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Abstract—An analytical model is presented to investigate the
performances of an annular-ring patch etched on a two layered
dielectric substrate and is covered by a dielectric superstrate, by
using a full-wave spectral domain technique in conjunction with
the complex resistive boundary condition. Galerkin’s method and
Parseval’s theorem are used to obtain the resonant frequency and
bandwidth. To validate the theoretical results, a study has been
performed for an annular-ring patch on a single layer, with air gap, and
cover layer. The computed data are found to be in good agreement
with results obtained using other methods. Variations of the resonant
frequency and bandwidth with the high temperature superconducting
(HTS) thin film are also presented. The proposed model is simple,
accurate and thus should help a designer for practical applications.

1. INTRODUCTION

Microstrip antennas have been developed over the years and have
been widely used in personal mobile communication, wireless local
area computer networks, and satellite communication [1, 2]. The
rapid advances in the wireless communication industry demand novel
antenna designs that could be used in high frequencies and that will
allow size reduction. Microstrip antennas have some drawbacks such
as narrow bandwidth and relatively low radiation efficiency [3]. In
order to further improve the performance of microstrip antennas,
it has been proposed to replace the conventional patch structures
by high temperature superconducting (HTS) thin film [4–8]. Major
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property of superconductor is very low surface resistance compared
with normal metals, such as copper, silver, and gold. Using this low
surface resistance, superconductors can reduce the insertion loss, and
obtain a high efficiency. Owing to the inherent narrow bandwidth
of this type of antennas around their operating resonant frequencies,
many techniques of bandwidth enhancement have been suggested and
designed. Bandwidth of antenna can be increased by using the thick
substrate of low dielectric constant or by designing the antenna with
several dielectric layers [9–12]. The reason for selection of three
dielectric layers is to achieve tunable resonant frequency characteristic
by using air gap structure, also for bandwidth enhancement, while the
dielectric cover can be used to offer protection against environmental
hazards, such as rain, fog, and snow. The benefits of using high
temperature superconductors in microstrip antennas can be quite
substantial owing to the reduced losses, which translate to an increase
in the efficiency of the antenna.

Among the various shapes of patch, the annular ring patch is
the ones that has been more extensively studied for a long time by a
number of investigators [13–16]. An annular ring microstrip antenna
is quite a complicated structure to analyze mathematically. Different
models are available to model a microstrip antenna. The transmission-
line model and the cavity model in simple computer aided design
formulas [17]. However, the accuracy of these approximate models
is limited and only suitable for analysing simple, regularly shaped
antenna or thin substrates. The full-wave spectral domain technique
is extensively used in microstrip analysis and design [18–21]. This
method gives better results than approximate techniques. In the
current paper, we have developed an analytical model for the analysis
of HTS annular-ring patch covered with a dielectric layer and one or
two lower substrates which little has been published. Our theoretical
study is carried out by using a full-wave spectral domain technique in
conjunction with the complex resistive boundary condition.

2. THEORETICAL MODEL

The geometry under consideration is illustrated in Fig. 1. We have an
annular ring patch of a and b radius, and thickness t. The substrate
is assumed to be made of two layers. The first (second) layer of
thickness d1 (d2) is characterized by the free-space permeability µ0

and the complex dielectric permittivity ε̄1 (ε̄2). Above the radiating
patch is the superstrate layer of thickness d3 with permeability µ0

and a permittivity ε̄3. The ambient medium is air with constitutive
parameters µ0 and ε0.
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Figure 1. Superconducting annular ring microstrip antenna with
several dielectric layers.

In order to solve scattering problems of structure, the full-wave
spectral domain technique is a preferred choice for multilayer medium
problems. We will suppose that a space time dependence of all the
components of the kind ei(~k·~r−ωt). The kernel of electrical field integral
equation with Hankel transform domain, is the layered medium Green’s
function [14]. Using a matrix representation of each layer, it is easily
to derive the dyadic Green’s function of the problem in a manner very
similar to that shown in [15].
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and
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k = ω
√

µ0ε0: is the free space wavenumber.
After obtaining the dyadic Green’s function of multilayered

substrate by applying full-wave spectral domain technique, the
function is modified by considering surface complex impedance [8].
Assuming the superconducting effects, we need simply to modify (1)
by replacing Ḡ(kρ) by (Ḡ(kρ)−Z̄S), where Z̄S is the surface impedance
of superconducting annular ring patch. When the thickness of the
superconducting patch is less than three times the zero-temperature
penetration depth (λ0), Z̄S can be expressed as follows

Z̄s =
[
Zs 0
0 Zs

]
(6)

which
Zs = 1/(σt) (7)

where σ is the complex conductivity of the superconducting films. It is
determined by using London’s equation and the Gorter-Casimir model
as [4]
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4 − i

(
1− (T/Tc)

4
)

/
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2
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)
(8)

where T is the temperature, Tc is the transition temperature, σn is the
normal state conductivity at T = Tc, and ω is the angular frequency.

Integral equation method in conjunction with the Galerkin
method has been a very popular choice for electromagnetic modeling.
The Galerkin method is considered the standard procedure to solve
this class of integral equations. It gives the fundamental quantity
of interest, namely the electric current distribution on the patch
surface from, which all the other required antenna parameters can
be obtained. In the literature, basis functions are formed by the set
of transverse magnetic (TM) and transverse electric (TE) modes of a
cylindrical cavity with magnetic side walls, electric top and bottom
walls. Following a mathematical reasoning similar to that shown
in [14], the field distributions for the TMnm modes can be shown to be
given by

Ezn (ρ, ϕ) = EnΨn(βnmρ/a)einϕ (9)
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′
n(βnmρ/a)einϕ (11)
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where
ψ(βnmρ/a) = Jn(βnmρ/a)N ′

n(βnm)− J ′n(βnm)Nn(βnmρ/a) (12)
ψ′(βnmρ/a) = J ′n(βnmρ/a)N ′

n(βnm)− J ′n(βnm)N ′
n(βnmρ/a) (13)

Jn and Yn are the Bessel’s and Neuman’s functions of order n,
respectively.

By using (9)–(11), it is possible to find a complete set of vector
basis functions to approximate the current distribution. The current
on the HTS annular ring patch corresponding to the field of TMnm

modes in a magnetic-wall-cavity is

L̄nm (ρ) =





[
ψ′n (βnmρ/a)

na
βnmρψn (βnm ρ/a)

]
a < ρ < b

0 ρ > b, ρ < a

(14)

The current on the HTS annular ring patch corresponding to the field
of TEnq mode of the magnetic-wall-cavity modes can be written as
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where
ϕn (αnqρ/a) = Jn(αnqρ/a)Nn(αnq)− Jn(αnq)Nn(αnqρ/a) (16)

ϕ′n (αnqρ/a) = J ′n(αnqρ/a)Nnαnq)− Jn(αnq)N ′
n(αnqρ/a) (17)

By noting that the superposition of the currents due to TM and TE
modes of a magnetic-wall cavity forms a complete set, the current
distribution of the n mode of the HTS annular ring patch can be written
as

Kn (ρ) =
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where anm and bnq are unknown coefficients.
The vector Hankel transforms (VHT) in compact forms as

follows [14]
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By substituting (18) into (19), vector Hankel transform of the current
basis functions can be given by

Kn (kρ) =
M∑
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K̄n(kρ) can be written as
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where

Ynm (kρ) = ψn(βnmb/a)Jn(kρb)− ψn(βnm)Jn(kρa) (25)

Znq (kρ) = (b/a)ϕ′n(αnqb/a)Jn(kρb)− ϕ′n(αnq)Jn(kρa) (26)

αnq, βnm are the roots of dual equations ϕn(αnqb/a) = 0 and
ψ
′
n(βnmb/a) = 0

Electric field is enforced to satisfy the impedance boundary
condition on the annular ring patch, and the current vanishes off the
patch, to give the following set of vector dual integral equations [8]

en (ρ)=

∞∫

0

dkρkρH̄n (kρρ) · (Ḡ (kρ)−Z̄S)K̄n (kρ)=0 a〈ρ < b (27)

Kn (ρ)=
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dkρkρH̄n (kρρ) · K̄n (kρ) = 0 ρ > b, ρ〈a (28)
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By substituting (22) into (27), we obtain

M∑

m=1

anm

∞∫

0

dkρkρH̄n(kρ, ρ)(Ḡ (kρ)− Z̄S)L̄nm (kρ)

+
Q∑

q=1

bnq

∞∫

0

dkρkρH̄n(kρ, ρ)(Ḡ (kρ)− Z̄S)F̄nq(kρ) = 0 (29)

Next, multiplying (29) by ρL̄T
nj(ρ) (j = 1, 2, . . . ,M) and ρF̄ T

nk(ρ)
(k = 1, 2, . . . , Q) and integrating from a until to b, and using Parseval’s
theorem for vector Hankel transform, we will have
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Following well known procedures, we obtain a system of M + Q linear
algebraic equations for each mode n which may be written in matrix
form
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ALF
ij = AFL

ji =

∞∫

0

dkρkρL̄
T
ni(kρ) · (Ḡ (kρ)− Z̄S) · F̄nj(kρ) (35)

AFF
ij =

∞∫

0

dkρkρ, F̄T
ni(kρ) · (Ḡ (kρ)− Z̄S) · F̄nj(kρ) (36)

To enhance the accuracy of the numerical calculation, the integrals
of the matrix elements (34)–(36) are evaluated numerically along an
integration path deformed above the real axis (in the complex kρ plane)
to avoid the singularities [8]. The resulting system of equations is then
solved, for the unknown current modes on the HTS annular ring patch.
Nontrivial solutions can exist, if the determinant of (32)–(33) vanishes,
that is

det [Ā (f)] = 0 (37)
This is the eigenvalue equation for the antenna structure considered
here. In general, the roots of this equation are complex numbers
indicating, that the structure has complex resonant frequencies (f =
fr + ifi). Real parts of the complex resonant frequencies fr correspond
to resonant frequencies, while imaginary parts fi account for damping
due to radiation loss, this can be explained by the fact that the
antenna losses energy by radiation. The bandwidth of a microstrip
antenna operating around its resonant frequency can be approximately
related to its resonant frequency through the well-known formula
(BP= 2fi/fr) [22]. Once the problem is solved for the resonant
frequency, far field radiations in spherical coordinates are given from
[
Eθ(r̄)
Eϕ(r̄)

]
=

+∞∑
n=−∞

einϕ ·(−i)n ·eikr ·T̄ (θ)·V̄ (kρ)·(Ḡ (kρ)−Z̄S)·K̄n(kρ) (38)

where

V̄ (kρ) =
[
1 0 −kρ

kz

0 1 0

]
and T̄ (θ) =

[
cos θ 0 − sin θ

0 1 0

]

The losses in the antenna comprise dielectric loss Pd the conductor
loss Pc, and the radiation loss Pr, the efficiency of the antenna can be
defined as

efficiency = Pr/(Pr + Pc + Pd) (39)
where

Pr =(1/4η)
∫∫ ∣∣EθE

∗
θ + EφE∗

φ

∣∣ r2sin θ dθ dφ, Pc =Zs

∫∫ ∣∣H2
φ+H2

ρ

∣∣dS

and
Pd = (ω εtgδ/2)

∫∫
|Ez|2 dV
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3. NUMERICAL RESULTS

3.1. Resonant Frequency and Bandwidth of Perfect
Annular-ring Microstrip Single Layer Antenna

As a validation of the different results, we have compared the
proposed model with published data. The codes are implemented in
FORTRAN programming software. In Table 1, we have calculated the
resonant wave number times the inner radius of the ring kra (kra =
2πfra

√
εxε0µ0), as functions of different sizes of the ratio of the

substrate thickness d2 normalized by the inner radius a. The calculated

Table 1. Comparison of the resonant wave number times the inner
radius of the ring (Kra) for varying dielectric substrate thickness
(a = 0.71 cm, b = 2a, ε2z = ε2x = 2.65, d1 = 0, d3 = 0).

TM12 Mode
d2/a Results of [22] Our results

kra BP% kra BP%

0.005
3.26+i∗
0.002

0.12
3.257 + i∗

0.0024
0.15

0.01
3.24 + i∗

0.003
0.19

3.248 + i∗

0.0036
0.22

0.05
3.13 + i∗

0.008
0.51

3.085 + i∗

0.0066
0.43

0.1
3.01 + i∗

0.014
0.93

2.968 + i∗

0.0164
1.11

TM11 Mode
d2/a Results of [22] Our results

kra BP% (kra) BP%

0.005
0.67 + i∗

1.6∗10−4 0.048
0.676 + i∗

1.6∗10−4 0.047

0.01
0.68 + i∗

1, 7 · 10−4 0.05
0.682 + i∗

1.8∗10−4 0.053

0.05
0.70 + i∗

5.4∗10−4 0.15
0.695 + i∗

5.5∗10−4 0.16

0.1
0.71 + i∗

0.0012
0.34

0.705 + i∗

0.0012
0.34
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percentage bandwidth (BP%) is obtained by using the formula (2fi

fr
∗

100). Perfect annular ring patch printed on substrate isotope is excited
in the TM11 and TM12 modes. We found that, for the TM11 mode,
the imaginary part of (kra), which includes the losses by radiation of
the structure, is approximately zero. This means that, the TM11 mode
has weak-radiation. Also, the TM12 has relatively high-radiation. It is
clear from Table 1 that our results agree very well with results obtained
by other authors [22].

As it is seen from Fig. 2, and Fig. 3, the variation of resonant
frequency and bandwidth versus substrate thickness d2, with three
different relative permittivity ε2z = ε2x =2.65, ε2z = ε2x =4.6, and
ε2z = ε2x =6.4. Annular-ring microstrip antenna is excited in the TM11

and TM12 modes. We found that the TM11 mode has a very narrow
bandwidth, and the resonant frequency increases as d2 increases.

In addition, we observe that for the TM12 mode the resonant
frequency decreases as d2 increases, and has relatively wide bandwidth.
Therefore, the TM11 mode is good for resonator applications and the
TM12 mode for antennas. It is for that one does the applications of
antenna in the TM12 mode, better than in the TM11 mode. This is
because the equivalent magnetic current densities on the inner and
outer radius for the odd radial modes are of opposite polarity.

3.2. Resonant Frequency, Bandwidth and Efficiency of HTS
Annular-ring Microstrip Single Layer Antenna

A small microstrip antennas in high frequencies, is sensitive to the
conductor resistance of patch, because of its low radiation resistance,

(a) (b)

Figure 2. (a) Resonant frequency. (b) Bandwidth versus d2 of
antenna for various isotropic dielectric substrate (a = 0.71 cm, b = 2a)
for mode TM11.
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(a) (b)

Figure 3. (a) Resonant frequency. (b) Bandwidth versus d2 of
antenna for various isotropic dielectric substrate (a = 0.71 cm, b = 2a)
for TM12 mode.

Table 2. Comparison of measured and calculated resonant frequencies
of HTS annular ring microstrip antenna (σn = 210 s/mm, λ0 = 1500 Å
and Tc = 89 K, a = 1.36mm, b = 2.64mm, d2 = 0.245 mm, and
t = 1.6µm) for TM12 mode.

mode fmeas(GHz) [6] f (GHz) [6]
f (GHz)

This model
TM11 5.52 5.46 5.539469975
TM21 10.61 10.65 10.66685079
TM31 15.35 15.44 15.46655754
TM12 21.65 21.70 21.72784215

and the decrease of the radiation efficiency. In order to overcome
them, the uses of high temperature superconducting materials for the
annular ring patch have been proposed in this work. In order to
confirm the computation accuracy, our calculated resonant frequencies
are compared with previously published data of Richard et al. [6].
Table 2 summarizes the measured and computed resonant frequencies
for different modes as a consequence; good agreement is achieved.

In Fig. 4 we study the influence of the normalized temperature
(T/Tc) on the resonant frequency, and the bandwidth of HTS antennas.
The annular ring patch has a = 1.36mm, b = 2.64mm, and t =
1.6µm, was fabricated using YBCO high temperature superconducting
thin films. The superconducting material characteristics are
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(a) (b)

Figure 4. (a) Resonant frequency. (b) Bandwidth versus the
normalized temperature T/Tc (σn = 210 s/mm, λ0 = 1500 Å and
Tc = 89 K, a = 1.36 mm, b =2.64 mm, d2 = 0.245mm, d1 = 0mm,
d3 = 0 mm, and t = 1.6µm).

 
(a) (b)

Figure 5. (a) Resonant frequency. (b) Bandwidth versus the thickness
t (σn =210 s/mm, λ0 = 1500 Å and T/Tc = 0.5, a = 1.36mm,
b = 2.64mm, d = 0.245mm).

σn =210 s/mm, λ0 = 1500 Å and Tc = 89 K. It is observed that
the effect of varying the temperature on the resonant frequency
and bandwidth is significant only for temperatures near the critical
temperature Tc.

Shown in Fig. 5, is the dependence of resonant frequency and
bandwidth on the thickness t of HTS patch. It is observed that,
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Table 3. Comparison of calculated efficiencies of HTS annular ring
microstrip antenna (σn = 106 S/m, λ = 140 nm, Tc = 89 K, σC =
40S/m, a = 1.36mm, b = 2.64 mm, d2 = 0.245mm and d1 =0mm).
XXXXXXXXXEfficiency

T/Tc
0.112 0.168 0.224 0.337 0.449 0.561 0.6742

YBCO 0.754 0.751 0.747 0.741 0.734 0.729 0.724

copper 0.687 0.684 0.681 0.672 0.664 0.653 0.645

Table 4. Comparison of calculated resonant frequencies of perfect
annular ring antenna against the air gap thickness d1 (d2 =1.59mm,
d3 = 0 mm, a =35mm, b = 2a, ε2x = ε2z = 2.32).

PPPPPPPMode
d1

0.5mm 1 mm

fmeas(GHz)

[11]

f (GHz)

This model

fmeas(GHz)

[11]

f (GHz)

This model

TM11 0.718 0.70695956 0.778 0.763159701

TM12 3.040 3.09304352 3.240 3.252567562

when the film thickness (t) increases, the resonant frequency increases
and bandwidth decrease quickly until the thickness t reaches the value
penetration depth (λ0). After this value, the increase in the frequency
of resonance and decrease in bandwidth become less significant.

The efficiencies of the YBCO and copper annular ring microstrip
patch antennas are shown in Table 3. It is observed that a maximum
improvement of 6.7% in the efficiency at the same temperature.

3.3. Air Gap Tuning Effect on the HTS Annular Ring
Microstrip Antenna

Table 4 gives the variations of the theoretical resonance frequency of
perfect annular ring antenna against the air gap thickness for TM11 and
TM12 modes. we have compared our computed values with measured
and theoretical results obtained by [11]. As a consequence, good
agreement between theory and experiment is achieved.

Numerical results for the effect of the air separation d1 on the
resonant frequency and bandwidth with various isotropic dielectric
substrate of the HTS antenna shown in Fig. 6 and Fig. 7. The
superconducting patch of radius a = 35. mm and b = 2a, is fabricated
with an YBCO thin film and the substrate thickness is d2 = 1.59mm.
It is observed that when the air separation grows, the resonant
frequency increases rapidly until achieving a maximum operating
frequency at a definite air separation d1max. Also the effect of the
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air gap is more pronounced for small values of d1 for TMll and TMI2.
Note that the bandwidth increases monotonically with increasing air
separation for TMll and TMI2 modes.

(a) (b)

Figure 6. (a) Resonant frequency. (b) Bandwidth versus the air
separation d1 of HTS antenna for various isotropic dielectric substrate
(d2 =1.59mm, d3 = 0mm, a = 35. mm, b = 2a, σn = 210 s/mm,
λ0 = 1500 Å and T/Tc =0.5, t = 1.6µm) for TM11 mode.

(a) (b)

Figure 7. (a) Resonant frequency. (b) Bandwidth versus the air
separation d1 of HTS antenna for various isotropic dielectric substrate
(d2 =1.59mm, d3 = 0mm, a = 35. mm, b = 2a, σn = 210 s/mm,
λ0 = 1500 Å and T/Tc = 0.5, t = 1.6µm) for TM12 mode.
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3.4. HTS Annular Ring Microstrip with Several Dielectric
Layers

The normalized resonant frequency versus the ratio of superstrate
thickness d3 to the substrate thickness d2, is presented in Fig. 8(a),
the normalization is with respect to f0 of the magnetic-wall cavity.
It is seen that the resonant frequency decreases monotonically with
increasing superstrate thickness, the rate of decrease being greater for
high permittivity loading. In Fig. 8(b), the normalized bandwidth
for different dielectric constants of the superstrate is shown. The
numerical results show that for low dielectric constants and small
thicknesses (d3 < d2) of loading dielectric sheets, the bandwidth is
almost constant. For large thicknesses (d3 > d2), the bandwidth
increases slowly.

The present model also can be used to investigate the performance
of HTS annular-ring patch etched on a two layered dielectric substrate

 
(a) (b)

Figure 8. (a) Resonant frequency normalized. (b) Bandwidth
normalized versus (d3/d2) of HTS antenna (d1 = 0 cm, d2 = 0.159 cm,
a = 3 cm, b = 2a, σn = 210 s/mm, λ0 = 1500 Å and T/Tc = 0.5,
t = 1.6µm) for TM12 mode.

Table 5. The resonant frequency versus (b/a) of HTS antenna covered
by a dielectric superstrate and with air gap (σn = 210 s/mm, λ0 =
1500 Å and T/Tc = 0.5, t = 1.6µm, ε1x = ε1z = 1, d1 = 0.635mm,
ε2x = ε2z = 2.32, d2 = 0.635mm; ε3x = ε3z = 6.4, d3 = 0.635 mm).

b/a 1.5 1.75 2 2.25 2.50

fr (GHz) 8.076856 5.861648 4.522729 3.824951 3.498405
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and is covered by a dielectric superstrate. Table 5 depicts the influence
of the ratio of outer radius to the inner radius on the resonant frequency
of structure. As the aspect ratio increases, the resonant frequency
decreases.

4. CONCLUSIONS

Theoretical results for the resonant frequency and bandwidth have
been presented for various an annular-ring microstrip antennas
configurations. A spectral domain approach has been used for the
numerical calculation. The computed data are found to be in good
agreement with results obtained using other methods. To include
the effect of the superconductivity of the microstrip patch in the
spectral domain analysis, the surface complex impedance has been
considered. The findings of this work show that in the TM11 mode,
the annular ring has a very narrow bandwidth. However, in the
higher-order TM12 mode the annular ring antenna has been shown
to have a significantly higher bandwidth. Numerical results for the
effect of the temperature and thickness of HTS thin film on the
resonant frequency and bandwidth have been presented. In the
case of an annular ring microstrip antenna with superstrate, it is
found that resonant frequency decreases with increasing superstrate
thickness and bandwidth increases for especially increasing superstrate
dielectric constant values. Other results also have indicated that the
resonant frequencies can be tuned and the bandwidths widened by
using structure having an air gap.
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