of waveguide varies smoothly and
for this reason there are possibilities of providing a transition from
one impedance level to another. Ref. [4] and then [5] analyzed taper
line by dividing it into a number of sections of equal length into the
direction of propagation. Ref. [1] found the transmission matrix of each
section as the product of five matrices and multiplied the matrices of
all sections.

This paper proposed that the transmission matrix of each section
is obtained as the product of three matrices. They are contributed
by initial length of transmission line, discontinuity and the final
length of transmission line. Transmission matrix of discontinuity is
obtained by two procedures. They are by equivalent circuit of step
discontinuity and by moment method. The final transmission matrix
of tapered waveguide is obtained by multiplication of matrices of all
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sections. Voltage-standing-wave-ratio (VSWR) is obtained from final
transmission matrix.

2. TRANSMISSION MATRIX OF TAPER SECTION

The linear tapered waveguide is shown in Figure 1 and it can be
considered as if it is formed with huge number of step discontinuities.
Let the number of sections be N and the length of taper be L.
Let 2ag, 2bg are initial broad and narrow dimensions respectively and
2a1, 2b1 are respective final broad and narrow dimensions.
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Figure 1. (a) Tapered waveguide of length L connecting uniform
waveguides of dimensions 2ag, 2by and 2a1,2b;. (b) Taper waveguide
of Figure 1(a) divided into sections. (¢) Expanded view of nth section.

The nth section is blown up and shown in Figure 1(c). Each
section consists of an initial length of waveguide, a step discontinuity
and a final length of waveguide. Each of the constituents can be
expressed by a transmission matrix of order 2.

For nth section initial and final broad dimensions are

2(@1 — a())
T(n —1) (1)
2(a1 — agp) )

201, = 2ao—|—Tn

200, = 2a9+
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Narrow wall dimensions are

%on = 2o+ w(n ~1) (3)

2(by — b
2b1, = 2[)04—%71 (4)

The matrix of each section is the product of three matrices. Let
matrix [71] is for initial length, [T3] is of final length and [T3] is for
discontinuity. So transmission matrix of each section is given by

(T] = [T1][13][13] (5)

The transmission matrices of all the sections are multiplied to obtain
the final transmission matrix of the taper.

Suppose d = % is the length of each section, kg, is the propagation
constant of initial length and ki, is the propagation constant of final
length of nth section. Then [T}] can be written as

-y -
e]k()n§ 0
[Tl] = 0 e_jkOn% ] (6)
[T3] can be written as
-y -
eIking 0
= (7)

Let T'y,, be the reflection co-efficient in the forward direction at
discontinuity of nth section and I'g, be the reflection co-efficient in
the backward direction at discontinuity of the nth section. Then [T5]
can be written as

1 1 —I'yp

= ——
[ 2] 14T | T 14T, + T,

(8)

To obtain [T3], reflection co-efficients should be determined. Reflection
coefficient can be determined by two ways. One is using equivalent
circuit representing step discontinuities shown in Figure 2 as described
in [6]. Second is by using method of moment.

3. DETERMINATION OF CIRCUIT PARAMETERS OF
EQUIVALENT CIRCUIT FOR STEP DISCONTINUITIES

Discontinuity of each section of linear taper waveguide is step
discontinuity. This step discontinuity can be represented by equivalent
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Figure 2. Equivalent circuit of discontinuity.
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Figure 3. Cross section of waveguide junction for step discontinuity
at narrow dimension.

circuit as shown in Figure 2. Following [6] the circuit parameters of the
equivalent circuit can be obtained. From circuit parameters reflection
coefficients can be calculated. Evaluation of circuit parameters of
equivalent circuit for step discontinuities (1) in narrow dimension only
and (2) in both narrow & broad dimension are as follows:

3.1. Evaluation of Circuit Parameters of Equivalent Circuit
for Step Discontinuities in Narrow Dimension

Consider the waveguide junction as shown in Figure 3. Let junction is
at z = 0. Waveguide of dimension 2a x 2b extends up to z = — x and
waveguide of dimension 2a x 2(b + W) extends upto z = + . The
dimensions are such that only dominant mode can propagate in each
section. Let there be an incident wave from —z direction.

In the region z < 0 transverse fields are

. o . ‘/b _
Et = (6 Bz + Fe]ﬁz) = Feo + ; Vie%i%e;
- _ s . ‘/b )
HS =Y (e Bz _ Fej’gz> Torp~ ZZ YiVie®*hy - (9)

where e;, h; are the mode vectors, «; are the cutoff mode-attenuation
constants, Y; are the characteristics admittances, and I' is the reflection
coefficient for the dominant mode. The subscript O signifies the
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dominant mode. It is assumed that at 2 =o matched load is there. So
in the region z > 0

E:‘ = Voe*jézéo + Z‘A/;'efdizéi
7

HY = Yy Toe 50 + 3 ¥ilie i, (10)
7

where the carets are used to differentiate the above parameters from
there z < 0 counterparts. At junction region

/E+><H+-ds = /E—xH—-ds (11)
z=0 z=0
So
A NN 1-T
+172 2 _ —1,2 72
YoVbJr;Yz‘Vi = H—FYOVO_;}/ZW (12)

Relative admittance observed from 2z < 0 is
1-T Y G B

== 4= 13
D R T 13

Yy is real and Y; are imaginary. For real V; and VZ

5 XYWL
JB = ¢ i (14)
Yo Yo Vg
G Yo Vg
— = 202 (15)
Yo Yo Vo
For equivalent circuit of Figure 2, with matched condition at z =, it
is evident that N
G Y,
— =n*L (16)
Yo Yo
From Eq. (15) and Eq. (16)
VZ
2 0
= — 17

For the junction shown in Figure 3, the dominant mode vectors [6] are

1
e = ay\/%sin %(x—i—a) (18)
> 1 us
> _ . LT 1
€o Ty 200+ W) sin 2a(x+a) (19)
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Assumed tangential electric field in the aperture
= T
E} = 4, sin — 20
i = 1y sin 2a(m+a) (20)

Therefore following [6]:

b

’ 1 . om(z+a)
Vo = / sin® dzdy = V2ab 21
’ , Vv 2ab 2a Y (21)

T=—ay=—
a b
’ 1 .o m(z+a) 2a
= / / 2 dady = b (22
0 b VT T e M=\t (22
:E:—(Iy:—
Therefore

Vo | b
Vo \o+w (23)

b
2
= 24
b+ W (24)
This is the transformation ratio of the transformer of equivalent circuit.
Now the first summation in the numerator of Equation (14) is zero and
second summation is related to aperture susceptance B, by

N Y;V2 = |V’ B, = j4v’B, (25)
Now

a b
. mx4+a) 1 | w(x+a)
= dxdy = v2ab 2
Vo / /SID 5 msm 0 xdy = V2a (26)

r=—ay=—>b

So

(27)

3.1.1. Determination of Aperture Susceptance B,

Let E, = 0 and E, = f(z,y) be known over the cross section at z = 0.
For TE to « mode at z > 0 scalar potential function is:

=3 > Appsin T -(a+a) cos (y+b+W)e = (28)

m=1n=0

nm
2(b+ W)
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where A,,, are mode amplitudes and ~,,, are the mode propagation
constants. In particular E, at z = 0 is given by

Eyl.—0 = Z Z'ymn mm SN T;La (x+a) cos (y+b4+W) (29)

nmw
m=1n=0 2(b + W)
This is the form of double Fourier series: a sine series in x and a cosine
series in y. It is thus evident that =, Amy, are fourier coefficients of
FE,, or

Y

a (b+W)
€n . mm
mnAmn = Emn = T FE o —
7 2a(b+ W) / / yl==osin 2a (z+a)
—a —(b+W)
XCOSL( + b+ W)dxd (30)
206+ w) Y v

where €, = 1 for n = 0 and ¢, = 2 for n > 0 (Numann’s number). The
Ay, and hence the field are now evaluated. The z directed complex
power at z =0 is

P = / (Exﬁ*)-ﬁzds

a (b+W)
= / / (B, H],_, dxdy
—a —(b+W)
a (b+W)
= / / ZE sm :U+a)cosn7r(y+b+W)
N gl m 2(b+ W)
—a —(b+W)

- (5
3 2a) e oo pr(x + a) cos qr(y +b+ W)

- dxdy
= Jwprg, M 2a 206+ W)
(31)
This reduces to
S 2a(b+ W)
P = Z Z(Yb)mn‘EmnF (32)
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Assume

. 7m(z+a)
Ey|z:0:{ sin ——— —b<y<b
0 ly| > b

Only non zero amplitudes are:

b
Ein = A= 34
10 Y10410 bW ( )
2 nmw w ntW
Fi, = v1pAip=— |si b+ — ) —sin| ——— 35
n = Mnfln =00 Smb+W< + 2) Sm<2(b+W)>} (35)
Therefore

bW 10 2 1n b
b+ W
Now
k2_(1)2 1—<£)2
2a f
Y, = = 37
(Yo o . (31)
- (5)
\2a 14(b Y
Oohn = —— 2 ST gy
A p2_ (A W)
g )‘g
Therefore
" s  sin? (n_wb) cos? (n_w)
i:( ) a +.@Z 2(b+ W) 2
vz~ VY e W) T )




Progress In Electromagnetics Research, PIER 64, 2006 227

y
(b+W)
b
X
- -b
2 .pw)
-(a+W,) (a+W,))

Figure 4. Cross section of waveguide junction for step discontinuity
at both broad and narrow dimension.

where V' = 2b. The imaginary part of this is the aperture susceptance

B,.
sin? (ﬂ) cos (E)
5 _ 16a & 2(b+W) 2

‘ )‘gZO —

) ()

3.2. Evaluation of Circuit Parameters of Equivalent Circuit
for Step Discontinuities at Both Broad and Narrow
Dimension

(40)

Consider the waveguide junction as shown in Figure 4. Let junction is
at z = 0. Waveguide of dimension 2a x 2b extends upto z = — o< and
waveguide of dimension 2(a + W7) x 2(b+ W) extends upto z = + .
The dimensions are such that only dominant mode can propagate
in each section. Let there be an incident wave from —z direction.
Following similar procedure as described earlier it can be shown:

16(a + W1)3ab ma

2 2

_ A1

" 720+ W)W2(2a+ W12 2(a+Wh) (41)

B _ 2Bab (42)
a

a+ Wy 1
n2w6b2n(a + Wh) 1 ( ma >2
a+Wq

4a2)\2 [kz_ (2("”))2] (b+W)

m=1n=0
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Figure 5. Cross section of waveguide junction for step discontinuity
at narrow dimension.
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4. REFLECTION COEFFICIENT FOR STEP
DISCONTINUITIES BY METHOD OF MOMENT

(43)

Method of moment can be used for the analysis of waveguide
discontinuities. Evaluation of reflection coefficient using moment
method for step discontinuities (1) in narrow dimension only and (2)
in both narrow & broad dimension are as follows:

4.1. Reflection Coefficient for Step Discontinuities in
Narrow Dimension by Method of Moment

Consider the waveguide junction as shown in Figure 5. Let junction
is at z = 0. Waveguide of dimension 2a x 2b; extends up to z = — x
and waveguide of dimension 2a x 2by extends upto z = + o. It is
assumed that by > b;. The dimensions are such that only dominant
mode can propagate in each section. Let there be an incident wave
from —z direction. In the present analysis, the following assumptions
are made:

e the x component of the electric field at the plane of the aperture
is ignored;

e only the z component of the magnetic field at the aperture plane
is considered;

e the excitation in the feed waveguide is TEig dominant wave
with the incident electric field y-directed and uniform in the
same direction, the assumption of uniform y-directed electric
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field having no component in the z-direction follows as a natural
consequence;

e the clectric field F, in the aperture is assumed to vary only in the
z-direction and is constant in the y-direction.

At the region of window the tangential component of the magnetic
field on both sides should be identical. In this analysis two sources
producing these fields — the source in the waveguide exciting the
TE19 mode and the magnetic current source at the discontinuity are
considered. Using the principle of superposition, the x components of
the magnetic field at the plane of discontinuity are derived.

When aperture is shortened (no magnetic current source) the z

component of magnetic fields are denoted by H. 3{/ ! and Hil/ ' on guides

with narrow dimensions 2b; & 2bs respectively.
When the generator is shortened the x component of magnetic

fields are denoted by H. i/ 2 and H. JI:I/ 2 on guides with narrow dimensions
2b1 & 2bs respectively.

At the plane of discontinuity using principle of superposition it is
possible to write

HI L = g gl (44)
Electric field at plane of discontinuity is considered as
. M
Egis =1y »_ Eyel, p=1,2,...... .M. (45)
p=1
Where basis function eJ’D, (p=1,2,...... , M) are defined by
Sinpﬂ(x—l—a) —a<zxr<a
€, = 2¢ = —hi<y<b (46)
0, otherwise

As in [6] internally scattered electric field is given by
E =3 Vil + Vi Enin (47)
Magnetic fields are related to the electric fields as follows:

Hy = YouakBy
Hy' = YomEy
HY = —YiuF
HP' = —Yn,Er

n

} for wave propagating in —z direction. (48)

} for wave propagating in +z direction. (49)
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Where Y2 | & Y " | are the characteristic admittances of TE,,, &
TMpn modes for the waveguide of —z direction Y5 , & Y, 5 are the
characteristic admittances of TE,,,, & TM,,, modes for the waveguide
of +2z direction.

For waveguide of —z direction modal vectors are given by

e _ 1 abléme{u (m)cos{””(ﬁa)}
mre g\ (mby)2 4 (na)? |\ 20 2a

xsm{;: (y+b1)} — Uy <T;;T> sin{rgs(:ana)}
{

Similarly for waveguide of +z direction modal vectors are given by

i = i e e (i) o e )
{ (y + b2) } i (%) sin{%(az—ka)}
X COS{T y+ b2) H (52)
= 2 [ (50 e {5 0]
Xsin{;w;(qubg)}—kﬂy <;b7;>sm{gf(x+a)}

X sin

where €, €, are the Neumann’s number satisfying

1 fori=0
€= { 2  otherwise (54)
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Following [6] modal voltages of waveguide of —z direction are given by

/ Edis . é’ﬁmds

aperture
_ mby sin(nm) ablemen Z {sm +m)m sin(p—m)w}
B nm (mb1)2+(na)? +m) w(p—m)
(55)
Vi = [ Ba- eiads
aperture
2a sin(nm) , [sm +m)m sin(p—m)w}
— N E, _
7r (mb1 a)? Z +m) w(p—m)
(56)

Similarly modal voltages of waveguide of +2z direction are given by

. mba aermen sin(p+m)r  sin(p —m)w
an = \/( 2 Z |: - ]

nm \| (mbg)? m(p+m) w(p—m)
. nm(bs + b1) . nm(bs — b1)]
X [Sln 2%, sin 2%, (57)
2a sin(p+m)7  sin(p — m)ﬂ}
A
mn \/(mbg a)? Z [ 7(p+m) m(p —m)
ba + b m(bo — b
X [Sin n( 22b:— ) — sin (2262 1)] (58)
Now .
HIN = 9H™e = 9V} cos o (59)
a

Where H* is the x component of magnetic field due to incident TEq
mode and Yj is the characteristic admittance of the line due to TEg
mode.

Now
HI = (60)
H, ; ;; E [sine(p + m)m—sinc(p—m)7] [—(mbl)Q—k(na)?

%b Ve 2n?
X (sin ¢(nr)) D temtntmn1 4 28 Fym ]

2 bl mnl
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xﬁn{zzkx+ww}am{§£(y+bﬂ} (61)
11/ M ab2
2 ! ;
H'/% = %:En:;::l E,, [sin ¢(p+m) 7 —sin c(p—m)7] [W]
y (i) m2boemenY,S o n 2n%a_ .
i %2, b2 mn2
[ . nm(ba+b1) . nm(by— 51)]
X |sin — sin
2b2 2b2
mm nm
ind —° —_ 2
><s1n{2a (x+a)}cos{262(y+b2)} (62)
Therefore continuity equation will be
HIN 4 gI/2 = gli/? (63)

The weighting function W, is selected to be the same form as the basis
function.

mﬂﬂx+® —a<z<a
W, = 2¢ 1 —bhi<y<bh (64)
0, otherwise
where ¢ =1,2,...... , M.
Inner multiplication is defined as
<H W, >= // H-W, dxdy (65)
Aperture at discontinuity
So
(I W) + (HY2 W) = (HE2, W) (66)
or
L1+ Ly= L3 (67)
Therefore
4Yyaby 1 T 1 T
L = —(2 1 —(2¢g—1
1 - {q+1c082(q+ )+q_1cos2(q )} (68)

m

M 2 2
mbremenY,n1 - 2n°a 1
i p=1 8 [ m.on [ 2a i by

azb% )
X [W} (sin(nm))” [sinc(p + m)m—sin ¢(p — m)7]
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x [sinc(q +m)m — sinc(qg — m)7]] (69)
M 2b ym 9 2 ym
Ly = -2 Z E},, ZZ m=02€ment no + n-ar,no
= poealie 2a ba

a’b3 <1 )2{ nw(by+b1) mr(bg—bl)r
Y TR ARG simM ——— —sin ——
2by 2by

(mby)? + (na)? | \nr B

X [sin ¢(p+m)m—sin c(p—m)7] [sin ¢(¢+m)m —sin c(q—m)w]l

(70)
To solve the unknown coefficients E,(p = 1,2,...... , M), Equation
(67) can be written in the matrix form for all p and ¢ as below:
[A1] + [40] [ By = [45] [B})] (71)
or,
By = {145 - [4a} 7 (4] (72
E; = Incident electric field = cos Z—Z (73)
Er = Reflected electric field
rr Y m(z+a)
= —cosy — pzz:l E, [sinc(p + 1)m — sinc(p — 1)) sin a
(74)
Reflection coefficient is given by
M
rh=-1- Z E, [sinc(p + 1)m — sine(p — 1)7] (75)
p=1
Similarly if there be an incident wave from +z direction then
. . T
E; = Incident electric field = cos 5 (76)
a
Er = Reflected electric field
by & m(z+a)
= oo o z::l E, [sinc(p+1)7 — sin ¢(p—1)7] sin o
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Figure 6. Cross section of waveguide junction for step discontinuity
at both broad and narrow dimension.

Reflection coefficient is given by

M
Iy=-1- 2—1 Z E, [sinc(p + 1)7 —sinc(p — 1)n] (78)
2
p=1

4.2. Reflection Coefficient for Step Discontinuities at Both
Broad and Narrow Dimension by Method of Moment

Consider the waveguide junction as shown in Figure 6. Let junction is
at z = 0. Waveguide of dimension 2a; x 2b; extends up to z = — «
and waveguide of dimension 2as X 2bs extends upto z = + . It is
considered that a; > ao and by > b;. The dimensions are such that
only dominant mode can propagate in each section. Following similar
procedure as described in previous section it can be shown:

If there be an incident wave from —z direction then reflection
coefficient:

M
as ) m(p+1) . m(par+az)
N = -1-2%YE
1 a2 » [cos 5 sin ¢ 20,
m(p—1) . m(par — az)]
cos ——— sinc 20, (79)

If there be an incident wave from -2z direction then reflection
coefficient:

b M
Iy=-1- b—l Z E, [sinc(p + 1)m —sinc(p — 1)n] (80)
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Figure 7. VSWR versus number of sections for tapering in narrow
dimensions.

5. RESULTS

From final transmission matrix of taper waveguide reflection co-
efficient and the VSWR are calculated. For tapering in narrow
dimension considering 2ag = 5.81cm, 2bg = 1.20cm, 2a; = 5.81 cm,
2by = 291cm, f = 3.96GHz, and L = 4cm, VSWR is plotted
against number of sections N in Figure 7 using equivalent circuit
representation of step discontinuities. For large number of sections
VSWR is converged. In convergence region the plot of VSWR with
taper length is shown in Figure 8 along with previously published
results.

Calculating reflection coefficient of step discontinuities by moment
method, for tapering in narrow dimension with same dimensional
parameter as above, the plot of VSWR against length is shown
in Figure 9 along with previously published results. Similarly for
tapering in both dimension with 2ap = 0.90inch, 2by = 0.40inch,
2a1 = 0.75inch, 2b; = 0.60inch, f = 8.7GHz and L = 2.85inch,
VSWR is plotted against number of sections N in Figure 10 using
equivalent circuit representation of step discontinuities. In convergence
region the plot of VSWR with frequency is shown in Figure 11 along
with previously published results.

Calculating reflection coefficient of step discontinuities by moment
method, for double taper section with same dimensional parameter as
above, the plot of VSWR against frequency is shown in Figure 12 along
with previously published results.
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Figure 8. VSWR versus taper length of a taper at a fixed
frequency of 3.96 GHz. A- Theoretical curve by Johnson’s [3] method.
B- Theoretical curve by chakraborty & Sanyal’s [1] method. C-
Experimental points as reported by Matsumaru [2]. D- By equivalent
circuit.
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Figure 9. VSWR versus taper length of a taper at a fixed
frequency of 3.96 GHz. A- Theoretical curve by Johnson’s [3] method.
B- Theoretical curve by chakraborty & Sanyal’s [1] method. C-
Experimental points as reported by Matsumaru [2]. D- By moment
circuit.
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Figure 10. VSWR versus number of sections for double taper section.
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Figure 11. VSWR versus frequency for a linear double taper. A-
Theoretical curve by Johnson’s [3] method. B- Theoretical curve
by chakraborty & Sanyal’s [1] method. C- Experimental points as
reported by Johnson [3]. D- By equivalent circuit.

12 —
E -
ocoo (C
! o
x
z
an
>
.-"'ﬂ_'__ =G .
1 + } L L L
s 90 95 10:0 105 1-0 15

FREQUENCY (GHz) —»

Figure 12. VSWR versus frequency for a linear double taper. A-
Theoretical curve by Johnson’s [3] method. B- Theoretical curve
by chakraborty & Sanyal’s [1] method. C- Experimental points as
reported by Johnson [3]. D- By moment circuit.
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6. CONCLUSION

The results obtained in the presented methods are to be in good
agreement with results of [1,2] and [3]. Here it is assumed that only
TE19 mode is propagating along the tapered line. Even if other modes
are generated they are not supported by the structure.
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