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Gennadiy Burlak* and Erika Mart́ınez-Sánchez

Centro de Investigación en Ingenieŕıa y Ciencias Aplicadas, Universi-
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Abstract—We systematically study the Cherenkov optical emission
by a nonrelativistic modulated source crossing 3D dispersive
metamaterial. It is found that the interference of the field produced by
the modulated source with the periodic plasmonic-polariton excitations
in a metamaterial leads to the specific interaction in the frequency
range where the dispersive refractive index of a metamaterial is
negative and the reversed Cherenkov emission is generated. Such
resonance considerably modifies the spatial structure of the Cherenkov
field. In our study parameters of a metamaterial and modulated source
are fixed while the frequency spectrum of the plasmonic excitations is
formed due to the fields interplay in the frequency domain.

1. INTRODUCTION

Nanophotonics is the study of the behavior of light on the nanometer
scale with involving the interaction of light with nano-structures. Novel
optical properties of materials results from their extremely small size
that have a variety of applications in nanophotonics and plasmonics.
The investigations of optical negative-index [1] metamaterials (NIM)
using the nanostructured metal–dielectric composites already have
led to both fundamental and applied achievements that have been
realized in various structures [2–26]. The main applications of negative
index metamaterials (or left-handed materials (LHM)) are connected
with a remarkable property: the direction of the energy flow and the
direction of the phase velocity are opposite in NIM that results unusual
properties of electromagnetic waves propagating in these mediums.

Cherenkov radiation by a charged source that moves in a left-
handed material and has not the own frequency has been studied
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in number of works [17–23]. Both experimental and theoretical
frameworks are investigated, see review [18] and references therein.
However, in some important cases a moving particle has the internal
own frequency [27] ω0, for instance the ion oscillating at the transition
frequency ω0. The Cherenkov emission in metamaterials for such
situation is insufficiently investigated yet, although it is a logical
extension of other works in this area.

In this paper, the Cherenkov optical radiation in 3D metamaterials
by a nonrelativistic modulated source having the own frequency ω0

with an emphasis on the dispersive properties of the medium is
numerically studied. We performed the FDTD simulations with the
use of the material parameters at various modulating frequencies ω0,
however, without references to the operational frequency range.

2. BASIC EQUATIONS

In metamaterials, it is necessary to treat electromagnetic wave
interactions with a metal ingredient using a dispersive formulation
that allows correct description of the internal electron dynamics. It
is well-known that realistic LHM (where for a range of frequency the
negative refraction index n is expected) can be characterized by either
Lorentz or Drude dispersion models, see, e.g., Ref. [25], Chapters 5, 6
and references therein. In case of a small collision frequency the study
of nonlinear dynamical excitations is allowed [26]. In our paper, the
opposite case is considered when the low frequency edge of magnetic
forbidden band [25] ωm0 is small enough with respect to the magnetic
collision frequency γm À ωm0. The latter allows reducing the Lorenz
model to the Drude model that is widely used for modeling in complex
materials. The Maxwell equations read

∇×E = −µ0µh
∂H
∂t

− Jm − σmH, (1)

∇×H = ε0εh
∂E
∂t

+ qv0f(r, t) cos(ω0t) + Je + σeE, (2)

where a radiating particle (bunch) has modulating frequency ω0, Je is
the electrical current and Jm is the magnetic current which obey the
following material equations

J̇e + γeJe = beE, J̇m + γmJm = bmH, (3)

here γe and γm are the electrical and magnetic collision frequencies
respectively, be = ε0ω

2
pe; bm = µ0ω

2
pm, ωpe and ωpm are frequencies

of electric and magnetic plasmons respectively; σe and σm are
conductivities; εh, µh are dielectric and magnetic functions of the host
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medium respectively [28, 29]. For metals such as silver, gold, copper
and aluminum the density of the free electrons is on the order of
1023 cm−3. The typical value ωpe ≈ 2 · 1016 s−1 ([30], p.44). In a
metamaterial with fishnet structure [14] we consider the charge particle
(charge q) moving with a uniform velocity parallel to x direction:
v0 ‖ êx and the density of the particle is defined by the Gaussian
as f(r, t) = W−3 exp{−[(x − v0t)2 + y2 + z2]/W 2}, where W is the
width; at W → 0 such a distribution is simplified to the isotropic
point-source distribution f(r, t) → (π)3/2δ(x − v0t)δ(y)δ(z). In the
following for simulations we use dimensionless variables, where for
renormalization are used: the vacuum light velocity c = (ε0µ0)−0.5 and
the typical spatial scale for nanooptics objects l0 = 75 nm. With such
a normalization above indicated the metal plasma frequency becomes
ωpe = 5. The electrical and magnetic fields are renormalized with
the electrical scale E0 = ql0ε0 and magnetic scale H0 = (ε0/µ0)0.5E0

respectively. Some metamaterials exhibit anisotropic properties with
tensor permittivity and permeability. To seek for simplicity, in this
paper, we concentrated in the isotropic geometry. Modeling anisotropic
medium is a straightforward extension of this model, see details
in [18, 23].

In our FDTD simulations (in time domain) we use the following
idea. In optical experiments normally one refers only to the parameters
of material (γe, σe, ωpe, and γm, σm, ωpm). Therefore, we consider
the Cherenkov emission produced by a particle with modulating
frequency ω0, with the use only the material parameters and without
of references to the operational frequency band. In this approach, the
frequency spectrum of internal excitations ω is left as a free parameter
that is defined from simulations by a self-consistent way. For 3D
dispersion material such a problem becomes too difficult for analytical
consideration. In this paper, the well-known numerical algorithms in
the time domain [31] were used, for details see Ref. [11].

General 3D case in Cartesian coordinates is considered since such
a geometry normally is used on the optical investigations [14]. We ex-
amine a spatially averaged metamaterial composition: nanostructured
metal–dielectric composites (fishnet), similarly that was used in the
experiment [14]. In this case, the spatial average scale is less then the
infrared and visual wavelengths, so we can deem that the material (di-
electric and magnetic) dispersion is allowed by the Drude model and
the role of the active dielectric ingredient is reduced to a compensation
of losses due to the metal ingredient. In our simulations was used the
numerical grid L3, L = 100, 120, 150, for more details see Ref. [11].

The following steps have been used in our approach: (i) First,
we calculated the time-spatial field dynamics that is raised by the
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crossing radiating particle for different modulating frequencies ω0,
Eqs. (1)–(3). (ii) In second step we applied the Fourier analysis
for the time and spatial dependencies of the field calculated in the
first step in order to reveal the dynamics and spectrum of internal
excitations. The following dimensionless parameters were used in our
simulations: ωpe = 5, ωpm = 7, εh = 1.44, µh = 1, γe = γm = 10−4,
σe = σm = 10−7, W = 4, q2 = 2. We also varied the particle velocity
v0 for different ω0 to study regimes of the Cherenkov emission. Our
results are shown in Figs. 1–5.

(b)(a)

(d)(c)

Figure 1. Snapshots of the Cherenkov field emission Ex(r, t)
generated by radiating particle with velocity v0 = 0.52 for different
frequencies ω0 at time t ' 190 in a dispersive metamaterial. (a) ω0 = 0;
in this case, the complementary Cherenkov angle is negative θ1 < 0;
(b) ω0 = 2.0, θ1 < 0; (c) ω0 = 4.0, θ1 ' 0; (d) ω0 = 6.0; in this case,
the angle is positive θ1 > 0. The oscillations in the top of the figures
exhibit the shock waves arising by charged source at the beginning of
motion (see [32], Chapter 2).

Figure 1 shows the spatial structure of Ex(r, t) field for the particle
with modulating frequency ω0 that moves with uniform velocity v0 =
0.52. Fig. 1(a) depicts the case ω0 = 0; in this situation only the
spectrum of the periodic plasmonic excitations with the frequency ωC

and negative phase velocity is observed (see details in Ref. [11]). At
the increase of ω0 up to 6 (see Figs. 1(b), (c) and (d) respectively) the
spatial field structure changes considerably. For ω0 = 2 and ω0 = 6
(see Figs. 1(b) and (d) respectively) the field has oscillating shape, but
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for ω0 = 4 in Fig. 1(c) the field acquires a near monotonic form.
In what follows we use the complementary Cherenkov emission

angle θ1 = π/2 − θ, where [28] cos(θ) = c/nv0. For such angle we
have [11] cos(θ) = sin(θ1) = c/nv0, so for conventional material (with
Re(n) > 0) θ1 is positive θ1 = θ1+ > 0, while for negative refraction
index metamaterial NIM (with Re(n) < 0) θ1 is negative θ1 = θ1− < 0.
From Fig. 1 we observe that for frequencies ω0 ≤ 3 the angle θ1 is
negative what corresponds to the reverse Cherenkov radiation. But for
larger ω0 ≥ 6 the Cherenkov radiation already acquires conventional
structure with positive θ1 > 0, see Fig. 1(d). More interesting is found
the intermediate case with ω0 ' 4 where the field acquires nearly
monotonic shape, see Fig. 1(c). Such a behavior can be interpreted as
a transition in the spectra of plasmonic-polariton excitations. Further,
we study such field behavior with details.

The interesting question emerges, why the structure of field in
Fig. 1 changes so considerably with the change of the modulating
frequency ω0? To study that we explore the variation of the field
spatial structure in the wavenumber domain (k) at the change ω0.
It is instructively to compare the field spatial structure with ω0 =
0 in NIM with other modulated particle case when ω0 6= 0 but
in a dispersiveless material (with ωpe = 0, ωpm = 0). (Such
an evaluation in principle could be done similarly to the Liènard-
Wiechert potentials approach [28], but analytical calculations of the
field structure are difficult, so in this paper, we evaluate the field
dependencies numerically in the framework of our model.) Such
comparison is presented in Fig. 2 for the time t = t0 ∼ 190 when the
particle reaches the output side of the system. From Fig. 2 we observe
that for dispersiveless and dispersive cases (left and right panels in
Fig. 2 respectively) the fields Ex(x, t) have well-defined resonances in
the wavenumber domain Ex(k, t) at ks ' ks0 ' 4.33 (resonance point).
One can conclude that in this point a resonant interplay arises between
the plasmonic-polariton spectrum and the modulating particle field.
Corresponding changes are resonantly accumulated within the system
length that finally leads to considerable modification of the field shape
along the particle path.

Now we turn to other cases of the velocity v0 and modulation
frequency ω0. To understand the effect deeper it is important to
investigate the Doppler shift of the frequency ω0 with respect of the
rest metamaterial. For dispersiveless case (n = const) the shifted
frequency is calculated explicitly as ωs0 = ω0/(1 + v0n/c). However,
in dispersive case the shifted frequency ωs0 acquires dependence on
the dispersive refraction index of medium n(ω). For this situation,
the shift already has to be evaluated from the complete equation
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Figure 2. Field spatial structure Ex(x, t0) in dispersiveless (left
panels) and dispersive materials (right panels) accordingly for the time
t = t0 ' 190 when the particle arrives the output of the system.
(a) Field Ex(x, t0) for dispersiveless case and ω0 = 4.0; (b) spatial
field in dispersive metamaterial but for ω0 = 0; (c) Fourier spectrum
(wavenumber domain) Ex(k, t0) for (a) case; (d) Fourier spectrum
Ex(k, t0) for (b) case. We observe well-defied peaks ks in both cases
with ks ' ks0 ' 4.33. See details in text.

ωs0 = ω0/(1+v0n(ωs0)/c). The latter already requires the formulation
of the dispersive material model for n(ω). But in used FDTD approach
(the time domain) such the shift should be formed by a self-consistent
way in NIM model, where in some frequency ranges the negativity of
Re(n(ω)) can be reached. (In general the Doppler frequency shift has
a nonlinear dependence on the modulating frequency, see details in
Ref. [12].)

It is readily to see that ks peak is calculated from the Doppler
shift as ks = ωs0n/c = ω0n/c(1 + v0n/c). To verify if the observed ks

is related to the Doppler shifted frequency ω0 in Fig. 3 the dependence
ks = ks(v0) for various frequencies ω0 in the dispersiveless case is
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Figure 3. The dependence of the spectral peak position (wavenumber
ks) of the field Ex(x, t) on the particle velocity v0 for different ω0 at
t ∼ 190 in dispersiveless case.

shown. From Fig. 3 we observe that (in used normalization) the
wavenumber peak is about ks ' 4.33 for ω0 ' 4, v0 = 0.52 that
coincides with peak ks0 = 4.33 for no-modulated source at v0 = 0.52
for NIM in Fig. 1(a). Thus, we conclude that for ω0 ' 4 and v0 ' 0.52
a spatial resonance arises due to Doppler effect around of |ks − ks0|.

Finally, we study the frequency spectra of the Cherenkov emission
for different values of ω0 and v0. In the frequency domain the dispersive
permittivity and permeability have the following form ([31] Chapter 9)
ε(ω) = εh−ω2

pe/(ω2+iγeω) and µ(ω) = µh−ω2
pm/(ω2+iγmω). For such

ε(ω) and µ(ω) the complex refraction index for the NIM metamaterial
can be written as [33]

n(ω) =
√
|ε(ω)µ(ω)| ei[φε(ω)+φµ(ω)]/2. (4)

In this case, a peak frequency ω = ωC has to be substituted
into ε(ω), µ(ω) and then in n(ω) Eq. (4). Fig. 4 (left and right
panels respectively) show the structure of field Ex(r, t) and the
complex refractive indices n(ω) in NIM for the cases different particle
modulating frequencies ω0 and velocity v0 = 0.52. We observe from
Fig. 4(a) that the field structures corresponds to the inverse Cherenkov
emission. Fig. 4(c) shows that for ω0 = 2 the plasmon-polaritons
excitation (PPE) are generated at the peak frequency ωC = 3.77 where
the complex refractive index is n(ωC) = −0.87−i8.10 ·10−5. For larger
frequency ω0 = 3.9 the field Ex has monotonic spatial structure, see
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(a) (b)

(c) (d)

Figure 4. Snapshots of fields Ex(r, t) and the complex refractive
indices n(ω) in NIM for velocity v0 = 0.52 and different modulated
frequencies ω0. (a) Field Ex for ω0 = 2 corresponds to the plasmonic-
polariton excitation (PPE) at the peak frequency ωC = 3.77 where
Re(n(ωC)) = −0.87 indicated in (c); (b) field Ex for ω0 = 3.9 that
generate PPE at the peak frequency ωC = 3.83 where Re(n) = −0.77.

Fig. 4(b) that allows exciting PPE at the peak frequency ωC = 3.83
where n(ωC) = −0.77−i8.09·10−5. In both cases, Re(n) < 0, thus, the
optical waves have negative phase velocity that corresponds to reverse
Cherenkov emission in NIM.

The situation for smaller v0 is shown in Fig. 5. Fig. 5 (left and
right panels respectively) show the structure of field Ex(r, t) and the
complex refractive indices n(ω) in NIM for the cases of particle with
different modulating frequencies ω0 and particle velocity v0 = 0.35.
We observe from Fig. 5(c) that for ω0 = 2 the plasmon-polaritons
excitation (PPE) are generated at the peak frequency ωC = 3.76 where
the complex refractive index is n = −0.89− i8.0 · 10−5.
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(b)(a)

(d)(c)

Figure 5. The same as in Fig. 4 but for velocity v0 = 0.35. (a) Field
Ex for ω0 = 2 that generates the plasmon-polaritons excitation (PPE)
at the peak frequency ωC = 3.76 where Re(n) = −0.89 (c); (b) field Ex

for ω0 = 3.9 that generate PPE at the peak frequency ωC = 4 where
Re(n) = −0.50.

Figures 4 and 5 show that the considered spatial resonance
between the modulating frequency ω0 and the plasmonic-polariton
excitations: (i) happens in the frequency range where Re(n) is negative
and the inverse Cherenkov emission occurs, and (ii) the value of the
metamaterial refraction index (and thus the polariton phase velocity)
depends on the particle velocity v0. The latter in principle allows to
control the property of PPE in metamaterial.

3. CONCLUSION

We numerically studied the Cherenkov optical emission by a
nonrelativistic modulated source crossing 3D dispersive metamaterial.
It is found that the resonant interaction of the field produced by
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the modulated source with the spectrum of the periodic plasmonic-
polariton excitations leads to considerable change of spatial structure
for the Cherenkov emission. The field acquires monotonic shape
in the frequency range where the dispersive refractive index of
metamaterial is negative and the reversed Cherenkov radiation is
generated. This effect opens new interesting possibilities in various
applications metamaterials in nanophotonics with the potential for
creating and control light confining structures to considerably enhance
light-matter interactions.
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