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Abstract—There are many applications of beam quality and beam
shape in turbulent atmosphere. Because M2 factor and kurtosis
parameters are often used to descripe beam quality and intensity
flatness, the evolution of these two parameters of Hermite-Gaussian
beam in turbulent atmosphere have been studied in both theory and
numerical calculation. Results show that the spectrum of refractive
index fluctuations has a strong effect on these two parameters. For
some spectral models, these two parameters are very sensitive to some
factors of turbulence. But for other spectral models, the factor is very
insensitive to these factors. For example, when the exponent of the
spectrum is very small, M2 factor is very insensitive to the outer scale
of turbulence. But when the exponent of the spectrum is very large,
the M2 factor is very insensitive to the inner scale. In addition, we also
found that there are many differences between the kurtosis parameters
under different conditions. For example, the kurtosis parameters may
be very large during propagation. Namely, beam shape may be very
sharp under some conditions. When the effects of turbulence is very
large or very small, beam shape is very flat.

1. INTRODUCTION

Because of the wide area applications of electromagnetic field [1–5],
such as in optical communication [1, 2], laser remote sensing [3, 4]
and laser based defense system [5], increasing attention has been
paid to the propagation of beam under different conditions in recent
years [6–13]. The effects of turbulence on the propagation are one
of the important factors. Existing results show that the variations
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of phase fluctuations [14], angle of arrival fluctuations [15], spreading
and direction of beam [16] are different with different power spectrum
of refractive index fluctuations. In the past decades, approximately
analytical expressions of average intensity for many types of beam
with different power spectral models have been derived with the help
of zeroth-order approximation (quadratic approximation) [17–23] and
first-order approximation [24, 25]. However, it is very difficult to obtain
strict analytical expression for average intensity.

Strict analytical expressions of arbitrary moment radius of laser
intensity in turbulence can be derived with the help of Wigner
transform [26, 27]. From these expressions, not only that many
important properties of beam, such as symmetry, beam width, beam
quality, beam directionality and the flatness of intensity profile can be
precisely studied [28, 29], but also the valid of zeroth- and first-order
approximation can be checked.

Hermite-Gaussian beam is a convenient description for the output
of lasers whose cavity is not radially symmetric, but rather has a
distinction between horizontal and vertical. Its properties both in
vacuum and turbulence have been studied extensively due to its wide
applications [30–35]. In present paper, our interest is to understand the
properties of Hermite-Gaussian beam in non-Kolmogorov turbulence.

2. FORMULATION FOR ARBITRARY MOMENT
RADIUS OF HERMITE-GAUSSIAN BEAM

The field amplitude of completely coherent Hermite-Gaussian beam in
the plane z = 0 is given by [30–35]
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where Hm and Hn are Hermite polynomials, r0 = (x0, y0) is a
two-dimensional vector in the source plane, w0 is the beam width
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√
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intensity distribution of such a field has m nodes in the horizontal
direction and n nodes in the vertical direction. For n = m = 0, Eq. (1)
can be simplified to be a Gaussian beam.

Wigner distribution of the cross-spectral density of the field
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where p0 = (r01 + r02)/2, q0 = r01 − r02, θ0 are the far-field
angular spread and k = 2π/λ is wave number (λ is wavelength). On
substituting from Eqs. (1) into (2), and performing the integration we
obtain
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where Lm () denotes Laguerre Polynomials, p0x, p0y, θ0x and θ0y are
the wave vector component along x-axis and y-axis of p0 and θ0,
respectively.

From Wigner distribution, arbitrary moment radius of beam can
be expressed as
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where P is the total power of the beam. We substitute Eqs. (3) into
(4) to find
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where sec() is the reciprocal of cos(), 2F1 (·), Γ (·) and ! refer to
the hypergeometric function, gamma function and factorial notation,
respectively.

With the help of extended Huygens principle and the properties
of Dirac delta function, the moment radius of a beam at receiver plane
can be expressed as [27]
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where
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Here δ( ) is the Dirac delta function, z is the propagation distance,
θ = (θx, θy) is the far-field angular spread of a beam at receiver;
p = (px, py) = (r1 + r2) /2 and q = (qx, qy) = r1 − r2 where r1 and r2

are two-dimensional vectors at receiver. Turbulence structure function
D (q, q0) can be expressed as

D (q, q0) = 8π2k2z

∫ 1
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where J0 is the Bessel function of zero order, Φ (κ) is the spatial
power spectrum of the refractive index fluctuations and κ is the spatial
wave number. From Eqs. (5)–(8) arbitrary moment radius of Hermite-
Gaussian beam can be derived.

In general, the spatial power spectrum is written as [11, 16]
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where α is the exponent of the spectrum, A = sin [(α− 3)π/2] Γ (α− 1)
/

(
4π2

)
is a constant that maintains consistency between the index

structure function and its power spectrum [9, 11, 16], β is the gen-
eral refractive index structure constant and has the units of m3−α;
K0 = 2π/Lm (Lm is the outer scale of turbulence) and Km = 2π/l0
(l0 is the inner scale of turbulence) [36]. Following Ref. [11], the rela-
tion between β and C2

n is adopted as β = 0.033C2
n (k/z)(α−11/3)/2 /A

in present paper.

3. M2 FACTOR OF HERMITE-GAUSSIAN BEAM

M2 factor is a common measure of beam quality of a laser beam. Its
value in x direction is defined as

M2
x = 2k

[
< x2 >< θ2

x > − < xθx >2
]1/2

. (10)
If the variable in arbitrary direction is denoted by X (see Fig. 1(a))
and the angle between x axis and X axis is φ (See Fig. 1(a)), X and
θX can be presented as{

X = x cos (φ) + y sin (φ)
θX = θx cos (φ) + θy sin (φ) . (11)
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(a) (b)

Figure 1. M2 factor at source plane or in free space with different
φ where m = 6; (a) Rotation of coordinates in two dimensions; (b)
Variation of M2 factor with φ.

From Eqs. (5)–(11) M2-factor of Hermite-Gaussian beam in X
direction at source plane or in free space (in the absence of turbulence)
can be expressed as

M2
0X = m + n + (m− n) cos (2φ) + 1. (12)

Eq. (12) shows that in source plane or in free space, a Hermite-
Gaussian beam, related to a TEMmn resonator mode, has an M2-factor
of (2m + 1) in the x direction (φ = 0), and (2n + 1) in the y direction
(φ = π/2). The variation of M2-factor in the X direction with φ is
plotted in Fig. 1(b). Eq. (12) and Fig. 1(b) show that when we set
m > n, M2 factor varies within the range [2n + 1, 2m + 1].

From Eqs. (5)–(8), M2-factor in x direction at z-plane can be
derived as
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where G1 is the part due to turbulence and can be shown as
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In Eq. (14), r0 =
(
0.423k2C2

nz
)−3/5 is Fried’s coherence length,

Nf = kw2
0/z is Fresnel number, and Γ (a, b) is the incomplete Gamma

function. It should be noted that κ0 ¿ κm is considered in the
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(a) (b) (c)

(d) (e) (f)

Figure 2. The variation of M2-factor in x direction with α where (a)
m = 5, w0 = 0.2m, Nf = 1, Lm = 10 m, l0 = 0.01m; (b) r0 = 0.5 m,
w0 = 0.2 m, Nf = 1, Lm = 10m, l0 = 0.01m; (c) m = 5, r0 = 0.5 m,
w0 = 0.2m, Lm = 10m, l0 = 0.01m; (d) m = 5, r0 = 0.5m, Nf = 1,
Lm = 10 m, l0 = 0.01m; (e) m = 5, r0 = 0.5m, w0 = 0.2m, Nf = 1,
l0 = 0.01 m; (f) m = 5, r0 = 0.5m, w0 = 0.2m, Nf = 1, Lm = 10 m.

derivation of Eq. (14), and the term κ4−α
0 / (2− α) can be neglected

if α < 3.
The variation of M2 factor in x direction with α is plotted in

Fig. 2. For comparison, these conditions, i.e., m = 5, r0 = 0.5 m,
w0 = 0.2m, Nf = 1, Lm = 10m and l0 = 0.01 m are plotted as solid
lines in each subfigure. We observe that M2 factor is larger, or the
effect of turbulence on beam quality is larger with smaller or larger
α. Fig. 2(a) shows that M2 factor increases with r0. The reason is
that smaller r0 means stronger turbulence, it will cause beam quality
more degradation. It can be seen from Fig. 2(b) that when α is larger,
the variation of M2 factor for different order Hermite-Gaussian beam
agree with each other, and the difference of M2 between different α
becomes small with the decrease of α. Fig. 2(c) shows that there is little
difference between Nf = 10 and Nf = 5 when α is small. However, this
difference is quite evident when α is large. The variation of M2 factor
for smaller Fresnel number, i.e., Nf = 1 and Nf = 0.5, is contrary
to that for larger one. The change of M2 factor with different w0 is
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plotted in Fig. 2(d). It shows that the difference between these w0 is
very large for smaller α. There is a value of α where M2 factor has
the same value for all of the w0. The effect of outer scale of turbulence
on M2 factor is contrary to that of inner scale (see Figs. 2(e) and
2(f)). For example, the variation of M2 factor agrees with each other
with smaller α. When α is large, M2 factor has a larger value for
larger outer scale, and equal to each other with different inner scales.
However, when α is small, the change of M2 factor with outer scale
and inner scale is contrary to the case of large α.

From Eqs. (6)–(8), (10) and (11), we can obtain the formula of
M2-factor in arbitrary direction at z-plane as

M2
X =

√√√√ [m + n + 1 + (m− n) cos (2φ)]2
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(
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1
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The comparison between Eqs. (15) and (13) shows that the
variation of M2 factor in X direction is similar to that in x direction.
The variation of M2 factor with φ under some conditions is shown
in Fig. 3. We can see from Fig. 3 that Hermite-Gaussian beam has
different M2 factor in different direction with different α. The value
of M2 factor along x-axis is the largest one, and decreases with the
increase of φ (here we set m > n). Figs. 3(a) and (b) show that the
speed of the decrease with larger r0 is faster than that with smaller r0.
Namely, we can conclude that the effect of turbulence on beam with
larger M2 factor is smaller than that with smaller M2 factor. It agrees
with the existing result that the turbulence has small effects on partial
beam. We also can see from Figs. 3(a) and (b) that when Nf = 0.5,
M2 factor becomes smaller for α = 11/3, larger for α = 5.5 and keeps
almost unchanged for α = 4.5.

Because Eq. (15) has the same form as Eq. (13), M2 factor in
arbitrary direction can be investigated by using Eq. (13) if we keep m,
n and φ unchanged. Therefore, further study on the variation of M2

factor in different direction isn’t considered.

3.1. Evolution of the Beam Shape

Kurtosis parameter is defined as
〈
x4

〉
/

〈
x2

〉2, and can be used to
describe the sharpness of beam. For example, the top of intensity
profile with smaller kurtosis parameters is more flat than that with
large kurtosis parameters. From Eqs. (5)–(8) the fourth- and second-



346 Chu

order moment radius can be written as
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Because κ0 ¿ κm and α is a positive number, the term
ακ6−α

0 / [(α− 2) (α− 4)] can be neglected if α < 5.
If we set G1 = G2 = 0 and Nf →∞, from Eqs. (16) and (17) the

kurtosis parameter at source plane can be obtained easily as

K0X =

3
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cos4 φ + (2m + 1) (2n + 1) sin2 2φ/2

+
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As a comparison, the variation of kurtosis parameter at source plane
with m, n and φ is shown in Fig. 4.

(a) (b) (c)

Figure 3. The variation of M2-factor with φ where m = 5, n = 0,
w0 = 0.2m, Lm = 10m and l0 = 0.01 m; (a) r0 = 0.5m, Nf = 1; (b)
r0 = 0.2m, Nf = 1 and (c) r0 = 0.5m, Nf = 0.5.
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(a) (b)

Figure 4. Variation of kurtosis parameters at source plane (a) with
m where φ = 0; (b) with φ where m = 6.

Equation (19) represents that when m = 0 the intensity profile in
x0 direction is Gaussian distribution and kurtosis parameter equal 3.
As increase m, kurtosis parameter becomes smaller and converges to
1.5. Fig. 4(a) shows that when m is large enough, such as m ≥ 4,
kurtosis parameter keeps almost unchanged. Namely, intensity profile
is more flat with large m, and the flatness of beam keeps almost
unchanged when m ≥ 4. It can be seen from Fig. 4(b) that kurtosis
parameter increases from 1.5 to 3 when m = 6 and n = 0. If both
of m and n are large, kurtosis parameter increase at beginning, and
then decrease. That is to say that intensity profile is more flat along
x, and then the flatness becomes worse with the increase of φ. When
we further increase φ the flatness becomes well again.

The kurtosis parameter along x-axis at receiver can also be
calculated from Eqs. (16) and (17), as shown in Fig. 5. Comparing
Figs. 4 with 5, we can see that the variation of kurtosis parameter
at receiver is very different from that at source plane. For example,
for very large or very small α, kurtosis parameter at receiver is small.
However, the peak value in Fig. 5 is very large and varies with these
parameters. If we keep all the other parameters unchanged, the peak
value decreases with the increase of m, Nf or l0 (see Figs. 5(a), (c) and
(f)), and increases with the increase of w0 or r0 (see Figs. 5(b) and (d)).
From Fig. 5(e), we can see that the peak value of kurtosis parameter
is independent of Lm. The variations of w0, r0, m, Nf or l0 not only
affect the peak value, but also affect the corresponding α. Besides
these, we also find that the effect of outer scale on kurtosis parameter is
different from that of inner scale. The difference of kurtosis parameter
with different Lm is evident only when α is very large. However, the
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(a) (b) (c)

(d) (e) (f)

Figure 5. Variation of kurtosis parameter along x-axis at receiver
where (a) r0 = 0.5m, w0 = 0.2m, Nf = 1, Lm = 10 m, l0 = 0.01m;
(b) m = 5, w0 = 0.2m, Nf = 1, Lm = 10 m, l0 = 0.01 m; (c) m = 5,
r0 = 0.5m, w0 = 0.2m, Lm = 10m, l0 = 0.01 m; (d) m = 5, r0 = 0.5 m,
Nf = 1, Lm = 10m, l0 = 0.01m; (e) m = 5, r0 = 0.5 m, w0 = 0.2 m,
Nf = 1, l0 = 0.01m; (f) m = 5, r0 = 0.5m, w0 = 0.2m, Nf = 1,
Lm = 10m.

difference of kurtosis parameter with different l0 is quite evident when
α is not large enough. With the increase of α, this difference disappears
gradually.

Because 〈xm1yn1〉 = 0 if m1 + n1 is odd, and
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from Eqs. (11), (16) and (17) the kurtosis parameter in arbitrary
direction can be calculated, as shown in Fig. 6.

It can be seen from Figs. 6(a), (b) and (c) that when n is smaller
than m, kurtosis parameter increases slowly at beginning; after this,
the kurtosis parameter increases quickly. When φ approach to π/2, the
increase becomes slow again. If the kurtosis parameters along x axis
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(a) (b) (c)

(d) (e) (f)

Figure 6. The kurtosis parameter at receiver in arbitrary direction
where m = 5, w0 = 0.2m, Nf = 1, Lm = 10m and l0 = 0.01m; (a)
n = 0, α = 11/3; (b) n = 0, α = 4.5; (c) n = 0, α = 5.5; (d) n = 5,
α = 11/3, (e) n = 5, α = 4.5; (f) n = 5, α = 5.5.

and y axis are equal (see Figs. 6(d), (e) and (f)), the kurtosis parameter
corresponding to φ = π/4 is the maximum value. The difference of
kurtosis parameter between y = x and x axis becomes small with the
decrease of r0. It means that strong turbulence will make beam smooth
in every direction. Because the evolution of kurtosis parameter with φ
is determined by the difference between the kurtosis parameter along
x axis and y axis, and the difference can be found in Fig. 5, the effects
of the other parameters, such as w0, Nf , Lm and l0, on the evolution
of kurtosis parameter aren’t taken into account.

4. CONCLUSION

With the help of Wigner transform, strict analytical expression of
analytical arbitrary moment radius for Hermite-Gaussian beam in
turbulent atmosphere has been derived. Based on the formula the
evolution of M2 factor and kurtosis parameter is investigated in detail.
The specific conclusions derived from the study can be listed as follows:

(1) M2 factor is larger, i.e., beam quality is worse with smaller or
larger α when the other parameters keep unchanged.

(2) When we decrease Fresnel number, or increase w0, M2 factor
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increases for larger α and decreases for smaller α.
(3) M2 factor is independent of outer scale when α is smaller, and

on inner scale when α is larger.
(4) Kurtosis parameter will be of great change when changing the

conditions. The peak value of kurtosis parameter and corresponding α
varies with the change of parameters. It means that beam shape can
be very sharp by selecting suitable parameters.

(5) When α is very smaller, the variation of outer scale cannot
affect the kurtosis parameter. However, when α is very larger, the
difference of the kurtosis parameter due to the variation of outer
scale become larger. Inner scales have contrary effects on the kurtosis
parameter for very larger or smaller α.

(6) When α is very larger or smaller, the effects of m, r0, Nf and
w0 on kurtosis parameter become very small.
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