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1. INTRODUCTION

One serious problem of interference between adjacent satellite paths
operating at the same frequency and separated by a small angle θ as
viewed from an Earth station (Fig. 1) is considered to be the differ-
ential rain attenuation. Because of the spatial inhomogeneity in the
precipitation medium, periods of time can exist in which the signal
may suffer a large attenuation AC in comparison with the attenua-
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tion AI of the unwanted signal. When this difference ∆A = AC −AI

becomes sufficiently large, the unwanted signal from the adjacent satel-
lite path can cause interference. In order to calculate the amount of
induced interference, the distribution of the differential rain attenu-
ation ∆A should be used, under the condition of proper operation,
i.e., when the rain attenuation has not yet exceeded the system power
margin M (dB) but is always greater than a minimum measurable
attenuation threshold rm (rm < AC < M) . In this sense, Rogers et
al. [1] have first proposed an empirical model for the prediction of the
differential rain attenuation ∆A at the 1% conditional probability
level. As suggested by CCIR [2], the above model although simple is
provisional and must be used with caution. For this reason, Kanel-
lopoulos et al. [3] have proposed a more general predictive method for
the evaluation of the differential rain attenuation statistics based on
a model of convective raincells and the lognormal assumption for the
point rainfall statistics. In the above analysis, a simplified constant
rain height equal to the height of the 0◦C isotherm, dependent upon
the latitude of the location [4], has been used. Further, Kanellopou-
los and Margetis [5] have most recently modified the latter predictive
method by considering a more realistic model for the effective rain
height, consisting of using the 0◦C isotherm height for low rainrates
and adding a rainrate dependent term for higher rainrates. The adop-
tion of the above rain height model has been shown there [5] that is
quite successful and generally improves the comparison between the-
oretical results and available simulated interference data [1]. On the
other hand, the latter consideration is based on an assumption for the
calculation of the effective slant paths which is rather suitable for satel-
lite paths operating under relative high elevation angles (greater than
about 30◦–40◦) . For this reason, a more accurate estimation of the
effective slant path lengths in the general case is needed and this is the
subject of the present paper. Numerical results taken from the modi-
fied procedure are compared with the available set of simulated data in
Montreal area. In addition, the influence of various other parameters
such as the geographic latitude and climatic zone is also investigated.

2. THE ANALYSIS

The detailed configuration of the problem is shown in Fig. 1. The
two satellite paths have different elevation angles ϕ1, ϕ2 and they are
separated from one another by a small angle θd as viewed from Earth
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Figure 1. Configuration of the system.

station. ∆ψ is also the projected differential angle between the slant
paths under consideration. The other parameters encountered in Fig. 1
will be described in Subsection 2.1. As it happens with problems of
this kind, the main point of the interference analysis is the evaluation
of the differential attenuation statistics given by:

P [∆A ≥ r|rm ≤ AC ≤ M ] =
P [∆A ≥ r, rm ≤ AC ≤ M ]

P [rm ≤ AC ≤ M ]
(1)

where r is the exceeded differential attenuation level and the minimum
measurable attenuation threshold rm is usually taken to be 0.5 dB ,
as Rogers et al. [1] have suggested.
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2.1 General Considerations

The following considerations are taken into account :
(a) Crane’s simplified considerations for the vertical variation of the
rainfall structure are first employed [4]. This leads to the assumption
of uniform rain structure from the ground up to an effective rain height
He . For the determination of the rain height He , we consider here
the model proposed by Stutzman and Dishman [6], as has also been
used by Kanellopoulos an Margetis [5] for the same reason. According
to this consideration, we have:

He =






H for R ≤ 10 mm/hr

H + log
(

R

10

)

for R ≤ 10 mm/hr (2)

where

H =






4.8 Km |Λ| ≤ 30◦(

7.8 − 0.1
|Λ|
deg

)

Km |Λ| > 30◦ (3)

where Λ is the latitude of the location of the Earth terminal and R
is the value of the rainfall rate at the specific point. It should be noted
here that the above formulas concern mean seasonal values for He and
H as it is proper for long-term rain attenuation statistics. For the pro-
ceeding analysis the definition of some characteristic points is needed.
These are the section points K1, K2 and Km1 , Km2 between the
slant paths ES1, ES2 and the levels H and Hem respectively. The
effective rain height Hem is evaluated by means of Eq. (2) and is re-
lated to some maximum observed rainfall rate (say 150–200 mm/hr) .
One of the complications of the analysis is the fact that the rain height
He varies generally with rainrate (see also expression (2)). As a direct
result the effective slant path length is also a function of the rainfall
rate values referring to all points inside the part K ′

iK
′
mi

(see Fig. 1),
for rainrates greater than 10 mm/hr . In order to avoid the above con-
sideration, which leads to cumbersome and very complicated calcula-
tions, the homogeneity of the rainfall medium inside the part K ′

iK
′
mi

has been assumed by Kanellopoulos and Margetis [5]. However, this
assumption can be shown to be quite reasonable for elevation angles
greater than about 30◦ , leading to projected straightline parts of the
order of few kilometers. For satellite paths operating under elevation
angles not satisfying the above condition, the induced error in our cal-
culations, due to non accurate estimation of the effective slant path



Differential rain attenuation statistics 101

length, becomes appreciable and thus this assumption should be prop-
erly revised. For this reason, the rainfall inhomogeneity inside the
part K ′

iK
′
mi

should be taken into account, and one of the appropriate
ways is to adopt the following simulated spatial profile, as suggested
by Stutzman and Dishman [6]

R(z) =






R for R ≤ 10 mm/hr

R · exp
[

−γ ln
(

R

10

)

z

]

for R > 10 mm/hr (4)

where γ = 1/22 and the rainfall rate refers to the point K ′
1 or K ′

2 .
As pointed out by the same authors [6], the adoption of the above sim-
ulated spatial profile does not contradict with the notion of raincells,
which can be assumed for the description of the rainfall inhomogeneity
inside the effective slant path lengths EK ′

1 and EK ′
2 (see Fig. 1).

Further, it can be shown that introduction of the above simulated spa-
tial profile is equivalent to the consideration that the rainfall medium
inside the parts K ′

1K
′
m1

, K ′
2K

′
m2

behaves like an homogeneous one
with equivalent rainfall rate (Rave)i given by:

(Rave)i =
1
Di

∫ Di

0
R(z)dz (5)

that is :

(Rave)i =






RKi for RKi ≤ 10 mm/hr

RKi

1 − exp
[

−γ ln
(

RKi

10

)

Di

]

γ ln
(

RKi

10

)

Di

= ciR
di

Ki

(i = 1, 2) for RKi > 10 mm/hr
(6)

and

Di =
log

(
RKi

10

)

tanϕi
(i = 1, 2) (7)

In the above expressions, ci and di are constants depending on the
elevation angle ϕi and they are derived by means of an appropriate
regression fitting procedure.
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Following this assumption the effective slant paths are now given
by:

Lsi =
Hei − Ho

sinϕi
(i = 1, 2) (8)

where the levels Hei (i = 1, 2) depend upon the rainfall rates (Rave)i

with respect to Ki (see expressions (5–7)), in accordance with expres-
sion (2), with R substituted by (Rave)i there. Moreover, Ho is the
average height of the Earth station above sea level.
(b) All the other assumptions concerning the point rainrate statistics,
the specific rain attenuation (Ao = aRb) and the horizontal structure
of the rainfall medium are the same as those employed for the analysis
of the previous methodology [3, 5]. For the latter consideration, we
assume that the convective raincells model proposed by Lin [7] is taken
to be valid with respect to effective slant path lengths EK ′

1 and EK ′
2 .

2.2 Evaluation of the Differential Attenuation Probability

Following the previous considerations, the single and joint exceed-
ance probabilities encountered in equation (1) can be expressed analyt-
ically in terms of the statistical parameters Am1 , Sα1 and Am2 , Sα2

concerning the attenuations A′
C and A′

I , as well as the logarithmic
correlation coefficient ρn12 between them. A′

C and A′
I are the atten-

uations referring to hypothetical terrestrial links being the projections
of the slant paths ES1 and ES2 affected by the rain.

It should be emphasized here that the novel considerations examined
here influence only the calculation of the parameters Am1 , Sα1 , Am2 ,
Sα2 and ρn12 and not the forms of the above exceedance probabilities.
However, in order to have a complete view of the whole problem, these
expressions are briefly presented in Appendix A.

Further the parameters Am1 , Sα1 and Am2 , Sα2 are expressed as
[8]:

S2
αi

= ln

[
σ2

Ai

µ2
Ai

+ 1

]

Ami =
µ2

Ai√
σ2

Ai
+ µ2

Ai






(i = 1, 2) (9)

in terms of the mean values (µAi) and standard deviations ( σAi ) of
the variables A′

C and A′
I , respectively. Following now a straightfor-

ward analysis, the µAi and σAi can be calculated by means of the
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Rm (median value) and Sr (standard deviation) concerning the point
rainfall distribution, the constants a and b of the specific rain atten-
uation ( Ao = aRb ), and the characteristic distance G appropriate
to describe the spatial rainfall inhomogeneity, as suggested by Lin [7].
The final results are presented here, while analytical details for their
derivation can be found in Appendix B.

µAi = ambLi +
am′

bi

2 tanϕi

{

cb
i log

( ci

10

)
erfc(toi) + cb

idi log e[ln(Rm)

+ bdiS
2
r ]erfc(toi) +

√
2
π

cb
idi log eSre

−t2oi

}

(i = 1, 2) (10)

where

Li =
H − Ho

tanϕi
(11)

mb = Rb
m exp

(
b2S2

r

2

)

(12)

m′
bi

= Rbdi
m exp

(
b2d2

i S
2
r

2

)

(13)

toi =
uo − bdiSr√

2
(14)

uo =
ln(10/Rm)

Sr
(15)

and
σ2

A1
= E[A′2

C ] − µ2
A1

σ2
A2

= E[A′2
I ] − µ2

A2

}

(16)

where
E[A′2

C ] = M11 + 2M1d + Mdd1

E[A′2
I ] = M22 + 2M2d + Mdd2

}

(17)

Further we have :

Mii = a2σ2
bHii + a2m2

bL
2
i (18)

σ2
b = m2b − m2

b (19)
m2b = R2b

m exp(2b2S2
r ) (20)
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Hii = 2LiG sinh−1

(
Li

G

)

+ 2G2



1 −
[(

Li

G

)2

+ 1

]1/2


 (i = 1, 2) (21)

The analytical expressions for M1d, M2d and Mdd1, Mdd2 can be
found in Appendix B.

In addition the calculation of ρn12 which is the logarithmic correla-
tion coefficient between A′

C and A′
I follows quite similar steps. More

particularly, we have [3]:

ρn12 =
1

Sα1 · Sα2

ln
[

1 + ρ12

√

(eS2
α1 − 1)(eS2

α2 − 1)
]

(22)

and the path correlation coefficient ρ12 is expressed as :

ρ12 =
E{A′

CA′
I} − µA1 · µA2

σA1 · σA2

(23)

Following again a similar statistical analysis, as before for the µAi and
σAi , one gets:

E[A′
C · A′

I ] = N12 + N1d + N2d + Ndd (24)

where
N12 = a2σ2

bH2 + a2m2
bL1L2 (25)

and the analytical expressions for H2 can be found elsewhere [3], where
the constant 0◦ isotherm for the rain height has been considered (see
expression (3)). The other terms of (24) are complicated but analyt-
ical expressions of Rm, Sr; a, b, G, ci, di, ϕi and are presented in
Appendix C, where details for their derivation are also included.

3. NUMERICAL RESULTS AND DISCUSSION

In this section, an application of the above analysis is presented. The
numerical results are first compared with available simulated data in
the open literature taken from Rogers et al. [1] in the Montreal area.
Details concerning the derivation of the above data and other useful
information can be found elsewhere [1, 5]. Further, the implementation
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Figure 2. The conditional probability P [∆A ≥ r|rm ≤ AC ≤ M ]
versus the variable r for f = 15GHz , M = 10 dB, ϕ1 = ϕ2 =
10◦, θd = 6◦ (Montreal area).
(A): MODEL USING CONSTANT RAIN HEIGHT
(B): KANELLOPOULOS AND MARGETIS MODEL
(C): PRESENT MODEL

of the proposed procedure requires the knowledge of the parameters
H, Ho, a, b, G, Rm and Sr with respect to the Montreal data under
consideration. A list of appropriate numerical values for these param-
eters can also be found elsewhere [5]. In Figure 2, the conditional
probability has been drawn versus the variable r (in dB) in compari-
son with the simulated data. An interfered satellite path operating at
f = 15 GHz with an elevation angle ϕ1 = 10◦ has been considered.
The interfering path has also ϕ2 = 10◦ . In the same figure, the results
taken from the existing predictive procedures [3, 5] are also drawn. As
can be seen, the comparison shows a tendency of better approximation
in relation to the already existing predictive results. In addition, the
differential attenuation at the 1% conditional probability ∆A(1%) is
further examined. More particularly, in Fig. 3, (available margin in
decibels) curve versus the angular separation θd (in degrees) is shown
for ∆A(1%) = 3 dB, f = 15 Hz, φ1 = φ2 = 10 . A more improved
situation with respect to the experimental data is obvious here. Gen-
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Figure 3. Available margin M (in dB) versus the angular separation
θd (in degrees) for f = 15 Hz, φ1 = φ2 = 10◦, ∆A(1%) = 3 dB
(Montreal area).
(A): MODEL USING CONSTANT RAIN HEIGHT
(B): KANELLOPOULOS AND MARGETIS MODEL
(C): PRESENT MODEL

erally, the results of the present model fall between the constant rain
height and the Kanellopoulos and Margetis models. In order to be
more specific, we present here the error estimates of the new results in
comparison with the other predictive models. As a matter of fact, for
each level of available margin M the percentage error e corresponding
to the calculated value of the angular separation is given by

e =
θd,p − θd,m

θd,m
× 100% (26)

where θd,p is the predicted (in deg) and θd,m the measured angular
separation (in deg). The above error value has been estimated for
all the experiments where M versus θd data are available [1]. Fur-
ther, the mean µe , standard deviation σe and r.m.s value (r.m.s =√

µ2
e + σ2

e) of the error estimates have been evaluated and presented
in Table 1 for various levels of margin M (in dB). As it is obvious,
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the present model produces the smallest µe, σe and r.m.s value. As
a first conclusion, the necessity for the development of the present
method, using more accurate estimations for the effective slant path
lengths, seems to be justified.

Table 1. Error estimates for various levels of margin M.

Present Model
Margin

threshold 3 dB 4 dB 5 dB 6 dB 7 dB 8 dB 9 dB 10 dB 11 dB 12 dB
(M)

µe −2.05 −5.05 −3.63 −5.53 −3.43 −5.69 −0.69 −2.72 −1.11 2.91
σe 4.86 6.30 4.57 5.56 4.49 15.04 0.67 0.21 0.25 0.32
De 5.27 8.07 5.84 7.84 5.65 16.08 0.96 2.73 1.14 2.93

Kanellopoulos and Margetis Model

Margin

threshold 3 dB 4 dB 5 dB 6 dB 7 dB 8 dB 9 dB 10 dB 11 dB 12 dB

(M)

µe −31.91 −37.355 −35.88 −32.68 −25.82 −26.52 −37.65 −37.31 −22.25 23.51

σe 10.24 13.24 10.23 10.01 11.69 19.62 16.55 15.75 14.37 16.82

De 33.51 39.63 37.31 34.18 28.34 32.99 41.13 40.49 26.49 28.91

Constant Rain Height Model

Margin

threshold 3 dB 4 dB 5 dB 6 dB 7 dB 8 dB 9 dB 10 dB 11 dB 12 dB

(M)

µe 48.77 43.75 54.08 56.28 60.12 71.91 67.91 71.12 80.61 85.92

σe 12.14 17.75 13.64 15.79 24.98 38.09 11.70 10.47 22.46 21.41

De 50.26 47.21 55.77 58.45 65.11 81.38 68.91 71.89 83.68 88.55

In the following part of the section, similar curves as before are
examined for some other locations where experimental data are not
available. More particularly in Figures 4–5, the conditional probabil-
ity versus r is drawn for a location in Denmark. For the examined
case, we have considered f = 12GHz , θd = 3◦ , M = 10 dB and
elevation angles ranging from 10◦ to 30◦ . As it can be seen, the devi-
ation between the present results and the existing ones [3, 5] is rather
insignificant for satellite paths corresponding to ϕ = 30◦ elevation
angles (Fig. 4). On the other hand, there is a gradually increasing
deviation with the decrease of the elevation angle and this is quite pro-
nounced for ϕ = 10◦ (Fig. 5). This is an expectable fact in absolute
agreement with the fundamental assumption of the present paper.
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Figure 4. The conditional probability P [∆A ≥ r|rm ≤ AC ≤ M ]
versus the variable r for f = 12GHz , M = 10 dB , ϕ1 = ϕ2 = 30◦ ,
θd = 3◦ (Denmark area).
(A): MODEL USING CONSTANT RAIN HEIGHT
(B): KANELLOPOULOS AND MARGETIS MODEL
(C): PRESENT MODEL

Another set of curves very useful for the system designer concerns
the examination of the effective carrier to interference ratio (C/I) ver-
sus the angular separation θd of the two satellites. Following basic link
considerations [9], the (C/I) ratio of an Earth-space system interfered
by an adjacent satellite under clear sky conditions can be expressed as

(
C

I

)

c.s.

= P + Q · log θd (27)

where the constants P and Q depend upon the equivalent isotropic ra-
diated power of interfered satellite S1 EIRPs , the equivalent isotropic
radiated power of interfering satellite S2 EIRP ′

s and the characteris-
tics of the sidelobe envelope level of the received antenna [9]. Under
rain fade conditions the (C

I ) ratio is reduced in the following way,
(

C

I

)

=
(

C

I

)

c.s.

− ∆A (28)
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Figure 5. The same as in Fig. 4 but for ϕ1 = ϕ2 = 10◦ .

In Figures 6–7, curves of (C/I) versus θd are presented for an Earth
station located in Denmark with respect to two elevation angles (10◦

and 30◦) . The numerical values for P and Q (see expression (27))
are presented in Table 2. For both cases, the frequency has been taken
to be 12 GHz , whereas an outage time of the order of 30 minutes has
been considered. Moreover, the percentage conditional interference
probability level in relation to the probability of proper operation,
as defined previously, has been assumed to be 0.001% (Fig. 6) and
0.01% (Fig. 7). In the same Figures the predictive results taken from
the existing methods [3, 5] are also presented.

Table 2. Parameters of the (C/I) versus θ example.

Parameter Value

P 15

Q 25

As it is expected, the deviation of the modified results against the
existing ones is quite insignificant for the ϕ = 30◦ elevation angle case.
The opposite certainly occurs for ϕ = 10◦ and this deviation can be
very critical, as will be shown in the following example. Let us assume,
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Figure 6. Carrier-to-interference ratio (C/I) versus the angular sep-
aration ( θd ) in comparison with the existing predictive results: f =
12 GHz , ϕ1 = ϕ2 = 30◦ , outage time: 30 min/year and percentage
conditional probability: 0.001% , (Denmark area).
(A): MODEL USING CONSTANT RAIN HEIGHT
(B): KANELLOPOULOS AND MARGETIS MODEL
(C): PRESENT MODEL
(D): CLEAR SKY CURVE

that we would like to estimate a threshold θth of the angular separa-
tion between the satellites, less than this the operating system violates
the specified interference tolerance conditions. By this term, we mean
that the (C

I ) ratio is permitted to exceed an established “power pro-
tection ratio” for cochannel interference with respect to a specified
conditional probability p% . If we would specify a “power protection
ratio” of the order of 30 dB , valid for both 0.001% and 0.01% , then
from Fig. 6 the corresponding θth can be found to be 4 (deg) for the
unperturbed model [3], and 5.5 (deg), 6 (deg) for the present and the
Kanellopoulos-Margetis models [5], respectively. As can be seen, the
influence of the present assumption for the more accurate estimation
of the effective slant radio paths is not quite significant in relation to
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Figure 7. Carrier-to-interference ratio (C/I) versus the angular sep-
aration ( θd ) in comparison with the existing predictive results: f =
12 GHz , ϕ1 = ϕ2 = 10◦ , outage time: 30 min/year and percentage
conditional probability: 0.01% , (Denmark area).
(A): MODEL USING CONSTANT RAIN HEIGHT
(B): KANELLOPOULOS AND MARGETIS MODEL
(C): PRESENT MODEL
(D): CLEAR SKY CURVE

the Kanellopoulos-Margetis model. This is quite expectable due to the
fact that the elevation angle is 30◦ . On the other hand, for the cor-
responding ϕ = 10◦ case (Fig. 7) the respective values are 5, 7 and
10 (deg) and the necessity for introducing the novel assumptions for
the more accurate estimation of the effective slant radio path lengths
becomes inevitable.

4. CONCLUSIONS

One of the main propagation effects on interference between Earth-
space paths is considered to be the differential rain attenuation. In
this paper, an existing procedure for the prediction of the differential
rain attenuation is properly modified to include a more complicated
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but accurate estimation of the effective slant path lengths. This mod-
ification is considered to be necessary, particularly for satellite paths
operating under low elevation angles in the Ku-Band. The results of
the present procedure are compared with simulated data taken from
Montreal. The comparison shows an improved situation in relation to
the existing methods. In addition, the difference between the existing
results and the deduced ones after use of the novel considerations for
some other locations and climatic zones is also examined. As a general
conclusion, independent of the latitude of the location and the climatic
zone, the induced modification is quite significant for interfered satel-
lite paths associated with low elevation angles. On the other hand, for
elevation angles greater than about 30◦ , the improvement is consid-
ered to be negligible and the already existing predictive methods may
be used.

APPENDIX A. CALCULATION OF THE CONDITIONAL
PROBABILITY IN (1)

P [rm ≤ AC ≤ M ] =
1
2

(

erfc
(

u00√
2

)

− erfc
(

u02√
2

))

(A.1)

P [∆A ≥ r, rm ≤ AC ≤ M ]

=
1
2

[

erfc
(

u01√
2

)

− erfc
(

u02√
2

)]

− 1
2

∫ u02

u01

fU1(u1)erfc

[
u03 − ρn12u1
√

2(1 − ρ2
n12

)

]

for rm ≤ r ≤ M (A.2)

P [∆A ≥ r, rm ≤ AC ≤ M ]

=
1
2

[

erfc
(

u00√
2

)

− erfc
(

u02√
2

)]

− 1
2

∫ u02

u00

fU1(u1)erfc

[
u03 − ρn12u1
√

2(1 − ρ2
n12

)

]

for r < rm (A.3)

P [∆A ≥ r, rm ≤ AC ≤ M ] = 0 for r > M (A.4)

In the above expressions we have :

u00 =
ln(rm cos ϕ1) − ln(Am1)

Sα1

(A.5)
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u01 =
ln(r cos ϕ1) − ln(Am1)

Sα1

(A.6)

u02 =
ln(M cos ϕ1) − ln(Am1)

Sα1

(A.7)

fU1(u1) =
1√
2π

exp
(

−u2
1

2

)

(A.8)

u03 =
ln

[

exp[u1Sα1 + lnAm1 ]
cos ϕ2

cos ϕ1
− r cos ϕ2

]

− 	nAm2

Sα2

(A.9)

APPENDIX B. EVALUATION OF THE PARAMETERS
µA1 , µA2 , σA1 , and σA2

According to their definition we have :

µAi =E

{∫ LDi

0
Aodl

}

= E

{∫ Li

0
Aodl

}

+ E

{∫ LDi

Li

Aodl

}

= ambLi + E

{∫ LDi

Li

Aodl

}

(B.1)

where Li are given by (11) and

LDi = LSi cos ϕi (B.2)

Assuming now the inhomogeneity of the rainfall medium inside the part
K ′

iK
′
mi

and taking into account the comments preceding expression
(7), we have:

E

{∫ LDi

Li

Aodl

}

=
a

tanϕi
E

{

(Rave)b
i log

(
(Rave)i

10

)}

=
acb

i

tanϕi

∫ ∞

10
rbdi log

(
cir

di

10

)

p(r)dr

=
acb

iR
bdi
m

tanϕi

∫ ∞

uo

ebdiuSr

[

log
(

ciR
di
mediuSr

10

)]

f(u)du (B.3)

where f(u) is the normal density function [8] and uo is given by (15).
After a straightforward algebra, one gets expression (10) of the main
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text. Further, following the definitions (16) for the σA1 , σA2 , we need
to calculate the E{A′2

C} and E{A′2
I } given by:

E{A′2
C} =E

{∫ LD1

0
dz

∫ LD1

0
dz′[Ao(z)Ao(z′)]

}

=
∫ L1

0
dz

∫ L1

0
dz′E{Ao(z)Ao(z′)}

+ 2E

{∫ L1

0
dz

∫ LD1

L1
dz′Ao(z)Ao(z′)

}

+ E

{∫ LD1

L1

dz

∫ LD1

L1

dz′Ao(z)Ao(z′)
}

=M11 + 2M1d + Mdd1 (B.4)

E{A′2
I } =E

{∫ LD2

0
dz

∫ LD2

0
dz′[Ao(z)Ao(z′)]

}

=
∫ L2

0
dz

∫ L2

0
dz′E{Ao(z)Ao(z′)}

+ 2E

{∫ L2

0
dz

∫ LD2

L2
dz′Ao(z)Ao(z′)

}

+ E

{∫ LD2

L2

dz

∫ LD2

L2

dz′Ao(z)Ao(z′)
}

=M22 + 2M2d + Mdd2 (B.5)

where the Mii (i = 1, 2) factors have been evaluated elsewhere [5] and
are given by expressions (18–21) of the main text.

As far as the integrals Mid and Mddi (i = 1, 2) is concerned, we
have:

Mid =
∫ Li

0
dzE

{
Ao(z)a(Rave)b

i(LDi − Li)
}

=
a2

tanϕi

∫ Li

0
dzE

{

Rb(z)(Rave)b
i log

(
(Rave)i

10

)}

=
a2cb

i log e

tanϕi

∫ Li

0
dz

∫ ∞

0
dr(z)

∫ ∞

10
drki

[

r(z)brbdi

Ki
ln

(
cir

di

Ki

10

)

p(r(z), rKi)

]

(B.6)
after considering again the assumptions presented in Section 2.1 and
p(r(z), rKi) is the joint two-dimensional lognormal distribution for the
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point rainrates r(z) and rKi . Using now the transformations

uxi =
ln(rKi) − lnRm

Sr

uy =
ln(r(z)) − lnRm

Sr






(B.7)

and the Bayes theorem [8] for the joint density function fUXi
Uy(uxi ,

uy) and after a tedious but straightforward algebra we have :

Mid =
a2 log ecb

iR
b(di+1)
m

tanϕi
exp

(
b2S2

r

2

)

·
∫ Li

0
dz exp

(−b2S2
rρ2

ni
(z)

2

)

· Si(z) (B.8)

where

Si(z) = ln
(

ciR
di
m

10

)

T
(1)
i (z) + diSrT

(2)
i (z) (B.9)

and

T
(1)
i (z) =

∫ ∞

uo

exp [(di + ρni(z))buxiSr] fUXi
(uxi)duxi

T
(2)
i (z) =

∫ ∞

uo

uxi exp [(di + ρni(z))buxiSr] fUXi
(uxi)duxi






(B.10)

In the above expressions, fUXi
(uxi) is the normal density function

[8] and ρni(z) is the logarithmic correlation coefficient between the
specific attenuations Ao and aRb

Ki
given by:

ρni(z) =
1

b2S2
r

ln
[
1 + ρoi(z)(eb2S2

r − 1)
]

(B.11)

ρoi(z) =
G

√
G2 + (Li − z)2

(B.12)

adopting the convective raincell model, as suggested by Lin [7], to
describe the spatial rainfall inhomogeneity. Following the definition of
the error functions [10], the calculation of the integral (B.8) is direct
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and leads to the final expressions for Mid :

Mid =
a2cb

i log e

2 tanϕi
Rb(di+1)

m exp
(

b2S2
r (1 + d2

i )
2

) ∫ Li

0
dz exp[ρni(z)b2diS

2
r ]

·
{[

ln
(

ciR
di
m

10

)

+ d2
i bS

2
r

]

erfc(ai(z)) + bdiS
2
rρni(z)erfc(ai(z))

+

√
2
π

diSre
−a2

i (z)

}

(i = 1, 2) (B.13)

where

ai(z) =
uo − bSr(di + ρni(z))√

2
(B.14)

Finally for the Mddi we have :

Mddi = E

{∫ LDi

Li

dz

∫ LDi

Li

dz′Ao(z)Ao(z′)
}

=
a2

tan2 ϕi
E

{

c2b
i r2bdi

Ki
log2

(
cir

di

Ki

10

)}

=
a2 log2 ec2b

i

tan2 ϕi

∫ ∞

10
r2bdi

Ki
ln2

(
cir

di

Ki

10

)

p(rKi)drKi (B.15)

after considering again the assumption of Section 2.1. The calculation
of the integral is quite trivial and gives the following expression:

Mddi =
a2c2b

i R2bdi
m

2 tan2 ϕi
log2 e exp(2b2d2

i S
2
r )

{[[

	n

(
ciR

di
m

10

)

+ 2bd2
i S

2
r

]2

+ d2
i S

2
r

]

erfc(u′
oi) +

2√
π

e−u′2
oidiSr

[√
2
(

	n

(
ciR

di
m

10

)

+ 2bd2
i S

2
r

)

+ diSru
′
oi

]}

(i = 1, 2) (B.16)

where

u′
oi =

uo − 2bdiSr√
2

(B.17)
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APPENDIX C. EVALUATION OF THE PARAMETER ρn12

Using expressions (22) and (23) of the main text, the evaluation of ρn12

leads to the calculation of the E{A′
CA′

I} given by ( see also Fig. 1):

E{A′
CA′

I} =
∫ L1

0
dz1

∫ L2

0
dz2E{Ao(z1)Ao(z2)}

+
∫ L1

0
dz1E

{∫ LD2

L2

dz2Ao(z1)Ao(z2)
}

+
∫ L2

0
dz2E

{∫ LD1

L1

dz2Ao(z1)Ao(z2)
}

+ E

{∫ LD1

L1

dz1

∫ LD2

L2

dz2Ao(z1)Ao(z2)
}

=N12 + N1d + N2d + Ndd (C.1)

where the factor N12 has been evaluated elsewhere [3]. The calcula-
tion of N1d and N2d follows similar steps as those described for the
evaluation of Mid and consequently the final results are only given:

N1d =
a2cb

2R
b(d2+1)
m log e

2 tanϕ2
exp

(

b2S2
r

(
1 + d2

2

2

))

∫ L1

0
dz exp(b2S2

rd2ρn(L2, z,∆ψ))
{[

ln
(

c2R
d2
m

10

)

+ bd2
2S

2
r + bd2S

2
rρn(L2, z∆ψ)

]

erfc(a2(z))

+

√
2
π

d2Sr exp(−a2
2(z))

}

(C.2)

where

ρn(L2, z,∆ψ) =
1

b2S2
r

ln[1 + ρo(L2, z,∆ψ)(exp(b2S2
r ) − 1)] (C.3)

ρo(L2, z,∆ψ) =
G

√
G2 + L2

2 + z2 − 2L2z cos(∆ψ)
(C.4)

and
a2(z) =

uo − (d2 + ρn(L2, z,∆ψ))bSr√
2

(C.5)
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The expression for N2d is the same as above but with the subscript 2
substituted by 1.

Finally for the Ndd we have :

Ndd = E

{∫ LD1

L1

dz1

∫ LD2

L2

dz2Ao(z1)Ao(z2)
}

=
a2

tanϕ1 · tanϕ2
E

{

(Rave)b
1(Rave)b

2 log
(

(Rave)1
10

)

log
(

(Rave)2
10

)}

=
a2c2b

tanϕ1 · tanϕ2

∫ ∞

10
dr1

∫ ∞

10
dr2r

db
1 rdb

2 log
(

crd
1

10

)

log
(

crd
2

10

)

p(r1, r2)

=
a2 log2 ec2bR2bd

m

tanϕ1 · tanϕ2

∫ ∞

uo

∫ ∞

uo

du1du2e
bdSru1

[

ln
(

cRd
m

10

)

+ u1dSr

]

· ebdSru2

[

ln
(

cRd
m

10

)

+ u2dSr

]

fU1U2(u1, u2) (C.6)

In the last expression we have used the following transformation:

u1 =
ln r1 − lnRm

Sr

u2 =
ln r2 − lnRm

Sr






(C.7)

and fU1U2(u1, u2) is the joint two-dimensional normal function. It
should also be noted here that the approximations c1

∼= c2
∼= c, d1

∼=
d2

∼= d have been used in (C.6) in order to avoid very complicated
expressions by assuming that the elevation angles ϕ1 and ϕ2 are not
very different. By using the Bayes theorem and after a straightforward
but tedious algebra we get:

Ndd =
a2 log2 ec2b

2 tanϕ1 tanϕ2
R2bd

m exp[b2d2S2
r (1 + ρn(L1, L2,∆ψ))]

·
{

π1[erfc(So) − K] + π2e
−S2

oerfc

(

So

√
1 − ρn(L1, L2,∆ψ)
1 + ρn(L1, L2,∆ψ)

)

+ π3e
−2S2

o/(1+ρn(L1,L2,∆ψ))

}

(C.8)

where
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π1 =
[

ln
(

cRd
m

10

)

+ (1 + ρn(L1, L2,∆ψ)bd2S2
r

]2

+ d2S2
rρn(L1, L2,∆ψ) (C.9)

π2 =
2√
π

d2S2
rρn(L1, L2,∆ψ)So +

[

ln
(

cRd
m

10

)

+ d2S2
r b

(1 + ρn(L1, L2,∆ψ))
]

dSr +

√
2
π

(1 + ρn(L1, L2,∆ψ)) (C.10)

π3 =
1
π

d2S2
r

√
1 − ρ2

n(L1, L2,∆ψ) (C.11)

and

So =
uo − (1 + ρn(L1, L2,∆ψ))bdSr√

2
(C.12)

K =
1
π






∫ π/2

− tan−1(C3)
e−S2

o/ cos2 ϕdϕ

−
∫ tan−1(C1)

− tan−1(C3)
e−C2

2/(C1 cos ϕ−sin ϕ)2dϕ for So > 0
∫ π−tan−1(C3)

tan−1(C1)
e−C2

2/(C1 cos ϕ−sin ϕ)2dϕ

−
∫ π−tan−1(C3)

π/2
e−S2

o/ cos2 ϕdϕ for So < 0

(C.13)

C1 =
ρn(L1, L2,∆ψ)

√
1 − ρ2

n(L1, L2,∆ψ)
(C.14)

C2 =
So

√
1 − ρ2

n(L1, L2,∆ψ)
(C.15)

C3 =

√
1 − ρn(L1, L2,∆ψ)
1 + ρn(L1, L2,∆ψ)

(C.16)

In the above expressions, the logarithmic correlation coefficient ρn(L1,
L2,∆ψ) between arb

1 and arb
2 is encountered, given by:

ρn(L1, L2,∆ψ) =
1

b2S2
r

ln(1 + ρ(L1, L2, ∆ψ)(exp(b2S2
r ) − 1)) (C.17)

ρ(L1, L2,∆ψ) =
G

√
G2 + L2

1 + L2
2 − 2L1L2 cos(∆ψ)

(C.18)
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adopting again the convective raincell model [7] to describe the spatial
rainfall inhomogeneity.
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