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Abstract—A design method for four-port crossover with arbitrary
phase delay is proposed in this paper. This method is based on
admittance matrix. Closed-form design formulations are deduced by
making the structure admittance matrix equal to theoretical one. A
crossover with 45◦ phase delay is designed and fabricated for theory
verification. In the Butler beam forming network, this crossover has
two functions for making the elimination of the 45◦ phase shifter
possible and being used for circuit layout. Thus compact structure
and good performance of Butler network can be realized.

1. INTRODUCTION

Coupler is an important and fundamental component in microwave
circuits and antenna systems [1–15]. Recently, there has been
a growing demand for investigating crossover (the special case of
coupler) for circuit layout and routing [16–22]. Crossover is used
in some systems with special phase requirements, such as Butler
beam forming network [23, 24]. The conventional way to meet their
phase requirements is employing additional phase shifter, but the
phase shifter usually introduces interconnecting mismatch loss and
imbalanced amplitude. In this case, a crossover with arbitrary phase
delay will make the elimination of the phase shifter possible. It helps
to simplify the system structure and improve overall performance.

In this paper, a design procedure for crossover with arbitrary phase
delay is provided. It is based on the admittance matrix and described
as follows: First, the scattering matrix as well as the admittance matrix
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is established which are expressed by the characteristic parameters
of the crossover. Secondly, the admittance matrix expressed by the
crossover physical parameters is deduced. Then, closed-form design
formulations are given by letting the two admittance matrices be equal.
Finally, a crossover with 45◦ phase delay is developed as an example.
This design method has advantages of simpleness, directness and high
efficiency, because the admittance matrix of crossover structure can be
established easily due to its definite physical meaning.

2. ADMITTANCE MATRIX APPROACH FOR
CROSSOVER DESIGN

Crossover is a special case of couplers, which allows a pair of signals
to cross each other while maintaining isolation. It has matching
properties at all ports and a given phase delay θ in signal path. Thus
the scattering matrix of crossover has the expression as:

S = e−jθ




0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


 (1)

It is easy to obtain the admittance matrix of the crossover by using
S-to-Y matrix transformation with port admittance Y0:

Y = Y0 (U − S) (U + S)−1

= jY0



− cot θ 0 csc θ 0

0 − cot θ 0 csc θ
csc θ 0 − cot θ 0

0 csc θ 0 − cot θ


 (2)

where U is the unit matrix.
From Equation (2), it is noted that all of the admittance

parameters are zero or pure imaginary number, which means the
network is lossless. Thus the crossover can be realized using ordinary
passive components, such as microstrip lines or lumped components.
The admittance matrix is rotational symmetric, which means the
crossover structure should be rotational symmetric in the same way.

Following the above guideline, structure in Fig. 1 is chosen to
realize the crossover, which is composed of a square ring and inner
crossed lines. The corresponding equivalent circuit model is depicted
in Fig. 2, in which the characteristic admittance and electric length of
the square ring section are Ya and θa. The counterparts of the inner
crossed lines are Yb and θb. In order to calculate its admittance matrix,
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Figure 1. Layout of the crossover.
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Figure 2. Equivalent circuit model of the crossover.

the relationship between branch currents and node voltages is shown
as follows: 




Ia = Y a
11V1 + Y a

12V6

Ib = Y a
12V1 + Y a

11V6

Ic = Y a
11V6 + Y a

12V2

Id = Y a
12V6 + Y a

11V2





Ie = Y a
11V2 + Y a

12V7

If = Y a
12V2 + Y a

11V7

Ig = Y a
11V7 + Y a

12V3

Ih = Y a
12V7 + Y a

11V3



Ii = Y a
11V3 + Y a

12V8

Ij = Y a
12V3 + Y a

11V8

Ik = Y a
11V8 + Y a

12V4

Il = Y a
12V8 + Y a

11V4





Im = Y a
11V4 + Y a

12V5

In = Y a
12V4 + Y a

11V5

Io = Y a
11V5 + Y a

12V1

Ip = Y a
12V5 + Y a

11V1

(3)



168 Tian, Yang, and Wu





Iq = Y b
11V5 + Y b

12V9

Iu = Y b
12V5 + Y b

11V9

Ir = Y b
11V6 + Y b

12V9

Ix = Y b
12V6 + Y b

11V9





Is = Y b
11V7 + Y b

12V9

Iv = Y b
12V7 + Y b

11V9

It = Y b
11V8 + Y b

12V9

Iw = Y b
12V8 + Y b

11V9

where 



Y a
11 = −jYa cot(θa)

Y a
12 = jYa csc(θa)

Y b
11 = −jYb cot(θb)

Y b
12 = jYb csc(θb)

According to Kirchhoff’s current law, the following equations can be
obtained: 




Ib + Ic + Ir = 0
If + Ig + Is = 0
Ik + Ij + It = 0
Io + In + Iq = 0
Ix + Iv + Iw + Iu = 0
I1 = Ia + Ip

I2 = Id + Ie

I3 = Ii + Ih

I4 = Il + Im

(4)

Based on the definition of admittance matrix, the admittance
parameters corresponding to Fig. 2 can be calculated from
Equations (3), (4):

Y ′ =




Y11 Y12 Y13 Y12

Y12 Y11 Y12 Y13

Y13 Y12 Y11 Y12

Y12 Y13 Y12 Y11


 (5)

where

Y11 = 2Y a
11 + 2Y12 − Y13

Y12 = − (Y a
12)

2 Y b
11

2Y a
11Y

b
11 +

(
Y b

11

)2 − (
Y b

12

)2

Y13 = − (Y a
12)

2 (
Y b

12

)2

(
2Y a

11 + Y b
11

) (
2Y a

11Y
b
11 +

(
Y b

11

)2 − (
Y b

12

)2
)
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Letting the admittance matrix (2) be equal to the one in
expression (5), three equations with four unknown parameters (Ya,
θa, Yb and θb) are obtained. Subsequently, structure parameters can
be derived in term of the given phase delay θ:

θa = arc tan

√
3 + cos θ

1− cos θ

Ya =
Y0

2

√
3 + cos θ

1 + cos θ

θb = 90◦

(6)

while Yb can be arbitrary value.
It can be seen that the crossover structure has some character-

istics: the characteristic admittance and electric length of the square
ring section are determined by phase delay θ; the electric length of
the inner crossed lines are fixed as 90◦; the characteristic admittance
of the inner crossed lines can be arbitrary value, which makes the de-
sign more flexible. The relationship between the physical length θa

of the structure and electric length θ of characteristic is discussed by
derivation of Equation (6) as follows:

dθa

dθ
=

− sin θ

2
√

(3 + cos(θ))(1− cos(θ))
(7)

Thus next conclusions are got:
dθa

dθ
< 0 when θ ∈ (0◦, 180◦) (8)

dθa

dθ
> 0 when θ ∈ (180◦, 360◦) (9)

The above equations mean that the area of the crossover decreases
with increasing θ when θ ∈ (0◦, 180◦), but increases with increasing
θ when θ ∈ (180◦, 360◦). The physical length between ports 1 and 3
of the crossover is 2

√
2θa according to Fig. 2, and the electric length

of characteristic is θ in Equation (1). In order to make a comparison,
variations of H(θ) = 2

√
2θa-θ versus θ is drawn in Fig. 3.

It can be seen that H(θ) = 0 is obtained when θ = 137.8◦, which
implies that the physical length of the crossover is equal to the electric
length of characteristic; the physical length is longer than the electric
length when θ ∈ (0◦, 137.8◦); the physical length is shorter than the
electric length when θ ∈ (137.8◦, 360◦), which is suitable for compact
system.

This section takes a crossover with θ = 45◦ phase delay as
an example. Yb = 0.009 S is chosen for convenience and the other
parameters are calculated as θa = 74.3◦, Ya = 0.015S according to
formulation (6).
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Figure 3. Variations of H(θ) = 2
√

2θa-θ versus θ.

3. RESULTS AND DISCUSSIONS

The crossover is fabricated on Rogers RO4003 substrates with dielectric
constant 3.55 and thickness 0.813mm. Its center frequency is 6GHz
and the geometric parameters are wa = 1.1mm, la = 7.3mm, wb =
0.32mm, and lb = 9.2mm.

The frequency responses and phase delay between the diagonal
ports (port 1 and 3) are simulated by commercial software CST.
The results of simulation and measurement are shown in Fig. 4 and
Fig. 5. It can be seen that S11 is below −23 dB, while isolation
S21 is below −25.4 dB at center frequency. The insertion loss of
transmission characteristics show S13 = −0.8 dB and the 15-dB return
loss bandwidth is 36%. Measured phase delay between the ports in
signal path is 44.2◦. Fig. 6 shows the photograph of the fabricated
crossover.
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Figure 4. Simulated and measured responses of the crossover.
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Figure 5. Phase delay between
the ports in signal path.

Figure 6. Photograph of the
fabricated crossover.

4. CONCLUSION

In this paper, a design method for crossover with arbitrary phase
delay is proposed. Based on admittance matrix, closed-form design
formulations have been obtained which makes the crossover design
very easy. A crossover with 45◦ phase delay at 6GHz is designed
and fabricated. The measured and simulated results match each other
well, and exhibit an accurate phase delay as expected. It should be
noted that the proposed admittance matrix approach is suitable not
only for the structure in this paper, but also for more other established
and new structures.
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