Progress In Electromagnetics Research, PIER 25, 23-37, 2000

COUPLED-MODE ANALYSIS OF A GATING-ASSISTED
DIRECTIONAL COUPLER USING SINGULAR
PERTURBATION TECHNIQUE

K. Watanabe, J. Ishihara, and K. Yasumoto

Department of Computer Science and Communication Engineering
Graduate School of Information Science and Electrical Engineering
Kyushu University

6-10-1 Hakozaki, Higashi-ku

Fukuoka 812-8581, Japan

1 Introduction

2 Formulation

3. Numerical Examples
4 Conclusion
References

1. INTRODUCTION

Grating-assisted directional couplers are widely used in the design of
optical waveguide filters [1]. A basic configuration of the couplers con-
sists of nonidentical waveguides placed adjacently in which a periodic
grating structure is embedded. The phase synchronism in two nonsyn-
chronous waveguides is achieved through the space-harmonic compo-
nents generated by the grating. When the grating period is specified,
a complete power transfer from one guide to the other is obtained at
a particular wavelength satisfying the phase-matching condition. This
makes the coupler be wavelength-selective.

The power transfer characteristics in grating-assisted directional
couplers have been mainly investigated using the coupled-mode theory
[2-7], because an exact analytical treatment is rather difficult. Marcuse
[2] has pointed out that the grating-assisted couplers should be formu-
lated with the orthogonal coupled-mode theory based on the exact
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coupler modes to obtain the correct phase-matching condition. How-
ever the mode representation by the coupler modes is inconvenient
to calculate the power transfer characteristics between two waveg-
uides. Huang and Haus [3] have proposed an orthogonal coupled-
mode theory using approximate coupler modes, which are derived by
the non-orthogonal coupled-mode theory based on the eigenmodes of
each waveguide in isolation. They have used the approximate coupler
modes to deduce the phase-matching condition and then transformed
the orthogonal coupled-mode equations into the nonorthogonal ones to
calculate the power transfer. This approach has been applied to the
analysis of a grating-assisted three-waveguide coupler [7].

When each waveguide in isolation is chosen as the basis of a coupled-
mode formulation, one notes that two major perturbation effects exist
in the grating-assisted couplers. One is the perturbation in the trans-
verse dimension due to the presence of the adjacent waveguide, and
the other is the perturbation in the propagation direction due to the
presence of periodic grating structure. When these two effects are in
the same order of magnitude, the perturbation theory requires the cou-
pler problem be formulated with the accuracy up to the second order
of perturbation. This fact suggests that the coupled-mode approach
using the approximate coupler modes is not consistent with the per-
turbation theory. Although the use of the approximate coupler modes
greatly simplifies an analytical treatment, its mode representation is
correct within the first-order perturbation [8]. More accurate perturba-
tion approach is requested to obtain the nonorthogonal coupled-mode
equations which are consistent with the orthogonal ones [2] using the
exact coupler modes.

In this paper, we shall develop an accurate nonorthogonal coupled-
mode theory for a grating-assisted directional coupler using the sin-
gular perturbation technique [9]. The concept of slowly varying am-
plitude function [10] is introduced to take a proper balance in the
two different perturbations mentioned above. The optical fields in the
coupler are represented in terms of a linear combination of para-axial
wave fields for each isolated waveguide with a reference wavenumber
of the surrounding cladding. The para-axial wave fields are expanded
using the multiple space-scales [11] and solved so that they satisfy
the para-axial wave equation for the coupled structure and the phase
matching condition in the respective orders of perturbation. This leads
to the asymptotically correct coupled-mode equations based on the
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Figure 1. Geometry of the grating-assisted directional coupler.

eigenmodes of each waveguide in isolation. The proposed coupled-
mode theory is applied to the analysis of two nonidentical coupled
waveguides attached with a sinusoidal grating layer. It is shown that
the calculated wavelength response in the power transfer is in close
agreement with that obtained by a direct numerical analysis using the
Fourier series expansion method [12].

2. FORMULATION

A grating-assisted directional coupler under consideration is schemat-
ically shown in Fig. 1. It consists of two nonidentical dielectric slab
waveguides a and b, which are situated parallel to each other with
a separation distance d4 — d3 in a surrounding dielectric of refractive
index ng. The waveguide a is a regular one with thickness ds — dy
and refractive index n,, whereas the upper surface of the waveguide
b with thickness dy — di and refractive index n; is attached with a
grating layer of thickness ds —ds and period p. The individual waveg-
uides a and b are assumed to support only one guided mode when in
isolation. The relative permittivity in the grating layer is supposed to
be independent of x and given as n.2 + ng? g(z) where g(z) is the
grating profile function:

27
g(z) = cos ?z. (1)
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The geometry is uniform in the y-direction. Then the relative permit-
tivity distribution of the waveguide system is defined as

ng? for dy < x < ds
2 2
_ ) ne+ngg(z) fords <z <ds
erlT,2) = . 2
r(@,2) Ny for di < x < ds (2)
Ng2 otherwise

The permeability of free space is assumed over the whole layer. We
examine the two-dimensional (9/0y = 0) TE wave propagating in the
z-direction.

Let the wave function (z,z) be the y-components of the electric
field. Then (x,z) satisfies the Helmholtz equation

0? 0?

W + @ + k;82 (1 + A{:‘a(x) + Asb(x) + A{-:g(x) g(z)):| 1/)(% z) —
(3)

with
2 _ 2
Acq(z) = { % for dy < z < ds (4)
0 otherwise
N2 — ng?

for do < x < d3

Aep(z) = 2_p2 )
(@) M T gordy < x < dy (5)

0 otherwise
nd2 f

Aey(z) = 2 or do < x < dg (6)
0 otherwise

and the boundary conditions on the composite waveguide structure
with e,(z,z), where ks is the wavenumber in the cladding layer with
refractive index ng

The influence of geometrical perturbations on the wave function
¥ (z, z) is much more sensitive [10] in the transverse direction than in
the direction of wave propagation. Taking into account this fact, the
slowly varying amplitude representation for ¢ (z,z) is introduced as
follows:

Yz, 2) = plx, z) eI, (7)
It follows that |0%¢/02% < ks|0¢/0z|, since the index difference be-

tween core and cladding is relatively small for optical waveguides of
single mode.
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To formulate the coupled-mode analysis, we decompose ¢(x,z) as

Qf)(ZE, Z) = d’a(l‘a Z) + gbb(l’, Z)' (8)

Substituting Eqgs. (7) and (8) into Eq. (3), the original wave equation
is transformed [9] into the coupled wave equations as follows:

0? . 0 2
%) *]2%& + ks”Aeq () | ¢a(z, 2)

2
— (%%(x, 2) + k2 Aeq(x) ¢z, z)> (9)

0? . 0 2
(@ — ijS& + kg Asb(x)> Pu(, 2)

2

T K% + ks Agy(x) g<z>> b(1, 2) + ks* Aey() ga(, 2)

— k*Aey(x) g(2) a(z, 2). (10)

It is verified from the uniqueness theorem that the total wave function
Y(z,z) satisfies Eq. (3) when ¢4(z,2) and ¢p(z,z) satisfy Egs. (9)
and (10). The terms in the right hand side of Egs. (9) and (10) may
be regarded as the perturbations to the para-axial wave equations for
the slowly varying amplitude functions. Those perturbations include
the correction terms 02¢,/0z? and 0%¢,/02% to the para-axial ap-
proximation, the correction term ks*Aey(z)g(z) @, in the presence
of the grating layer, the dominant coupling terms k:s2A5a(:U) ¢p and
ks2Aey(z) ¢, without the grating layer, and the higher order coupling
term kSQAag(ac)g(z) ¢q through the grating layer. We introduce a
nondimensional small parameter ¢ to identify the order of magnitude
of these perturbations and rewrite Egs. (9) and (10) as follows:

0? oy, O 2
2 *]2]{33& + ks” Ao () | ¢a(z, 2)

2
=5 (n(r2) + KB () . 2) (11)

0? . 0 2
<@ _jgk;s& + kg Asb(x)> Pp(z, 2)

2
=4 [(% + /€32A€g(1‘) g(z)) bu(, 2) + k2 Aey(z) o, z)]
5,20y (2) 9(2) dal, ). (12
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In order to apply a perturbation approach to Egs. (11) and (12),
we introduce the multiple space scales [11]; zg = 2,21 = 02,20 =
622,-++,2, = 6" z,--- and expand the wave function ¢,(z,z) (v =
a,b) as follows:

bu(w,2) = Z5n ¢V,n(xa28,0) (13)
n=0

where the notation z,, abbreviates the sequence of the space scales:
Zny Zndls Znt2, - - . Substituting Eq. (13) into Egs. (11) and (12) and
making use of the relation of the derivative expansion: 0/0z = 0/0z0+
§0/0z1 + 0%0/0z + -+ -, we obtain a set of equations to be solved in
the respective orders of perturbation as

0 forn=20
n
L, d’a,n (fE, 2370) =93 = ZTm Qsam*m ($, ZS,O) - kSZAga (SC) (bb,n—l(x, Zs,O)
m=1
form>1
(14)
0 forn=0

~T ¢po(, 250) — ks> Aep(2) a0z, 250)
— ks?Aey () g(250) b, 250) forn=1

L (;Sb’n(l" 2370) -\ - ZTm ¢b,n—m (LL‘, Zs,O) - ]{752A5b(l‘) gba,nfl(l‘» Zs,O)
m=1
_kSQAgg (I) 9(25,0) (¢a,nf2(x7 Zs,O)+¢b,n—1 (m, Zs,O))
\ forn>2
(15)
with
0? 0
L, = = — j2ks— + ks2Ae, =a, 1
52 Y k 920 + ks Ay () (v =a,b) (16)
n 2
T, = — j2k$i (17)

— O%m—-102n—m 0z

3

Equations (14) and (15) are solved successively from the zero-order
equations, because the right hand sides are given by the solutions of
the lower-order equations.

In the zero-order problem, the wave equations for ¢, 0(x,2s0) and
®b0(2, 250) are decoupled and the analytical steps to derive the zero-
order solutions are the same as those for an isolated waveguide under
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the para-axial approximation. Noting that each waveguide in isola-
tion supports only one guided mode, the solutions to the zero-order
equation are obtained as follows:

Gu,0(z, 250) = av0(2s1) Upo(x) eI Bv.0%0 (v =a,b) (18)

with

e~ a(z—ds) N for x > ds
Uq,0(T) = 1q { COSKq (x —dy) + K—a sinkg (x —dy) for dy <z < ds

e@a(z—ds) for z < dy

(19)
KgSec kg (dg — d2) — e (z—ds)
e
kg + aptan kg (d3 — da)
for x > ds

ap — kg tan kg (d3 — da)

cos kg (& — dg) — sin kg (z — da)

Kg + aptan kg (ds — da)
for do < x < d3

Ub,O(fU) =T op — Kp tan Ky (d2 — d1)

cos kp (x — dg) + sin kp (z — d2)

Kp + ap tan Ky, (dy — dy)
for di < x < dy
Kpsec Ky (do — dy) ap(z—di)
e
Ky + ap tan ky, (do — dy)

for x < dy

(
Rg = \/1{302 (n02 - nsz) - 2ksﬂb,0 (23)

where a,0(zs,1) is the modal amplitude, u,o(x) is the modal profile
function, 1, is the normalization constant defined so that
ffooo luyo(z)|*de = 1, and B, is the correction of propagation con-
stant to the para-axial approximation that satisfies

Qg

ds — d
tan (/@a 5 4) = for Ba0 (24)

2 Kaq
tan [kg (d3 — da)]
Kg [2ozb/<eb + (ozb2 — me) tan Ky (do — dl)]
iy (a? — Rg2) — ap (rg2 + Kp2) tan ky (dg — dy)

for Bp0. (25)
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The dependences of the modal amplitude a,0(2s,1) on zs1 are deter-
mined from the analysis of the higher-order equations.

Since the coupling between waveguides a and b occurs under a
phase synchronism through the attached grating layer, we assume that
Bap > Bpo and 27/p — (Bao — Bb0)l/Bap = O(") (n = 1). Then
the profile function g¢(z) is rewritten using the multiple space-scales
as follows:

9(2s0) = cos|(Ba,0 — Bro) 20 + AB zn] (26)

where AS is the deviation from the zero-order phase-matching condi-
tion

AB = 2?” — (Boo — fro). (27)

For the analysis of higher-order wave equations, we introduce the
Fourier transform with respect to the zero-order space-scale zy as

f(B) = % /_OO f(20) BLE PN (28)

where the tilde indicates the variable in the Fourier transformed do-
main. Then the first-order wave equations (14) and (15) are trans-
formed into

La(ﬁ) (ba,l(xa ﬁa Zs,l) :ua,O(x) 5(6 - ﬁa,O) <ﬁa,02 + ]21{‘8%) aa,O(Zs,l)
— k2 Acq () upo(z) 6(8 — Bro) apo(zs1)  (29)

Ly (B8) b1 (2, 8, z51) =upo(x) 8(3 — Byo) <5b,02 + j2k88izl> apo(2s,1)

— /{:52A€b(a}> ua,o(x) 5(,3 - /Ga,O) aa,O(Zs,l)
— ki Aeg(x)up0(2)G(8— B0, 25,1)ab0(2s,1) (30)

where §(3 — ,0) denotes the delta function and L,(f) is the linear
operator defined as

_ 2
L,(8) = % — 2k + ks’ Ac, (). (31)

The linear differential equations (29) and (30) are singular at 8 = 40
and 8 = (3, and the solutions are allowed only when the solvability
conditions are satisfied. Fredholm’s alternative theorem [11] is used to
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derive the solvability conditions. Let h,(z;3) be the solution to the
homogeneous part of Egs. (29) and (30) which is given by

(23 ) = { I Z y g,':g ‘ 32

Then the theorem claims that the right hand sides of Egs. (29) and
(30) should be orthogonal to hy(x;3) and hy(z; 3), respectively, since
the operator E,,(ﬁ) is self-adjoint. These are the solvability conditions
which are written as follows:

[ 1) a6 = ) (Do + 328 ) auoenn)
<1

—00

—k‘szAsa(az) up0(x) 5(8 — Bpo) ab70(zs,1)] dex =0 (33)

/ hy (3 3) [ub,o(fﬂ) 5(B — Bro) (ﬁb,o2 + j2ksa%1> apo(2s,1)
- kSQAgb(x) ua,O(x) 5(ﬁ - ﬁa,()) aa,O(zs,l)
—k® Aeg(z) upo(z) G(B — B0, 25,1) ab,o(zs,1)] dz =0 (34)

where the asterisk indicates the complex conjugate. Since 3,0 # B0 ,
the solvability conditions (33) and (34) lead to

Oay,o(2s ,
% =-J 5%1 aV,O(Zs,l) (V =a, b> (35)
21
with 2
. ﬁu,O
B1 = — o (36)

where (3,1 gives the first-order correction to the propagation constant.
When the solvability conditions (35) are satisfied, the solutions to the
first-order equations (29) and (30) are obtained in the original space
domain as follows:

Ga1 (T, 250) =a1(251)Ua0(x)e ™ Po020 1y (261 )ugp,1 ()™ Pr0%0 (37)
Db1 (2, 250) =ap1(2s,1)upo(x) e 0% 4, (251 )pe,1 () e IPa0%0

+ ap,o( 23,1)ué 11 (z)e” 3(Ba,020+ABzn)

+ a0 (0,1 Jul ()l (Fe0 =2 0) 20t A (38)
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Ut (1) = k2L (Buo) Aey () uuo(z) (v, =a,b and v # ) (39)

uf50(w) = =3k Ty  (Buo) Ay ) o (2) (40)
u{ V() = —%kﬁzb—l(—ﬁa,o +284,0) Aeg(@) upo () (41)

where a,,1(251) denotes the modal amplitude in the first-order and
L;1(3) is the inverse operator of L,(83) with 3 # B0 - In the right

12

hand sides of Egs. (37) and (38), the first terms are the solutions to the
homogeneous parts of Egs. (29) and (30) and other terms represent the
particular solutions. Since the particular solutions of Egs. (29) and (30)
are easily obtained by a standard procedure for ordinary differential
equations, they are expressed in terms of the inverse operator L '(3)
to simplify the notations.

Performing the same analytical steps as described above, we ob-
tain the solvability conditions for the second-order wave equations as
follows:

O0ag1(2s,1) N 0a4,0(2s,1)

=— 7 Ba1aa1(2s1) — J Ba2aa0(2s1)

021 0z
- .7 gab,Q ap,0 (Zs,l) e’ DBz (42)
8@{,1 z 1 8&1,0 z 1 . .
’8218 ) + ’6228 ) = —J B av1(2s1) — 7 Bb2 apo(2s,1)
— J€pa2 Aapo(2s1) €l 2P (43)

with
ua == 00 0 [ A @) (@) a0 e (44)
ﬂm——ﬂ”ﬁ“ + 5 [ e uigle) (o) do
—/ Acy(w) () (w5 (@) + ol (@) de - (45)
a =y [ deulo)usgfo) il o) do (46)

Sba,2 Zf /_ N Acy(x) up (@) (Ua,0(2) + tba,1 (%)) da. (47)
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The higher-order (n > 3) wave equations in Egs. (14) and (15) are
solved by following the same analytical procedure described above.
The solvability conditions in each order of perturbation are com-
bined to deduce the required coupled-mode equations. Since the modal
amplitudes a,,(zs1) (¥ =a,b;n =0,1) are associated with the com-
mon profile function w, o(z), new modal amplitudes are defined by

ay(251) = ap0(2s1) +0ap1(zs1) + 0(52) (v =a,b). (48)

Using Egs. (35), (42), and (48), the evolution of aq(zs,1) in the original
space scale z can be expressed as

daa(zs,l) . 8aa,()(zs,l) 2 8aa,l(zs,l) 8CLOL,O(ZS,I) 3
dz =0 071 +9o 071 + 0z9 +0(%)

=—700a1 (aa,O(zs,l) +0 Ga,1(23,1)> —56% a2 aan(zs1)
—jé&? §ab,2 b0 eI BBz 4 0(53)

= — 5 (0 Bag+ 6% Buz) aa(zs1) — 6% Eap2ap e 27+ O(8%).
(49)

Similarly, from Egs. (35), (43), and (48) we have

day(zs,1)

- —5 (8 Bt + 02 Br2) ap(zs,1) — § 6% Epa2 aa €@ 2P + O(6°).

(50)
Omitting the terms of higher order denoted O(&%), Eqs. (49) and (50)
yield the coupled-mode equations in the second-order of perturbations
as follows:

dac(llz(z) — —j (ﬁa,l + /Ba,Q) aa(Z) — j gab,Q ab(z> €_j ALz (51)
dasz(Z) = —J (Bo1 + Bp2) ap(2) — J &ba2 aa(2) ENCE (52)

where the multiple space-scale z,1 is transformed back into the orig-
inal space-scale z by letting § = 1. From the self-phase modulation
coefficients in Egs. (51) and (52), we obtain the phase-matching con-
dition with the second-order accuracy

(Buo + Bat + Baz) — (Boo + Bor + Brz) = 2;” (53)
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When the condition is satisfied at a certain wavelength of optical wave,
a complete power transfer from one waveguide to the other is attained
after a propagation length

s

[ — (54)

2 V 6ab,2 gba,Q

where [ is referred to the coupling length of the coupler.

3. NUMERICAL EXAMPLES

To validate the proposed coupled-mode theory, the power transfer char-
acteristics in the grating-assisted directional coupler as shown in Fig. 1
are analyzed and the results are compared with those obtained by
more rigorous numerical solution method. The values of geometrical
parameters are chosen as ds —dy = 0.35 pum, d4 —ds = 0.6 pm,
d3 —dy =005 pm, do—dy =02 pum, n, =np =34, ng = 3.2,
ne? = (mp? + ns?)/2, ng® = (np? — ns?)/2. When the wavelength of
optical field is specified, the propagation constants 3,0 to (3,2 are
calculated from Egs. (24), (25), (36), (44), and (45). The center wave-
length for the optical filtering is chosen to be A\g = 0.83 ©m. Equation
(53) determines the grating period p = 21.42 pm which satisfies the
phase-matching condition at A = A\g. Figure 2 shows the wavelength
response of the output power in waveguide b at z = 1.66 mm for
the excitation of waveguide a at z = 0. The propagation length
z = 1.66 mm corresponds to the coupling length determined by Eq.
(54) for the center wavelength Ao. The solid line shows the result
of the coupled-mode analysis. For the same configurations of waveg-
uides, we have performed a numerical analysis using the Fourier series
expansion method [12] for optical waveguides. The original waveguide
system was assumed to be in a periodic cell with period 12 Ay in the
x direction, the optical fields were expanded by a Fourier series of
100 terms, and the periodic waveguide transitions in the z direction
were approximated by a series of 2325 step transitions with each step
length p/30. The results of the numerical analysis are plotted in Fig. 2
by crosses. It is seen that the wavelength response predicted by the
present theory are in good agreement with that of the Fourier series
expansion method.

For the sake of comparison, we have calculated the power transfer
characteristics using the well-known improved coupled-mode theory
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0.95 1 1.05
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Figure 2. Comparison of the wavelength response of the output power
in waveguide b at the coupling length [ = 1.66 mm as the function of
normalized wavelength \/\g, where ds—d4s = 0.35 pm, dy—ds = 0.6
pm, d3—do =0.05 pm, do—dy =0.2 pm, ng=np =34, nys =3.2,
ne? = (mp? +ns2) /2, ng® = (2 —ns?)/2, p=21.42 pm, and the
center wavelength Ag = 0.83 pm. The solid and dotted curves are
obtained by the present formulation and the improved coupled-mode
theory, respectively, and the crosses are the numerical results of the
Fourier series expansion method [12].

[13] which is widely used in the design of optical waveguide compo-
nents. To evaluate accurately the coupling coefficients, the two waveg-
uides with relative permittivity distributions ns?(1 + Ag,(z)) and
ns2(1 + Agy(x)) and the associated eigenmode fields were adopted as
the basis [13] of the coupled-mode formulation. The result calculated
for the same grating period p = 21.42 um and propagation length
z = 1.66 mm as described above is shown in Fig. 2 by the dotted line.
It is seen that the wavelength response in the power transfer is different
from those of the rigorous numerical analysis and the present coupled-
mode analysis. This is because the self-phase modulation terms in
the improved coupled-mode theory are short of accuracy for obtaining
the phase-matching condition. The precise coupled-mode analysis pre-
sented here suggests that for an accurate treatment of grating-assisted
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directional couplers, the effects of grating and adjacent waveguide on
the coupling should be incorporated in proper manner by taking into
account the order of perturbation.

4. CONCLUSION

We have presented an accurate nonorthogonal coupled-mode theory
for a grating-assisted directional coupler using the singular perturba-
tion technique. In this approach, the optical fields in the coupler are
represented by a linear combination of para-axial wave fields for each
isolated waveguide with a reference wavenumber of the surrounding
cladding. The para-axial wave fields are expanded using the multiple
space-scales and solved so that they satisfy the wave equation for the
original coupled structure in the respective order of perturbation. The
manipulation of the perturbation analysis is straightforward. From the
analysis of up to second-order perturbation, accurate coupled-mode
equations based on the eigenmodes of each waveguide in isolation have
been derived. The proposed coupled-mode theory has been used to an-
alyze two nonidentical coupled waveguides attached with a sinusoidal
grating layer. The calculated wavelength response in the power trans-
fer shows a close agreement with that obtained by a direct numerical
analysis using the Fourier series expansion method.
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