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EVALUATION AND MEASUREMENT OF THE DOPPLER
SPECTRUM IN A REVERBERATION CHAMBER
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Abstract—In this paper, the measurement of the Doppler spectrum
in a reverberation chamber (RC) is investigated. The estimation
performance of the Doppler spectrum in the previous work is
reformulated and analyzed. It is found that the previous RC Doppler
spectrum evaluation is an inconsistent estimation. An improved
method for evaluating the Doppler spectrum is presented, which makes
use of the frequency stirring technique to enhance the estimation
performance. In addition, the RC loading effect on the Doppler
spectrum is investigated in this paper as well. Measurements are
performed in a RC, based on which the Doppler spectrum is evaluated.
It is shown that the improved method results in a smaller estimation
variance and that the Doppler spread decreases with increasing RC
loading.

1. INTRODUCTION

The reverberation chamber (RC) has traditionally been used for over-
the-air (OTA) measurements of passive antennas and active devices [2–
10]. For various OTA tests, it is of fundamental importance to know
the channel conditions under which the antenna or device under test is
measured. The frequency- and time-selectiveness of the RC channel has
been characterized in [11–15], respectively. This research focuses on the
later characterization (i.e., Doppler spread). Instead of formulating
the Doppler spectrum in continuous domain as in [14, 15], this paper
reformulates the Doppler spectrum in the discrete domain in order to
be consistent with the discrete channel samples measured in the RC.
This work first analyzes the performance of the estimator presented
in [14, 15], which shows that it is not a consistent estimate of the
Doppler spectrum. Specifically, the variance of the resulting estimate
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does not go to zero as the number of channel sample increase to infinity.
In addition, the implicit yet fundamental assumptions based on which
the Doppler spectrum is formulated (that have been omitted in [14, 15])
are stressed. This work proposes an improved method of evaluating
the Doppler spectrum by utilizing the frequency (or electronic) stirring
technique [16]. The resulting estimate has a reduced variance and
therefore better accuracy. It has been found that the RC loading
is an effective tool in changing the frequency-selectiveness of the RC
channel [11, 12]. However, the loading effect on the time-selectiveness
of the RC channel has not been studied except in [10]. Instead of
focusing only on the unloaded RC for Doppler spectrum measurements
as in the previous work [13–15], this work also investigate the RC
loading effects on the Doppler spectrum. The Doppler spectrum is
evaluated based on measurements in the RC with different loading
conditions. Similar observations are obtained as that in [10]. An
alternative explanation of the dependence of the Doppler spectrum
on the RC loading is given in the paper from the propagation point of
view.

2. DOPPLER SPECTRUM

In order to quantify the time-selectiveness of the RC channel, the
Doppler spectrum has to be estimated from the channel samples. The
Doppler spectrum has been measured in [14, 15] using a time domain
channel sounder and a (frequency domain) vector network analyzer,
respectively. In either case, the gathered channel samples are discrete
in both frequency and time domains. However, the Doppler spectrum
was formulated in the continuous domain in [14, 15]. Hence, in this
section, we shall first reformulate the Doppler spectrum in the discrete
domain, while stressing some key assumptions that have been omitted
in [14, 15].

The estimate of the Doppler spectrum can be obtained from
the Fourier transform of the biased autocorrelation function (ACF)
estimate of the channel,

Ŝ(fd) =
N−1∑

m=−N+1

r̂H(m) exp(−j2πfdm) (1)

where fd stands for the Doppler frequency, and N is the number of
channel samples in the time domain. The estimated ACF can be
obtained as

r̂H(m) =
1
N

N−m−1∑

n=0

H(n + m)H∗(n) (2)
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where H denotes the discrete time-varying channel transfer function
enumerated by the time step n, and the superscript ∗ represents the
conjugate operator. Note that (2) is an approximation of the true
ACF rH(m) = E[H(n + m)H∗(n)], where the expectation E is taken
over all the possible realizations of the random channel. Equation (2)
is a valid estimate if and only if the channel is an autocorrelation
ergodic random process [17]. Since the random channel is a well stirred
RC is Gaussian [18] and can be regarded as wide sense stationary
(WSS) [19, 20] and it has an asymptotically decaying squared ACF [9],
the autocorrelation ergodic assumption generally holds for the RC
channel.

In practice, the RC channel is always measured within a finite
time interval. For notational convenience, we denote HN as the finite
length channel that is equal to H over the interval [0, N − 1]. The
estimated ACF can then be expressed as

r̂H(m) =
1
N

HN (m) ∗H∗
N (−m) (3)

where ∗ denotes the convolution operator. Applying the Fourier
transform to (3), the estimated Doppler spectrum becomes

Ŝ(fd) =
1
N

DFT
{

H̃N (m)
}

DFT
{

H̃N (m)
}∗

=
1
N

∣∣∣∣∣
N−1∑

m=0

H(m) exp(−j2πfdm)

∣∣∣∣∣

2

(4)

where DFT denotes the discrete-time Fourier transform. This
completes the discrete representation of the Doppler spectrum
estimate.

We now analyze the estimation performance of (4). Two
important performance metrics of an estimator are estimation bias
and variance. To analyze the estimation bias, we take the expectation
of (1),

E
[
Ŝ(fd)

]
=

N−1∑

m=−N+1

E [r̂H(m)] exp(−j2πfdm) (5)

where

E [r̂H(m)] =
1
N

N−m−1∑

m=−N+1

E [H(n + m)H∗(n)] =
N −m

N
rH(m) (6)

for m = 0, . . . N − 1. Denoting a triangular window as

wT =
{

N−|m|
N , |m| ≤ N

0, |m| > N
(7)
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Equation (6) reduces to

E [r̂H(m)] = wT (m)rH(m) (8)

Substituting (8) into (5),

E
[
Ŝ(fd)

]
=

∞∑
m=−∞

wT (m)rH(m) exp(−j2πfdm). (9)

Knowing that the true Doppler spectrum is S(fd) =
∞∑

m=−∞
rH(m) exp

(−j2πfdm) and
∞∑

m=−∞
wT (m) exp(−j2πfdm) = 1

N [ sin(πfdN)
sin(πfd) ]2, (9) can

be rewritten as

E
[
Ŝ(fd)

]
= S(fd) ∗ 1

N

[
sin(πfdN)
sin(πfd)

]2

. (10)

Note that the second term in the right hand side of (10) converges to
delta function as N goes to infinity, lim

N→∞
E[Ŝ(fd)] = S(fd), i.e., the

estimator (4) is asymptotically unbiased.
To analyze the variance of (4), we take the variance of (4)

V ar
[
Ŝ(fd)

]
= E

[
Ŝ2(fd)

]
− E

[
Ŝ(fd,1)

]2
. (11)

First we rewrite (4) as

Ŝ(fd) =
1
N

N−1∑

m=0

N−1∑

p=0

H(m)H∗(p) exp [−j2πfd(m− p)]. (12)

The first term in the right hand side of (4) can then be expressed as

E
[
Ŝ2(fd)

]
=

1
N2

N−1∑

m=0

N−1∑

p=0

N−1∑

k=0

N−1∑

l=0

E [H(m)H∗(p)H(k)H∗(l)]

exp [−j2πfd(m− p + k − l)] (13)

For the sake of simplicity, we, for the moment, assume that the channel
is uncorrelated in the time domain. It will be shown later that this
simplicity does not limit the general conclusion about the estimation
variance of (4). Since the RC channel is a Gaussian process,

E [H(m)H∗(p)H(k)H∗(l)]
= E [H(m)H∗(p)]E [H(k)H∗(l)]+E [H(m)H∗(l)]E [H(k)H∗(p)] (14)

Substituting (14) into (13), E[Ŝ2(fd)] = 2[S(fd)]2. Similarly, one can
obtain that E[Ŝ(fd)]2 = [S(fd)]2. Thus, (11) reduces to V ar[Ŝ(fd)] =
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[S(fd)]2, i.e., the estimation variance equals the square of the true
power spectrum. It can be seen that the estimation variance of (4) is
independent of the sample number N . In other words, the estimator (4)
has a nonzero variance as N goes to infinity, implying that (4) is not
a consistent estimate of the Doppler spectrum. Since the uncorrelated
channel is a special case of the general channel (with zero correlation),
this conclusion of the estimation performance also applies to the
general channel.

To improve the estimation accuracy of the Doppler spectrum,
we propose a modified estimator using the frequency stirring
technique [16]. Since (4) is asymptotically unbiased, the focus will be
on improving the estimation variance. Let Ŝi(fd) denotes the Doppler
spectrum at the ith frequency estimated using (4). The improved
estimator is simply

Ŝimp
k (fd) =

1
2L + 1

k+L∑

i=k−L

Ŝi(fd) (15)

where 2L+1 are the frequency points over which the frequency stirring
is applied. An implicit assumption of (15) is that the multipath
environment has uncorrelated scattering (US) (i.e., the channel is
WSS in the frequency domain) [19], which obviously holds in the
RC [20]. One can immediately see that the improved estimator is
also asymptotically unbiased and that its estimation variance is

Var
[
Ŝimp

k (fd)
]
≈ 1

2L + 1
Var

[
Ŝk(fd)

]
. (16)

The approximation in (16) becomes exact if the channel is uncorrelated
at all the frequency-stirring points, i.e., the sampling frequency step is
larger than the coherence bandwidth of the channel [11]. From (16),
it seems that the larger L is the better accuracy one can achieve
using (15). However, the frequency-stirring bandwidth should be
properly chosen such that the channel statistics approximately stay
constant within it. Thus, in practice L is always a finite number. We
will discuss this more in the next section. Note that there are other
ways to achieve a reduced estimation variance, e.g., dividing the data
into 2L+1 subsets and averaging the Doppler spectrum estimates from
these subsets. In doing so, a 2L + 1 estimation variance reduction can
also be achieved but at the expense of a degraded Doppler spectral
resolution [17]. As opposed to that, using the frequency stirring
technique (15), the estimation variance can be improved without
sacrificing the Doppler spectral resolution.
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3. MEASUREMENTS

It has been shown in [15] that the Doppler spectrum can be estimated
from the consecutive step-wise stationary measurements by converting
the stirring spatial domain into time domain with a virtue stirring
speed. Namely, one can imagine the mode stirrers run continuously
through all the positions with a certain speed. With a time step
∆t between the measured samples, the total measurement time is
N∆t. From sampling theory, the range of the Doppler frequency is
fd ∈ [−fd,max, fd,max] where the maximum Doppler frequency shift
fd,max and the Doppler frequency step ∆fd are

fd,max =
1

2∆t
,

∆fd =
fd,max

N
=

1
2N∆t

(17)

respectively.
The RC used in this paper is the Bluetest HP reverberation

chamber, with a size of 1.75m × 1.25 m × 1.8m. A drawing of it
is shown in Fig. 1. It has two plate mode-stirrers, a turn-table
platform (on which a wideband discone antenna is mounted), and
three antennas mounted on three orthogonal walls (referred to as wall
antennas hereafter). The wall antennas are actually wideband half-
bow-tie antennas. In the measurements, the platform and the two
plates are set to move to 1000 positions simultaneously and step-
wisely, evenly spanned along the total distance that they can travel.

Figure 1. Drawing of Bluetest reverberation chamber with two
mechanical plate stirrers, a platform, and three wall antennas.
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At each stirrer position and for each of the three wall antennas, a
full frequency sweeping is performed by a vector network analyzer
(VNA). The channel transfer function H(k, n) is sampled at frequency
point k and stirrer position n. The whole procedure is repeated for
three loading conditions. They are specified as: load0 corresponds
to unloaded RC; load1 corresponds to a head phantom filled with
brain equivalent liquid in terms of microwave absorption; load2 is
the head phantom plus three Polyvinyl Chloride cylinders filled with
Electromagnetic absorbing material. Note that by loading the RC, it is
possible to generate Rician fading environment [22–24], provided that
both the transmitting and receiving antennas are stationary during the
measurement. It was shown in [24] that, in a loaded RC with platform
stirring, the channel is approximately Rayleigh distributed, because
the resulting channel clusters at different platform positions in total
become a larger channel cluster whose center is approximately located
in the origin of the axes.

Assume that it takes the stirrers 2 sec to go through the entire
1000 stirrer positions; the Doppler spectrum can be calculated using
the previous estimator (4) and the improved estimator (15). Before
applying (15) to the measured channel samples, we need to determine
the sampling frequency step and frequency-stirring bandwidth. In this
work, the measurement frequency range is set from 1.7 GHz to 1.9 GHz.
(For the sake of conciseness of the paper, only Doppler spectrums
at 1.8GHz are shown. Doppler spectrums at other frequencies are
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Figure 2. Doppler spectrum estimates (at 1.8 GHz) using the previous
estimator (4) for all the three loading conditions.
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Figure 3. Doppler spectrum estimates (at 1.8GHz) using the
improved estimator (15) for all the three loading conditions. A 20-
MHz frequency stirring is applied.

similar.) The coherence bandwidth of the channel at the frequency
of interest is around 1–2 MHz [11]. Therefore, the sampling frequency
step is chosen to be 1 MHz so that the channels at different sampling
frequencies can be approximately regarded as uncorrelated. This
frequency step setting helps to make the most use of the frequency
stirring in (15). In the derivation of the Doppler spectrum, the
WSSUS assumption [19] of the RC channel is assumed. In practice,
wireless channels are seldom WSSUS. Fortunately, most of them can
be assumed as quasi-WSSUS, i.e., the channel statistics do not change
within certain time and frequency intervals. Under the underspread
assumption (see [7] and references therein), the stationarity bandwidth
is larger than 20 MHz (i.e., at least 10 times larger than the coherence
bandwidth). Therefore, a 20-MHz frequency stirring is applied. Figs. 2
and 3 show the estimated Doppler spectrums at 1.8 GHz using the (4)
and (15). As expected, the improved estimator has a much smaller
estimation uncertainty for all the three loading conditions. It can
also be seen that the Doppler spread tends to decrease as the RC
loading increases. In [10], similar observation of the loading effect
on the Doppler spectrum has been made, where this phenomenon
was explained by the scattering richness of the RC under different
loading conditions. Here an alternative explanation is given from the
propagation point of view, which we hope is clearer. As one loads the
RC with Electromagnetic absorbers, the angular distribution in the
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RC is not uniform any more. In fact, the angular spread decrease as
the RC loading increases. It is well known that the coherence distance
(or correlation length [20]) is inversely proportional to the angular
spread [25]. Therefore, loading the RC rends more correlated spatial
(and therefore temporal) channel samples, i.e., a smaller level crossing
rate (smaller temporal variation) [25] of the RC channel; and since
the maximum Doppler frequency is proportional to the level crossing
rate [25], the Doppler spread decreases with increasing RC loading.

4. CONCLUSION

In this paper, a discrete representation of the Doppler spectrum
estimate was derived first. The same estimator has been derived
in [14, 15] in a continuous presentation. Nevertheless, the discrete
representation allows more insight into the Doppler spectrum
evaluation in that the measured data are always discrete. In
addition, the corresponding assumptions (that have been overlooked
in [14, 15]) for the formulation of the Doppler spectrum are stressed and
motivated. The estimation performance of the estimator was analyzed.
It was shown that the estimator is asymptotically unbiased yet has a
non-zero estimation variance as the sample number goes to infinity. To
reduce the estimation inconsistency, an improved Doppler spectrum
estimator was proposed. The proposed estimator makes use of the
frequency stirring technique and is easy to use for RC measurements.
Measurements were performed in a RC with three loading conditions
where the sampling frequency step and frequency-stirring bandwidth
were carefully chosen. Both Doppler spectrum estimators are applied
to the measured data. It was shown that the improved estimator has a
much smaller estimation variance. In addition, it was experimentally
found that the Doppler spread decreases with increasing RC loading.
An intuitive explanation was given in support of this observation.
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