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Abstract—The solution to the problem of far field radiation from
an arbitrarily oriented Hertzian dipole in an electrically gyrotropic
medium is found with the application of dyadic Green’s function
(DGF) technique. The form of the DGF, which is expressed as the
sum of two single dyads, simplifies the derivation of the far fields
significantly in comparison to the existing methods. The far field
integral is evaluated analytically using the method of steepest descent.
The numerical results for the radiation fields are presented in different
frequency bandwidth using Clemmow-Mually-Allis (CMA) diagram. It
is shown that the operational frequency bandwidth and the orientation
of the antenna, which give the highest directivity and gain, can be
determined when the CMA diagram is employed. Our analytical
results are compared with the existing ones which were obtained using
different techniques. Agreement is observed on all of them. The results
presented in this paper can be used for radiation problems involving
space exploration, radio astronomy or laboratory plasmas.
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1. INTRODUCTION

The electromagnetic radiation from an electric Hertzian dipole in an
electrically gyrotropic or gyroelectric medium such as magnetically
biased cold plasma is very important for radio propagation problems
in space explorations and some problems in laboratory plasmas.

Bunkin [1] calculated the radiation fields of Hertzian dipole when
it is placed in a gyroelectric medium such as cold plasma using a
tensorial Green’s function in index notation with employing differential
operators. In his paper, the magnetostatic field was assumed to be in
z-direction. He only presented analytical results and expressed the
far field components in the Cartesian coordinate system. Wu [2] and
Felsen [3] formulated the same problem as an eigenfunction expansion.
Some of the numerical results when the electric dipole is directed in x
direction can be found in [2]. Clemmow [4] used the idea of angular
spectrum of plane waves. His method can be used when the source
current is confined to a plane and flows parallel to that plane. He
gave only analytical results in the limiting case assuming the magnetic
field in the plasma is so strong that the medium can be considered
as a uniaxial plasma. Al'pert and Moiseyev [5] solved the problem
of dipole radiation from a homogeneous magnetoactive plasma in all
the resonance frequency ranges by using Fourier-Bessel functions as a
solution of second order derivatives of electric and magnetic fields.

In this paper, we solve the problem of far field radiation from an
unbounded electrically gyrotropic medium when the applied magnetic
field is in z-direction. We use the method of dyadic Green’s functions
[6] in spectral domain. The new form of the dyadic Green’s function
(DGF) for a gyroelectric medium [7] is used. Since DGF is expressed
as a sum of two single dyads, it significantly facilitates the analytical
calculation of the far fields in comparison to the existing methods.
The complete set of far field components is analytically derived using
the method of steepest descents and put in a simple form. CMA
diagram [8] is utilized to investigate the radiation characteristics of
Hertzian dipole in different frequency bandwidths. We show that
the CMA diagram can be used in the radiation problems involving
gyroelectric medium such as cold plasma to obtain information about
the key parameters of the problem. For instance, our method can be
used to determine acceptable frequency bandwidth and the orientation
of the antenna to have the highest directivity and gain. Our results
are compared with the existing results. Agreement has been observed
on all of them.
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2. FORMULATION AND SOLUTIONS

The medium under consideration is an electrically gyrotropic or
gyroelectric medium such as cold plasma and described by a relative
permittivity tensor in a dyadic form as

F=e (IT - BOBO) +ies (130 x T) + e3bobo (1)

by shows the direction of the applied dc magnetic field B,. It is
assumed that fields are time-harmonic with e=*! dependence. When
By = byBy = 2By, ie., by = 2 = (0,0,1), the relative permittivity
tensor, &, takes the following form in matrix notation

g1 —teg O
E=|ies e 0 (2)

0 0 €3

The elements of & are defined as
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where Xg = % and Yy = *£. wy is called the gyrofrequency or

cyclotron frequency and wy, is called the plasma frequency. Ny shows
the number of free electrons per unit volume, and m represents the
mass of each electron with charge —e. The permeability of the medium
is assumed to be g = 47 x 10~7 [H/m].

The geometry of the medium when the applied external magnetic
field is in z-direction with an arbitrary direction of a wave vector k is
shown in Fig. 1.

We consider the problem of a far field radiation from an
unbounded gyroelectric medium when the dipole is located at the origin
as shown in Fig. 2.
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Figure 1. Wave propagation in an electrically gyrotropic medium
with an arbitrary direction of k and applied magnetostatic field By.

« P (Field Point)

/

//c\ (Wave vector)
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J =16(x)8(»)8(2)

Figure 2. The geometry of the problem when the dipole is located at
the origin.

The dyadic Green’s function (DGF) for an unbounded gyroelectric
medium satisfies the following wave equation with the radiation
condition at infinity

VxVxI-— ké?ﬁ} -G (7, 7) = iwpols (7 — 7) (8)

The superscript of the DGF, C:JZC(F, '), refers to the type of the
gyrotropic medium, which is electrically gyrotropic in this case, and
the first and the second subscripts show the type of the DGF. The

subscript ‘e’ refers to the electric type DGF. DGF, @Ze(f, ), in (8) is
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derived in [7] as

a, (7 7) = ;";’2‘0 / / dkypdk,

1 [O‘I N % ik (F—7")
——¢énr (k1) €1 (kor) €™
ks (K2 = Kopa) Lk i L 2>2 (9)
- klénn (korg) €pp (kapp) € (=)
zI1

The two dimensional spectral form of the DGF in (9) is obtained
after performing the integration over k, by assuming the medium to
be slightly lossy, i.e., Imk, < Rek,, Imk, > 0. This guarantees that
the radiation condition is satisfied at z = £oo. In Equation (9),
ar and «ajr are the eigenvalues, é,r(+k.r) and é,r7(£k.r) are the
orthonormal eigenvectors, which physically represent two characteristic
electric fields for the type I and II waves that exist in a gyroelectric
medium. «;, ki, ki, éni(k.;) where ¢ = I, 11 are given in Appendix
A. The parameters with the subscript ¢ = I refer to type I wave and
those with the subscript ¢ = I refer to type II wave. Type I and type
IT waves are the waves that can exist in a gyroelectric medium and
their propagation and dispersion characteristics are discussed in detail
in [8]. The wave vectors and corresponding wave numbers are defined
as

ki = kp+ 2ky, i=111 (10)
K=k + ki =k +k+kh, i=I11II (11)

21

To calculate the far field radiation of a dipole from an unbounded
gyroelectric medium, the far field approximated DGF for z > 2’ has
to be found for the problem shown in Fig. 2. In the same region, the
electric field E satisfies

V xV x E(F) = k3&- E(7) = iwpoJ (7) (12)

The electric field radiated by a Hertzian dipole can be calculated
by using the the DGF:

B() = [ Gl (rir) - T (1) (13)

where

J (7)) =acs (/)6 (y') 6 () (14)
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In Equation (14), ¢ is the current moment of the electric dipole, which
is defined as [ I(z)dz for a linear antenna, and 4 is the orientation of
the dipole. Under the far field approximation, the integral in (9) can
be evaluated using the method of steepest descent [9,10] as r — oc.
We assume that the dipole is located at the origin, i.e., ¥ = 0. We can
rewrite the equation in (9) by splitting it into type I and IT components
as

éZe (’F, ’F/) =15 -1 (15)
where
_ / / PRy (k) dkydh, (16)
I, = / / o P By (k) dkydky (17)
and
o (1 —WHo 1 1 Ak _dkyrz
Fr(k,)) = n 21 18
I ( p) 87T2 k 1 k2€3 (k‘ — kg[[) |:OéI€ I€n1€ ] ( )
I 7. —WHo 1 1 N A% ikor12
Fi(k,) = n =11 1
11 ( ,0) 871'2 kz[] k‘063 (k kg[]) |:O[U€ I1€ngrrc i| ( 9)

Please note that for simplicity in the notation we assumed p for p — p’
and z for z — z/. We did not use the notation double overbar (=) on
I; and I although they are dyadics. Since the calculations for I; and
I, are similar, we will only present the analytical calculations for I7.

We first represent the integral in (16) in cylindrical waveform by
applying the following transformations.

k, = &k, cos a + Jk,sina (20)

p = Ipcos ¢+ ypsin o (21)

dkydly, = k,dk,do (22)
So

ko - b = kppcos(a — ¢) (23)

Substituting (20)—(22) into (16) gives

0o 27
/kpl:"l /dae’kﬂpcos(a_d’) (24)
0
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Using the integral identity for Bessel functions [11],

27
1 .
Tollip) = 5 [ dactereose=s (25)
0

™

and their relation with Hankel functions [12],

Tolhkap) = 5 [ (o) + HE (k)| (26)

equation in (24) can be written as

B=r [ o Fii) [H o)) dly 7 [, Pith) [ )| ay
0 0
(27)
By changing the variable of the integration in (27)

kp =€k, (28)

and using the reflection formula for Hankel functions [13],

2 —T 1

HY (e72) = —H{P (V) (29)

we can express (27) in terms of the Hankel function of first kind, which

(19 %2

is chosen to represent an outgoing wave using the “/” notation as

o0

L =n / ko Fr (k) H (kpp)dk, (30)

Substituting (18) into (30) gives

(e o]

) z k 1
I = /g(k:p)e ka1 k_leé ) (k,p)dk, (31)
where
—wpo [ arépréy;
k,)) = L 32
9(kp) 8”]‘3353 <k21 _kzn> (32)

In (31), a plane wave propagating in the z-direction is in product
with the Hankel function of first kind, which represents a cylindrical
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wave propagating in p direction. It is scaled with an amplitude factor
g(kp)-

Because k,; = [k% — k:g] 1/2 is a double valued function of k,, the
integral in (31) has branch point singularity at k, = +k;. Hél)()\) also
has a branch point singularity when A\ = 0. Hence the integral in (31) is
undefined unless the path of integration is identified. The typical path
of integration for the integral type in (31) is the Sommerfeld integration
path, I' on complex k, plane as shown in Fig. 3. On this plane, the
branch point singularities +k; have been displaced slightly from the
real axis to signify the presence of loss to satisfy the radiation condition.
To facilitate the solution for the integral in (31), it is convenient to
transform the complex wavenumber variable k, to a complex angle
variable . The transformation can be done as follows.

k, = krsinf (33)
k.r = krcosf (34)

0 is the complex angle between the wave normal and the z-axis and
expressed as

B = Br +if (35)

We also introduce the following transformations in polar coordinates
as

p = rsin® (36)
z =rcos© (37)

Substituting (33)—(37) into (31), we obtain

I = /g(kj sin 3) tan ﬂHél) (krrsin fsin ©)
P
{K}sin B + kj cos 3} e'kircosfeosOqg3 (38)

where k) = %—ké. P is the integration path in the complex 3 domain.

As seen from (38), the branch point singularities at +k; are removed
by application of the transformations shown in (33)—(37).

When the large argument approximation is applied to Hankel
function of first kind in (38), ie., kirsin® > 1 and the
integration path is deformed away from the origin sufficiently to assure
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Figure 3. The integration path for I; on complex k, plane.

kirsin®sin > 1 along the path P, the first order asymptotic
o 1) ;
approximation of Hjj’ can be written as

(1) . . . 2 z(k rsinﬂsiHGfE)
Hy” (k =/ —F—F"\¥
o (kirsin fsin©) \/ﬂkn“ sinﬁsin@e ’ (39)
When (39) is inserted into (38), we obtain
o —Wo zk: rcos(8—0)
I = \ / I d 40

! (877/{:[2)53 > 7 sin @ p (40)

where

h(B) =

(K} sin B+ krcos3) [sinf3 ( Qaréni€y; ) (41)

cos 3 kr \k?; — k%,

The integral in (40) is solved by using the method of the steepest
descent technique [9,10]. The integration path P is deformed into the
steepest descent path by setting the imaginary part of the exponent to
be equal to its value at the saddle point. When the integral in (40) is
solved by using the steepest descent technique, we obtain

I =

—Wwo ei/ﬁrcos(ﬁs—@) cos © 1 o
< Arky > r {[ sin © cos(fs) cos(fBs — ©) (a16"16”1)5=ﬁs}

. [ sin Bokr(Bs) i
[Cos(ﬁs - @)[kljl(ﬁs) - kl(ﬁs)] - 2k,j(ﬁs) Sin(ﬁs - @)]
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‘ [k?(ﬁs) k3(Bs) ]_1/2} (42a)

ko kg
Repeating the same procedure for the integral s in (17), we obtain

I =

—Wwo eiknrcos(ﬁsfe) cos® 1 ( ) . )
Qaréniré _
4rkg r V/sin® cos(fs)cos(8s—O) HEnIICnIT)3=4,

| [ sin Bokus (3s) ] 2
[COS(BS_@)[k/[/] (/88) - k[[(ﬂs)] - 2k/[[(/88) Sin(/gs - @)]
kir(Bs) ki (Bs)

. [Tg sin?(8)(e1—e3)? + 4e3es [53— 7 sinz(ﬁs)ﬂ _1/2} (42b)

sinQ(,BS)

sin?(Bs)(e1—e3)2 +4e3es [53 —

Hence the far field approximated DGF GZG(F, 7) for an electrically
gyrotropic medium can be expressed as in Equation (15) where I; and
I5 are given in (42).

The radiation fields can be found by substituting (15) and (42)
into (13) as follows.

E(r) = /V G, (r,7) - T (7)) dr = &, (7))

So,
=y —wtg eik[J]TCOS(/gs—e)
E(r) = < 47Tk§ > T
[ cos© 1 . .
) { o6 s cos (B =6 (Oq,nenl,nen[ﬂ)ﬂzﬂs}
i 1/2
] sin Bskr,11(5s)
L _cos(ﬁs - 0) [klfl,n(ﬁs) - kI,H(ﬁs)] - lel,fz(ﬂs) sin(fBs — @)]
[ .4 : 12 : ~1/2
' %(ﬁ) sin®(Bs)(e1 —e3)? +4e3¢e3 [53— Liﬂ) sin?(8s) }
L ko kg
e (43b)

z’/=0,y’=0,2'=0
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We define the following variables to simplify the expressions for the
radiation fields.

[ cos® 1
= | /oin® cos(Bs) cos(Bs — e)] e
. 1/2
R— Sinﬁskf,ll(ﬁs) (45)
i [COS(ﬂs —-0) [klll,n(ﬂs) —kr,11 (55)} _2kII,H (Bs) sin (B — @)}
- 5 ~1/2
0= L’I]iiﬁs) sin4(ﬁs) (e1 —53)2 +45%53 [63 - kl%gﬂg) sin’ (55)” (46)
L 0 0
R =FERO (47)

When the dipole is oriented in 2 direction, 4 = 2, the components of
the radiation fields in the Cartesian coordinate system are

—whtg eikL”rcos(ﬂst)
FE; = R A;
ol , 11 (471_]{3) r ( ) 13 5
B:ﬁs

1=1,2,3 or x,y,z (48)

The coeflicients A;j, (4,7) = 1,2,3 are evaluated at k, = k1, k.;r and
defined in Appendix A by Equations (A11)-(A19). When the dipole is
oriented in ¢ direction, 4 = ¢, the components of the radiation fields
in the Cartesian coordinate system are

—who eikl’”rcos(ﬁsf@)
FE; = R A;
i1 (4”]“61) " (R) i2 ,
B:ﬂs

1=1,2,3 or x,y,z (49)

When the dipole is oriented in & direction, & = &, the components
of the radiation fields in the Cartesian coordinate system are

ikr 117 cos(Bs—©)
—wpg \ evin
i (1”1{7(%) r ( )( 1>B 16}

i=1,2,3 or zy,z (50)

Our analytical results for the radiation fields given by (48)—(50) are
compared with the existing results which were obtained using different
techniques analytically. Radiation fields given in [1] by Equation (5.2)
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agrees with our results given by (48)—(50). In [1], tensorial Green’s
function is represented using index notation and differential operators
are introduced and used to solve the radiation problem. Our derivation
uses direct notation and dyadic Green’s function is expressed as the
sum of two single dyads in the spectral domain. Hence in our case, a
straightforward use of DGF with Equation (13) leads to solution for
the radiation fields. Besides, there are no numerical results presented
in [1].

3. NUMERICAL RESULTS AND DISCUSSION

In this section, the radiation patterns of 6 and ngb components for type
I and II waves are obtained on the ¢ = 0° plane when the dipole is
oriented in z- and z-directions. We analyze the radiation patterns
in three different regions on the CMA diagram [8]. The regions are
chosen such that wave propagation exists for three cases. Namely,
wave propagation can exist for both type I and II waves, or only for
type I wave, or only for type Il wave. Among eight regions of the CMA
diagram, we will consider Regions 1, 2, and 4 to obtain the radiation
characteristics of the waves to represent three cases.

3.1. Radiation in Region 1

The wave normal surface in this region is given in Fig. 4.

Frequency Range
9o k,,free spacewave
o @ I Y Sy type I wave
=— [ 1
w>w), W = > + 1 +w, Jii k 5 fype I wave
Propagating Waves
z
R

Type I, Type 11 _ A
B=2B,

Figure 4. Wave normal surface in Region 1 when X = 0.44, Y = 0.37.

Region 1 corresponds to a high frequency region. Based on the
wave normal surface given in Fig. 4, both type I and II waves propagate
in this region. Hence, both types of waves are expected to radiate when
the frequency of the operation falls within the specified frequency range
above. The radiation patterns for 8 and gz% components of the E field
for z-directed dipole on z-z plane are shown in Figs. 5(a) and 5(b),
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respectively. When the dipole is z-directed, the radiqution due to type
I wave is stronger than type II wave for both 6 and ¢ components.

The 6 component of the radiation field for type I wave has the
maximum radiation at § = 54.9°. It has one symmetrical major
lobe with respect to # = 90°. The minimum radiation occurs at
0 = 0° for type I wave. Type II wave has two symmetrical lobes with
respect to # = 90° and the maximum radiation occurs at 8 = 39.6°.
The minimum radiation is at § = 0°,90° for type II wave. When
there is maximum radiation for both types of waves, the ratio of their
magnitudes is |Epr|/|Egrr| = 2.96.

The ¢ component of the radiation field for type I wave has the
maximum radiation at § = 39.6°. It has two symmetrical lobes with
respect to # = 90°. The minimum radiation is at § = 0°,90° for
type I wave. Type Il wave has also two symmetrical lobes with
respect to 8 = 90°. It has maximum radiation at § = 47.1°. The
minimum radiation occurs at & = 0°,90°. When there is maximum
radiation for both types of waves, the ratio of their magnitudes is
|Egr|/|Egrr| = 1.79.

When the dipole is oriented in x direction, the radiation patterns
for # and ¢ components of the FE field are shown in Fig. 6. The
radiation strength of the 6 component for type I and II waves is
almost equivalent. It resembles to a radiation pattern of a dipole in
an isotropic plasma. The radiation pattern of ¢ component for type I
wave is more directive than type II wave.

0 component of the radiation field for both type I and II waves

(b)

Figure 5. (a) Ey component of the radiation field for z-directed dipole
on the z-z plane. (b) E, component of the radiation field for z-directed
dipole on the z-z plane.
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(b)

Figure 6. (a) Ep component of the radiation field for z-directed dipole
on the z-z plane. (b) E, component of the radiation field for z-directed
dipole on the z-z plane.

has its maximum radiation at § = 0°. It has symmetrical radiation
pattern with respect to # = 90°. Minimum radiation occurs at 6 = 90°
for both type I and II waves. When there is maximum radiation, the
ratio of their magnitudes is |Eygr|/|Eprr| = 1.02.

¢ component of the radiation field for both type I and II waves
has its maximum radiation at § = 0°. It has symmetrical radiation
pattern with respect to # = 90°. Minimum radiation for both waves
is at 6§ = 90°. Although type I wave does not radiate when 6 = 90°,
type II wave radiates in all directions. When there is a maximum
radiation for both types of waves, the ratio of their magnitudes is
|Egr]/|Egrr| = 1.01.

3.2. Radiation in Region 2

The wave normal surface in this region is given in Fig. 7.

In Region 2, only type I wave can propagate. As a result, radiation
in this region is possible only due to type I wave. The radiation
patterns for 6 and the ¢ components of the E field for z-directed
dipole on z-z plane are shown in Figs. 8(a) and 8(b), respectively. The
radiation pattern of 0 component for the z-directed dipole carries the
characteristics of the radiation pattern of a dipole in uniaxial plasma.

When the dipole is z-directed, the 6 component of the radiation
field for type I wave has the maximum radiation at § = 90°. It has one
major lobe, which has minimum radiation at § = 0°. ¢ component of
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1
Frequency Range ko . free spacewave
ky, typel wave

2 2
W >W>Wy, W) =40 +6()p
Propagating Wave o _A

B =7B,
Type I z
-

Figure 7. Wave normal surface in Region 2 when X = 0.6083 and
Y = 0.4386.

(b)

Figure 8. (a) Ey component of the radiation field for z-directed dipole
on the z-z plane. (b) E, component of the radiation field for z-directed
dipole on the z-z plane.

type I wave has symmetrical lobes with respect to 8 = 90°. Maximum
radiation occurs at 0 = 17.1°. Minimum radiation for type II wave is
at 8 = 0°,90°.

When the dipole is oriented in x direction, the radiation patterns
for 6 and <z5 components for type I wave has narrow beamwidth and
hence antenna is very directive in this region. The radiation patterns
for 6 and gZ; components of the F field when the dipole is oriented in
the x-direction are shown in Fig. 9.

The § and ¢A$ components of the radiation field for type I waves have
the maximum radiation at # = 0°. They have symmetrical radiation
pattern with respect to § = 90°. The minimum radiation occurs at
6 = 90° for both components.
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Figure 9. (a) Ep component of the radiation field for z-directed dipole
on the z-z plane. (b) E, component of the radiation field for z-directed
dipole on the z-z plane.

3.3. Radiation in Region 4

The wave normal surface in this region is given in Fig. 10.

Frequency Range n

o} o, o
®, > o >min(w,,0,), v; = —L 4 a)Iz) -2 T kg, free spacewave

4 2 kyy . typell wave
Propagating Wave

%) A
Type 11 B =3By
> 7

Figure 10. Wave normal surface in Region 4 when X = 1.5041 and
Y = 0.6897.

In Region 4, only type II wave can propagate. So the radiation
can occur only due to type II wave in this region. The radiation
patterns for 6 and qAS components of the E field for the z-directed dipole
on z-z plane are shown in Figs. 11(a) and 11(b), respectively. The
radiation patterns for 6 and q?) components have the same radiation
characteristics for the z-directed dipole in this region. Nevertheless,
each lobe for 6 component is slightly more directive than the ones for
gﬁ component of the radiation field.

When the dipole is z-directed, the 6 component of the radiation
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(b)

Figure 11. (a) Ey component of the radiation field for z-directed
dipole on the z-z plane. (b) E4 component of the radiation field for
z-directed dipole on the z-z plane.

(a)

Figure 12. (a) Ep component of the radiation field for z-directed
dipole on the z-z plane. (b) E, component of the radiation field for
z-directed dipole on the z-z plane.

field for type II wave has the maximum radiation at § = 24.1°. It
has the symmetrical radiation pattern with respect to § = 90°. The quS
component of type II waves has also symmetrical lobes with respect to
f# = 90°. The maximum radiation occurs at § = 27.5°. The minimum
radiation is at 8 = 0°,90° for both waves.

WhAen the dipole is orientgd in z direction, the radiation patterns
for the § component and the ¢ component of the E field are shown in
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Fig. 12. Antenna radiates in all directions for both components in this
case.

The 6 component of the radiation field for type II wave has the
maximum radiation at § = 31.6°. It has the symmetrical radiation
pattern with respect to # = 90°. The ¢ component of type II wave has
one major lobe which has the maximum radiation occurs at § = 90°.
The minimum radiation occurs at § = 90°,0° for 6 component and
0 = 0° for ¢ component.

As a final note, we can also investigate the radiation characteristics
of the waves in other regions of the CMA diagram using the same
technique.

4. CONCLUSION

The far field radiation of an arbitrarily oriented Hertzian dipole
embedded in an unbounded gyroelectric medium is derived analytically
using the DGF method. The dyadic Green’s function of the medium,
which is expressed as the sum of two single dyads, greatly facilitated
the derivation of the far fields. The far field components are calculated
using the steepest descent technique. The final results are expressed
in a simple form. We used the CMA diagram as a tool to obtain
the numerical results for the radiation fields in different frequency
bandwidths. This helps the physical interpretation of the radiation
patterns and gives us a forecast for the type of the waves that can
radiate in the operating frequency region. This technique can be
used to determine the key design parameters such as orientation of
an antenna and the operational frequency for the radiation problems
involving space applications, radio astronomy, and laboratory plasmas.

APPENDIX A.

The parameters used in (7), o, ki, ki, €ni(ks) where i = 1,2, are
derived in [6] as
ar=kj—k3k3 [51(3—00820) +e3 (1+COS2 9)] + kg (6% —5%—1—25153) (A1)
a =k —kik [e1(3—cos?0) +e3 (1+cos?0) | +kg (67 —e5+2e1e3) (A2)
(e — 3) sin® (0) + e13 (1 + cos? (6))
1/2
B2+ [(6% —e2— 5153)2 sin? () + 4e3e3 cos? (9)}

ki _
ko 2 [y sin” (6) + &3 cos? (6)] (A3)
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(63 — £3) sin? (0) + e1e3 (1 + cos? (9))

1/2
52 - [(5% —e2— 6163)2 sin? (0) + 4e3e3 cos? (9)}
7= ) (Ad)
kg 2 [e1sin? (0) + £3 cos? (6)]

2

K2y _ {25183_:_2 (51+€3)] + [:i (e1—e3)* +4edes (63_:_2)} " (A5)

k:_g 2¢e3

4

2 k k 4 2 k.g 1/2
k2rr [ 5163_k_2(€1+53)] [k‘l (e1—¢3)* +4e3e3 (63—1?)}

_ 0 A6
k% 283 ( )
. er (:l:k‘zj)
nl (£k A
énr (£k=1) = norm (ér (£k.r)) (A7)
. err (k1)
nil (£k; - A
Entr ( ) = norm (€ (k1)) (A8)
where
I 1
A13A21 + Aggar — AgzArr
er(Ek.r) = arAiz — A Aiz + Az Ar (A9)
—Aja [A13A21 + Agzar — A23A11] D A
L A1z [arAiz — AxAiz + A13Ar Az
i 1
A13A21 + Aggar — AazAqy
er(Lkzrr) = aAiz — ApAis + AxzAi (A10)
—Aja [A13A21 +A230411A23A11] a — A
L A1z |agAiz—AxnAi3+A13419 Az
The coefficients in (A9)—(A10) are
A = (k2 + k‘2) ki [61k2 + €3 (k2 + k2)] + k38163 (All)
Ary = (K2 + k2) kaky — K [ieak? + eskoky] + ikjeses  (A12)
Arg = (k) + k2) kakz — kg [e1kakz + icakyk.] (A13)
Agy = (K2 + k2) kaky — k§ [—ieak? + eskoky| — ikgeoes (A14)
Agy = (K2 +k2) k) — kg [e1k? + €3 (kg + k2)] + kgeies  (A15)
Agg = (K2 + k2) kyk. — kg [e1kyk. — ieokyk:] (A16)
Agy = (k) + k2) kakz — kg [e1kak. — iakyk.] (A17)
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Asp = (kj +K2) kyk. — k§ [e1kyk: + icokok.] (A18)
Asg = (K2 +k2) k2 — k§ [e1 (K2 +2k2)] + kg [e1 — &3] (A19)
where
ky = ki + (A20)
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