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1. INTRODUCTION

The analysis of the electromagnetic wave scattering by open ended
parallel plate waveguide cavity configuration is an important topic in
diffraction theory from both theoretical and engineering points of view.
Such an analysis is useful for dealing with radar cross sections (RCS)
analysis and EM penetration problems. This problem also serves as a
simple model of duct structures such as jet engine intakes. Up to now,
in the open literature many cavity scattering problems have been anal-
ysed by using a variety of analytical and numerical techniques. The
most used two typical methods are the waveguide modal approach |1,
2] and the high frequency ray techniques [3, 4]. However, the solutions
obtained by these methods remain valid depending on the length of
the cavity size. There are only few investigations of the diffraction by
open-ended cavities valid for arbitrary cavity apertures. The most ex-
tensive treatment is that of Kobayashi [5] who used rigorous function-
theoretic method. In the work of Kobayashi, the walls of the cavity are
assumed to be perfectly conducting. The main objective of this work
is to extend the analysis carried out by Wiener-Hopf technique to the
more general case where the walls forming the waveguide cavity are
characterised by impedance boundary conditions. From mathematical
point of view the extension of the analysis related to the perfectly con-
ducting case to the impedance case is not straightforward and merits
a detailed investigation. Furthermore, this analysis will enable us to
reveal influence of the impedance to the RCS of the cavity geometry

The geometry is uniform in the z-direction and the cavity is as-
sumed to be illuminated by an electrical line source located in free
space parallel to the z axis passing through the point, P(xg,yo,0)
(See Fig. 1). Hence, this problem is a two dimensional one that con-
sists of finding am explicit expression of scattered field. Firstly, by
using the “image bisection principle” [6] the excitation of the original
problem may be regarded as a superposition of four cylindric incident
waves (See Figs. 2a, 2b) or their equivalences shown in Figs. 2c, 2d.
Thus, the original problem can be converted into two simpler ones (See
Figs. 2¢, 2d). Once the solutions of the configurations depicted in Fig.
2c and Fig. 2d are obtained we simply add them together to get the
desired solution for the original problem (See Fig. 1). Since this ap-
proach separates the symmetrical and asymmetrical components of the
total field at the very beginning, the formulation of the Wiener-Hopf
equation is comparatively easier.
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Figure 1. Geometry of the diffraction problem.

The present method is based on the Fourier integral and series rep-
resentations of the scattered field in appropriate regions. The total
field inside the waveguide region is expanded into a series of normal
modes and Fourier transform technique is used elsewhere. Then, ap-
plying the boundary conditions the problem is formulated in terms of
Modified Wiener-Hopf equation for each excitation. Application of the
decomposition and factorisation procedures to these W-H equations
and taking into account the well known Liouville theorem together
with the edge condition leads to a Fredholm integral equation of the
second kind that can be solved approximately by the method of suc-
cessive approximations. The solution contains a set of infinite number
of constants satisfying an infinite system of linear algebraic equations.

An e~ time dependence for the EM fields will be assumed and
suppressed in the analysis that follow.

2. ANALYSIS

The geometry of the diffraction problem considered in this work is
given in Fig. 1 and is defined as S = {(z,y,z2) : z € (0,1), y € (=b,b),
z € (—00,00)}. The geometry is illuminated by an electrical line
source I as shown in Fig. 1 and the problem at hand is to find an ex-
plicit expression of the scattered field both inside and outside of the
waveguide region. The walls of the cavity are assumed to be charac-
terised by a constant surface impedance Z = nZy with Zy = \/po/co
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Figure 2. (a) Symmetrical excitation (b) asymmetrical excitation (c)
equivalent to (a) (d) equivalent to (c).

being the characteristic impedance of the free space. For the sake of
analytical convenience we will assume that the surface impedance is
purely reactive n = i§; £ € R where & denotes the relative surface
reactance.

Instead of attacking the original diffraction problem shown in Fig.
1, it is preferable to use the image bisection principle and to separate
this geometry into two simpler ones depicted in Fig. 2c and Fig. 2d
The solution of the original geometry is then the superposition of the
solutions related to the geometries shown in Fig. 2c and Fig. 2d. In
what follows the even and odd excitations will be treated separately.
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Figure 3. The complex a-plane.

2.1 Formulation for the Even Excitation Case

We first consider the configuration shown in Fig. 2c¢ which is equiva-
lent to the even excitation case. For analysis purposes, we will consider
the following regions B,, separately.

By ={(z,y) 1y > yo, © € (—00,00)}

Br={(z,y) 1y € (b,y0), v € (—00,00)}
By ={(z,y) :y € (0,b), x € (—00,0)} (1)
Bz ={(z,y) :y €(0,0), = €(0,0)}
By = {(x,y) ‘ye (07 b)v YIS (l,OO)}
The expression of the scattered field inside the region B, will be de-
noted by uf(z,y). These functions satisfy the Helmholtz equation.

Auy, + k*u, =0, (z,9) €B,, n=12,34 (2)

Here k denotes the wave number of the free space which is temporarily
assumed to have a small imaginary part. The solution related to the
lossless medium is obtained by letting Im(k) — 0 at the end of the
analysis.
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The appropriate expression of the function wu§(x,y) that satisfy
both the Eqn. 2 and the following radiation condition,

Vr(Ou/Or — iku) — 0, r — 00 (3)

can be written as follows:
1 ) )
uo(z,y) = —/Ae(a)eZK(a)ye_mmda. (4)
27T L

Here A°(a) is a yet unknown spectral coefficient to be determined
through the boundary conditions while K(«) is given by

K(a)=Vk?—a? (5)

The square root function K («) is defined in the complex «-plane cut
as shown in Fig. 3 such that K(0) = k. By considering the following
asymptotic behaviour of uf(z,y),

uilw,y) = O (M) v/z) (6)

for y=constant and |z| — oo, we see that A¢(a)e’¥(¥Y appearing in
(4) is regular in the strip Im(—k) < Im(«a) < Im(k) .
For the function u§(x,y), which is defined in the region y € (b, o)

and z € (—o0,00) we can

1 - : .
uf (@) = 5- /L { B (a)e @) 4+ C(a)e K@D emiargq (7)

The Fourier transform of u§(x,y) which will be denoted by u§(«,y),
reads

W (o, y) = Be(a)em(a)(y—b) + C'(a)e—iK(a)(y—b)
= F<(0,y) + FE (o, y)e'™ + Ff (o) (8a)

where

0 .
F¢(a,y) =/ uf(x,y)e'*dz,

—00

[
Ff(a,y) = / S ()™ da, (D)
0

oo
Fj(a,y)eml:/l uf(z,y)e' *“dx
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In (8a) and (8b) F€(a,y) and F{(a,y) are regular in the half-planes
Im(a) < Im(k) and Im(a) > Im(—k) respectively, whereas Ff(a,y)
is an entire function. We shall henceforth use the subscripts (—) and
(+) to denote the functions which are regular in the lower and upper
halves of the complex a-plane.

Let us consider the function u$(z,y) defined in the region y € (0,b)
and x € (—o00,0). By defining its analytical continuation into the
region, y € (0,b) and = > 0, as u§(x,y) = 0 ant taking the Fourier
transform of (4) we get

2 u
[(j—yz + KQ(Q)] G® (a,y) = — [W —iau§(0,y) (9a)
with 0
G® (a,y) = /_ u§(z,y)e" " dx (9b)

Inside the waveguide region, y € (0,b) and z € (0,1), we can express
u§(x,y) in terms of normal modes.

$ i)

0o 1 €

ue( _ D¢ iBix ( + ﬁnk —iB5x e 10

3 az,y)— n |€ 7 e COST,Y ( a)
el (1)

with

= VI (B cotg(mb) = (10b)

i
D¢ appearing in (10a) is yet unknown.
The expression of u§(z,y) can be obtained by a procedure similar to

the one outlined above for u§(z,y). Indeed, considering u§(z,y) =0
for the region y € (0,b) and = <[ we obtain

d? 2 ui(l,y) .
—— S = | /2% —iauj 11
@) Hie) = |20 i)
where HS (o, y) stands for
H (a,y) :/z uf(x,y)e " da (11b)

In order to determine the unknown spectral coefficients appearing in
the expression of the scattered field given above, one must take into
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account the following boundary and continuity relations as well as the
definition of the source.

ug(z,yo) — uf(z,y0) =0, x € (—00,00) (12a)

(% [ug(x,yo0) — ui(x,yo)] = ikIZod(x — o), x € (—o0,00) (12b)

(1 + %%) uf(xz,b) =0, x € (0,1) (12¢)
ui(x,b) —us(x,b) =0, x € (—00,0) (12d)
E%[ﬂp@@@ﬁﬂ:& z € (—00,0) (12)
ui(x,b) —ug(x,b) =0, x € (l,00) (12f)
S5 b) (b)) =0, a € (1,00) (120)
%5,0) =0, z€(~00,0) (12h)
WD o e )

%;’) =0, aze(l,o0) (12j)
(Lgﬁgﬁuaawzo, z € (0,0) (12k)
(1 - %(%) WS(0,y) =0,  ye(0,b) (121)
(1 + %(%) u§(0,y) =0,  ye(0,b) (12m)
us(l,y) —ug(l,y) =0,  ye(0,0) (12n)
L)~ i) =0, ye©b) (120)

By considering (4) and (7), C(a) can immediately be solved from
(12a) and (12b) to give

_ KIZoe™™™ o
Cla) = 2K (@) e

The Fourier transform of (12d) is

yo—b) (13)

Fe(a,b) + %Ff(a,b) =0 (14)
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where the dots means /0y . If we consider (7), (8a), and (8b) together
with (14), we get the following expression.

e Q e 1Y) e Q e
FE(a,b) + =2 (o, b) + e [F+(a,b) + ikﬂ(a,b)]

= [1+ 1K (@) B*(@) + [1 - 1K ()] C@)  (15)

Now, the unknown coefficient B¢(«) can be solved from (15).
Substituting the boundary conditions given by (12h) and (121) into
(9a) and using the following definition

_au%gay) — fe(y) (16)

we get

G (a,y) = P°(a) cos Ky + [(1 - %) /K] /Oy fE(t) sin[K (y — t)]dt

(17)
In a similar way, substituting (12j) into (11a) and using the following
definitions

W —ro(y),  dua(l,y) = °(y) (18)

one obtains
1 (Y
H (a,y) = Q°(x) cos Ky+E/O [r€(t) — as®(t)] sin[K (y—1t)]dt (19)

The integration constants, P¢(a), Q°(«), appearing in (17) and (19)
can uniquely be obtained via the boundary conditions (12d), (12e),
(12f), and (12g). Taking Fourier transform of these boundary condi-
tions we arrive at

F(a,b) = G*(a,b),  F°(a,b) = G (a,b),

: . (20)
F—i(aab) :Gi(aab)7 F—i(aab) :Gj-(a7b)

(e)

Now, by introducing the functions 7" (a) via

Ff(a,b)Jr%Ff(a,b) = T*(a), Fj(a,b)+%Fj(a,b) =T%(a) (21)
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and substituting them into (17) and (19) one obtains

T¢ (o) = P*(a) X¢() + 1 - — / fE(t) )dt  (22a)
T5(0) = Q“(0)X*(0) + - / —as ()] x“ (e, )t (22b)

with
X¢(a) = cos Kb — ,ﬂKsinKb,
X(a,t) =sin K(b—t) + %KCOSK(b —t)
i

After solving P¢(a) and Q°(«) from (22a) and (22b) and then sub-
stituting them into (17) and (19) we get, respectively

G (a,y) = Z?S(IS; {Te(a) 1 _ne / Fe(t) dt]
1 - — / fE(t)sin K (y — t)dt (24a)

I (0,9) = X{fj [Tﬂa)—? "0 - ast 0]y
+% Oy () — aus®(8)] sin K (y — £)dt (24b)

Note that the left hand side of (24a) and (24b) are regular in the lower
Im(a) < Im(k) and upper Im(a) > Im(—k) halves of the complex
a-plane, respectively. Therefore their right hand sides must also be
regular in the respective regions of regularity. This requirement is
satisfied if the following relations hold.

T (—a,)

_ sinKgb nkg,\? N o e Y e

~ ke 1— (T) <b+ 2 Sin Kmb> (1 —|—amE> fr, (25a)
T (ar,)

_ sinKgb nke\? .
= ok, 1—( > (b+—kSln K b)( —ap,sy,)  (25b)
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Here af, are the zeros of X¢(a) given by (23) and K, = K(+af,)

fon b | f(2)
re, | = 2 / re(t) | cos K tdt (26)
55, <b+%sin2Kmb> 0| so(t)

From (26) one can express f¢(t), r¢(t) and s(t) as follows

fe) © | fim
re(t) | = | re, | cos Kyt (27)
s¢(t) m=1 | s,

Consequently, by taking into account (8a), (15), (20), (21), (24a),
(24b), (27) and then carrying out some algebraic manipulations, we

arrive at the following modified Wiener-Hopf equation of the third
kind.

7(a)
Ac(a)

|72 (@) + €T (o)

= 2ik7(a)C () + F{(a, b)
> _ Q e ial (e e Kf’l Siannb
+mz::1 (1= af) fat el - ast)] 5 g
with
. ie'Kb n : K(a)
0« 40 s Bt -

(29)

This Wiener-Hopf equation permits us to solve the functions 7§ ()
in terms of the unknown Fourier coefficients f7,, s¢,, and r5, .

2.2 Approximate Solution to the MWHE

Let us consider the MWHE obtained in (28). The first step in
solving (28) is to perform the factorization of the functions 7(«) and
A¢(a) in the following form

(@) =7 ()74 (),  A%(e) = AZ(@)A%(a) (30)
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Where, 74 (o), A% («) and 7_(a), A€ (a) are regular and free of
zeros in the upper and lower half a-planes defined by Im(a) > Im(—k)
and Im(a) < Im(k), respectively. The explicit expression of AS ()
are given as follows [7]:

—i 1/2 Kb K
Ai(a)zy/%(coskb—gsinkb) exp{71n<a:f )

iab o im s a\ i
+— <1—C’+IHE+5)} xg <1+a—%>em (31a)
A () = A% (—a) (31b)

As to the split functions 74 (), they can be expressed explicitly in
terms of the Maliuzhinetz functions [8].

® {Mﬂ(?nr/2 — ¢ — ) Mp(r/2 — ¢ +6) }2

7 (k cos ¢) = %sin : TEEI)
: [1 + V2 cos (M)} }_1 (32a)
7_(k cos ¢) =14 (—k cos @) (32b)

with

du

N CaeE oy
n 87 Jo cos U
(32¢)
Now, multiplying both sides of (28) by A€ (a)/7y(a) and applying
the well known decomposition procedure we get

(@) 1 [ (5
T e o ), O

B 1 . 7—(0) ethl
-5 ), TOE G-

T (0) + Q55 () + wi(a) + i, b 22

74 ()

(33)
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with
e 2ikT_(B)ASL(B)C(B)
Ii(a) + % . 6 _+a dﬁ,
- Ai( ) (34a)
el < (ag, K¢, sin KEb
() = mz:l T+(a8,) (1 ) T 208, (g, — )
= A (af) K¢ sin K5b
+e _ +\"'m -
o) = 3 20 (g 2) et
A (o Ke sin K2 b
oy (1me) R (340)
_ = A (al,) ; K&, sin K5b
e — e _ e e iagl Pm> AmY 34
Wm (Oé) — T+(O£e ) (’rm amsm)e 2a$n(a7en — a) ( C)
AC (af K, K:b
wito) = 30 2O e e e ) giort K S Kb,
m=1 ’7'+(Oé ) 2am(am Oé)
A (a) L KE sinKC b
e _ e (& (107 m m 4d

The functions on the right hand sides of (33) are regular in the upper
half-plane, whereas those appearing in the left hand side are regular
in the lower half plane. Therefore, by analytic continuation principle,
(33) defines an entire function. By using the following edge conditions,

duf(z,b) _ <x71/3) 0
9y (352)
uf(x, ):O<x2/3>, x—0
81//?6(1:713) -0 |:(1' _ l) 1/2:| T — l,
Y (35b)
u§(z,b) = O |(xz — D)2, x—1
1

and the well known Tauberian theorems, it can be shown that, T («)
have their following asymptotic behaviour in the respective region of
regularity.

TS (a) =0 (a—3/2) . T%a)=0 (a—5/3) (36)
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Furthermore, we can easily show that we have

T+ ()
A (o)

=0(1) (37)

By considering (36), (37) and applying the Liouville theorem, one can
show that the above mentioned entire function is identically zero. Then
we may write

. () 1 . () el
TS = o ), TRy

+I¢(a) + Q. °(a) + w,f () (38)

A® (a)
Now, multiplying both sides of (28) with ﬁ(;))eml and performing
the similar procedure to those described above, we obtain

e 7'+(C¥) _ 1 e T+(ﬁ) eiiﬁl
A B A [
+ 15 () + 6/ (a) + 6, () (39)
with
" T e e—iﬁl
7 () - g /L +(5)A_ﬂ(ﬁ_)g(ﬂ) a5;

A (af) K¢ sin K¢b (402)
~ o sin
@—l-e - _ +\"'m e e .e m m
@) = = X TR O st g
oo .
AS (af)) n e KEsin KEb
0r¢(a) = — o S 4 (1 e _) e glag,l_tm P> T m? 40
0= =3 ey (Lt o) fre e oy (4
TS () will be determined through the equations (38) and (39) which
constitute a pair of coupled integral equations. These integral equa-
tions can be solved by iterations. When kl is large, the free terms
lying in the right hand sides of (38) and (39) gives the first order
solutions. Second order solutions can then be obtained by replacing
the unknown functions appearing in the integrands by their first order
approximations. Thus, one can write

TE (o) = TE () + TE(a) (41)
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where superscripts 1 and 2 indicates the first and second order approx-
imations, respectively. In (41) T¢!(«) are given as follows

e} +e
~ Qm

L)+ Y,
m

m=1

NI
(@)

_ AN ey 4 3
() = an, — o

T{ (o) =

2

T ()

with
A% ()

Ut = = TEEE | — afus)elen!
m
n K¢ sin K& b
1—af _> e] m m
+( Yy, Jm 2a8,
_ A%(an)

T (ag,)

+ (1 + ozfn%) fﬁlemfnl}

(43a)

O = [(ri + 0585,)
K¢ sin Kb

€
2a8,

(43b)

The explicit expressions of the functions I¢(a) and Ti () appearing
in (42) can be obtained asymptotically by substituting,

zo — L = po cos ¢o, Yo — b = posin ¢o;
To = p(, COS Py, Yo — b = p{ sin @(; 08 = —kcost

and using saddle point technique. The result is:

If (a)
Ik Zy sy T (K cos ¢) AS (K cos ) etk
T Vor ¢ a — kcos ¢ VEp)

k217
K(a)

1

7_(a) A% (ar)e o K=t g [Im(ar — kcos ¢)]  (45a)
I° (a)
- —Ik%Z, /4 T+ (k cos ¢po) AG (k cos ¢g) etkro
Vo a — kcos ¢g VEkpo

2 . ;
+ /}ffi 7 (@) A (@)@ DK 6o [ [Tm(k cos ¢o — )] (45D)
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Figure 5. Field terms observed in the region for y > b.

Here, H denotes the unit step function and the meanings of pg, pj, @0,
and ¢ are indicated in Fig. 5.
The second order solutions are given as follows:

TeQ( ) Ae( )Je(Oé), Tf2(05) _ Aj—(a)'je(a) (46)
m+(a) ()
where J¢(a) and J¢(a) stand for,
e—zﬂl
@ =g [, T O R G
) i + ) (47)
=5 ), OG-

According to Jordan’s lemma the integration line L, and L_ in (47)
can be deformed on to the brunch cuts C’2Jr + C5 lying in the lower
half plane and C'1+ + (7, lying in the upper half plane, respectively.

The resulting brunch cut integrals can be evaluated asymptotically.
Omitting the details, we write

J(a) = J(a) + J5(a),  J%(a) = Ji(a)+ J5(a)  (48)

where, Ji,(a) and ij(a) are given as follows;
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Ji(@)

B 9 k2 e*iﬂ'/4 Ai(k) 2 etkl = ,
— \/;W 07 [ N ] N {1_(-@ {b1]1 — F[kL(1 + cos ¢p)]]
+ bo[l = FEI(L + a/E)]] + bs[1 — F[kiI(1 = T)]]}

1 S
—i—(a FRT) 2= (ot + F) {F[kI(1 =T)] — Flki(1 + a/k‘)]}} (49)
with
b — 1
' k(cos ¢l + T)(kcos ¢l — a)’
1
bz = (a+kT) (o — kcos ¢p)’ (502)
by = !

k(o + kT)(cos ¢y + T)

T=(1-1/)"?, T (a)=I(a)(a—kcosdl)  (50b)
oo e : e e (e e\]2
i) = S LD S G 26 ) )

n=1Q%b [Xo(oze) + g SlIlKeb} (¢ + )

. = ¢771€ € (_af eiaj"bl
(5 )

k2eR/E [AS (KT) /7y (KT)]?
ST(kT + a)X@(sz)

{( —kT) +Z e+kT>““Tl} (51)
and

~, B 2 k2 eim/4 [AC (k) 2 ikl
Jl(“)‘\g?am [J(k:)} Vil

ATl — P - cosn)] + aat ~ Pk - /i)
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o0 9+€

+ a3l — F[kl(1 —T)]]} a_kT Z e R
1

AFRI(L=T)] = F[EI(1 - a/k)]}} (52)

> (K¢)?sin K&b [Ae( e)/7(ag)]”

=2 [Xetas) + g s <50 (o = )

{(i 07—26 +Te (ae)>}€iael
‘ (o +ae) 1+ "

k2eM/E [AC (KT) [y (KT)]?
SBT(KT — a) X (kT)

{([6 (KT) + Z o > ““Tl} (53)
as, + kT

with
_ 1

“= k(cos g — T)(k cos pg — )’
1

42 = (a — kT) (v — k cos ¢p)’ (542)
1

= k(aw — kET)(cos pg — T)

7% (a) = T¢ () (o — K cos o) (54b)

In the above expression F'(z) is the modified Fresnel integral defined
by [9].

F(z) = —2iy/ze % /\;o e dt (55)

For T%% (), following expression can be written
72 () = S (@) + Jfye) + T (@) + T (560)
72(a) = S5 [Tt + Tita) + Ffa) + ()] - (00)
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By considering (41), (42) and (56a), (56b) we may write

e ~ A (Oé) - 07—726 Te
T(oz)_T+( ) [Z +0[+1+(o<)
() + 5 (0) + TS (a) + J&(a)} (57a)
T () 2 2= | $° Vo' peq)
T T(a) + T5(0) + T () + ’Jsmﬂ (57b)

2.3 Determination of the Fourier Coefficients

At this stage our aim is to solve the unknown Fourier coefficients,
fe, s, ré appearing in the expressions of T (a) and Df appearing
in u§(z,y) . If one apply the boundary conditions (12n), (120) to (30a)
that u§(x,y) must satisfies and then use the definitions given by (18)
with (27) the relationships between unknowns s, rf,, and Df is
obtained as follows:

(Lem)
ZDG iBe1 —if5l COST :—27‘(’228 cos K y 583)

()

(455) s <
z:ﬂeD6 i l—i-igeﬂﬂnl COS TRy =—27 ern cos K,y (58Db)
n=1 (1_ﬂfb%> m=1

Now by taking into account (25a), (25b), (57a), (57b) together with
(58a) and (58b) the problem of finding the unknown coefficients ff,,
se,, o, and DY can be reduced into a system of linear algebraic
equations with infinite unknowns. By considering the convergence of
the solution, a truncation number, N, can be found depending on
the sizes of the diffraction geometry. Finally, these unknowns can be

determined with high accuracy by using this truncated system.

2.4 Odd Excitation

The solution for odd excitation is similar to that of the even exci-
tation case. Indeed, by considering the configuration shown in Fig. 2d
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which is equivalent to the odd excitation case and assuming a repre-
sentation similar to even case with the superscript “e” being replaced
by “0”, it can be seen that all the boundary and continuity relations
in (12a)—(120) remain valid for the odd excitation case as well, except
(12h), (12i), and (12j) which are to be changed as

ug(x,0) =0, x € (—00,0) (59a)
ug(z,0) =0, z € (0,1) (59b)
ug(z,0) =0, x € (l,00) (59c¢)

Taking into account these three different boundary conditions and per-
forming similar procedure in case of even excitation, one obtains the
following modified Wiener-Hopf equation related to the odd excitation
case,

T° () + emlTi(a)}

— 2ikr(a)C(a) + F7(a,b) + mi [(1=ad) 52

Ky, cos K7,b

ial(, .0 o
+ (g, — asy,)| —2 o (60)
with
oiKD 7
A°(a) = — : X% a); X%a)=sin Kb+ EK cos Kb (61)

and a2, are the roots of X°(a) = 0.For the odd excitation case the
relations given by (25a) and (25b) must be changed as follows

T°(—ay,)
cos Kb [ nksy 2 _ Ui 2 1
_ o m 1 ( n K° ) (1 o _) o 2
2Ky, ( F ) bt cos Kb ) (1 + ) Jm (622)
T9(a2,)
Kob [ (nEe\? ]

_ CO;Kan (77 km) 1 <b + % cos> Kfnb> (ry, +ap,sy,)  (62b)

where,

K° = K(+a2) (63a)
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and
I 2 b | fOt)
ro | = ¢ / ro(t) | sin K tdt (63b)
Sm <b + % cos® Kfnb> 0 [s°t)

The modal representation of u§(x,y) inside the waveguide region is
now given by

n
o0 1+ 557
x,y) = g D¢ [eiﬁzz — 7( 61'521] sin 70y; (64a)
n=1 - I’
"k

o= V=G tgrib =g (64b)

with

The pair of coupled integral equations to be used to determine T:‘;(a)
by iteration are easily obtained as,

ye’ T— eiﬁl
1) =5 [ TH) 5 o

Azl 2m RGP
+I°%(a) + ,°(« ) (@) (65a)
o T+ 1 0 fiﬁl
T+(a)A 2m/L+T )(ﬁ_ )dﬁ
+T2(0) +67¢(a B (650)
with
o 1 sin kb n 1/2 [ﬁ ln(M)]
A+(a):ﬁ\/a——|—k< ’ —l—%coskb> el .
27( Gy - 1 iab
A? (a) =A% (—a) (66b)
I° (o) = % —im /4 7—(k cos d)())AO (k cos ¢y) etkpp
7 Vor a — k cos ¢, kol
I Z]{ZQIZO (Oé)A?i_ (a>eiaxoeiK(yo_b)

K(a) T—
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- H [Im(a — k cos ¢y) ] (66¢)
To(a) = — VWA efm/47'+(k‘ cos ¢g) A (k cos ¢g) etkro
+ Vor a — kcos ¢q Vkpo

kZIZ() . .
. AO Za(l‘o—l) ZK(?JO_b)

+Z—K(a) T+(a)A? (a)e €

- H [Im(k cos g — )] (66d)
s A% (a2,) K7, cos Kb

0,00) =~ 3

= m(ag,)

. A% (a® o K9 K°b
o) ==Y Allam) (1% — a2 %) gloml Zm B AmI  ggr)

Te(ap) " 2a5,(ag, — )

(1-and) 72 (66¢)

202 (a9, — «)

m=1

@:rno(a) —_ _ i A(—)l-(a?n)

T (af,)

K9 cos Kb

n g, l
1+a° _> o Jiag,
< "k Jm 202, (a+ a9,)

(66g)
m=1
~ = A% (a2) K2 cos K9b
+o _ +\"m o o o m m
o) == 2 e aaragy

The first order solutions of T¢(a), namely T¢!(«a) are

°(q) |~ 0 ~+o
7ﬂ®=“‘ﬂmw+z i

R
L

(67)

%)

Il
>
| ©
S
| —— |
~
| 3
2
+
[]s
<
*
—_

with
_ AY(ag)

m
T (ag,)

N (1 —a%%) f%} K9 cos Kb (68a)

o
2a9,

y v O
il

Ut =

(5, — agsh)e

_ AY(ap)

24\ %)
T (ag,)

b (1+a2) e

O = (5, + ats2,)

K cos KOb
2a9,

(68b)

Finally, let us write the second order solution, T9%(c);

12 = 2, =01 o)

(@)
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Here J°(a) and jo(a) can be written as a sum of the two terms,

Jo(a) = Jf(a) + J3(e),  J°(a) = JY(a) + J5(a) (70)
where the terms J7,(a) and jf’Q(oz) are given by

. B 2 k2 —z7r/4 A° (k.) 2 etkl =5
st =\t [ T {»
A{b1[1 — F[kI(1 + cos ¢p)]] + bz[l — FlklI(1 + a/k)]]

) _0

+ b3[1 — Flki(1 —

—i—kT E:I ad, +k

AF[kl(1-T)] — F[kl(1+ a/k)]}} (7T1a)
i 2 cos Kb [A% (v )/7‘+(a%)]2

=1 b[Xe(ao)JrﬁcosK b] (a8 + )

OZO
< (a2, -|- ao) + Ig(‘%%)) } e'on!

. Ke ’fb/f (A% (KT) /74 (KT)]*
ST(kT + a)XO(kT)

{( —kT) +Z +k:T> ““Tl} (71b)

) =25 {Ae éfff i

Aai[l — F[kl(1 — cos ¢p)]] + az[l — FlkI(1 — a/k)]]
1 2 fte
+as[l — F[kl(1 = T)]]} + @ T 7;1 e T
AFkI(1—T)] - Flk(1 —a/k)]}} (71c)

(K9)? cos Kb [A% (a9) /74 (a9)]*
b [Xe(a;;) + 1 cos K;;b] (a® — )

J() =

n=1 &
m

" ikb

> 0+O ~, ;O
m 79 (o 1e%y)

2 r e +(O‘”)> } ‘

1
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K2R/ [AC (KT) /7y (KT)]?

(k
TSI — @) XO(kT)
o] 9—1—0 ]
| 19(—kT) + $> e““”} (71d)
{ < + — (a9, + kT)

For T¢*(a), following expression can be written

72 () = ZH (@) + Tiye) + T @) + T (120)
A° (a)

()

T%(a) = Th(@) + Jha(a) + I8y (@) + Jg(a)| - (72D)

In the above expression, T9(a) 2 T¢ () + T¢*(a) and ug(z,y) con-

tain unknown coefficients, f9,, s9,, ro,, and D? , respectively. These

unknowns can be determined as a similar way to that of the even case.

3. DIFFRACTED FIELDS AND NUMERICAL RESULTS
By considering (7) with (13), (15), and (21) the scattered field in the
region for y > b, for even and odd excitations can be written as,

ur” (@, y) = wyy (@,y) +uiy (2,y) +ugy () +upy (z,y)  (73)
with

co B 1 00 Te,o eiK(oc) y—b) fiaxd -1
e =g [ TG SR e )

€,0 _ 1 ° €,0 ezK(a) y=b) —ia(z—1)
Uq9 (1‘, y) = % /_OO T+ (a)me da (74b)
i ) = 20 [~ QoK) 2K
Ar J_o 1 +nK(a)/k) K(a)
. eiK(a)(eryO)e*i@(l“*lo)da (74C)
IkZy [ e~ K (a)(y—yo)
4w /oo K(a)

e,0

uiy (z,y) = e~ tl@=a0)dq (74d)

According to the image bisection principle, for the region y > b, the
field scattered from the original geometry, say u(x,y), can be written
in terms of even and odd solutions as,

u®(z,y) +u’(z,y)
2

u(z,y) = (75)



Diffraction of electromagnetic waves 189

The asymptotic evaluation of the integrals in (74a)-(74d) can be ac-

complished through the saddle point technique. Firstly, let us consider
e,0 e,0 . . . .

uly (x,y) and ujy (z,y). Their asymptotic evaluation gives,

urg (p7,07) = (ugy (p*,07) +uis (07,07)) /2
Ll
NN
= U; (76&)
wz (p7,¢7) = (uis (p7,07) +uts (p7,07)) /2

~_ IkZy efm/4(1 — 7)8in ¢_)€7iksin¢* etk
221 (1 +nsing™) kp~

= u, (76b)
where (pt,¢") and (p~,¢~) are defined by (See Fig. 4)

x—mzg=pcosgt, y—yo=—p"sing", ¢Te(0,m) (77a)
T—x9=p cOSP , Yy—yo=p sing-, ¢ €(0,7) (77b)

It is easily seen that wui4(p™,¢") denotes the dominant term in the
asymptotic expansion of the incident field emanating by an electri-
cal line source and wu13(p*,¢") is the field reflected from the upper
impedance wall of the waveguide cavity. The asymptotic evaluations
of (74a) and (74b) can be made in a way similar to those of (74c) and
(74d).

From (41) we have T9°(a) = T (a)+T5*°%() , and consequently
u11(p1,¢1) and wuiz(p2, p2) can be written as follows,

w1 (p1, ¢1) = uiy (p1, 1) + udy (p1, é1),

. ) (78)
u12(p2, 912) = ups(p2, d2) + uis(p2, 2)

Due to the presence of unit step function in I“°(a)) and Ti’o(a) ap-

pearing in the expression of uﬂ’d (z,y) and u%"ﬂ (z,y), respectively

one must consider the cases ¢y < 7 — @), ¢1 > 7 — ¢} for uly(p1,¢1)
and ¢g < — do, P2 > — dp for uly(p1, 1) separately. The results
for ul,(p1,¢1) are as follows;
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Figure 4. Various angles and distances.

The Case of ¢; <7 — ¢,

In this case, since the argument of the unit step function appearing
in 1°(a) is negative then the contribution of this term is zero. Taking
into account this fact, the following result is obtained.

uty(p1, ¢1)

_ ufi(p1, 61) + ufi(p1, 41)
2
< () DY} (61,60) see 361+ 6)F (2horcos? 101+ o))

L 0OF (2kp1 cos? & )]
+ sec §(¢51 - %) ( P1 COS §(¢1 - 450))} \/Tm
eikpl
+ DiF(¢1)—— (79)

Vkp1

where we have put
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Dii(¢1,60)
ket37T/4 sin ¢y sin ¢ >
< [AS (K cos ¢1)AG (k cos @) + AS (k cos ¢1) A% (K cos ¢)]
V21 (1 4 nsin¢1)(1 + nsin ¢fy) 7 (k cos ¢1) 74 (k cos ¢})

(80a)
Dii(¢1)
B ke~ /4r_(k cos ¢) i AS(kcosgr) _,
B 2v/2m = (af, + kcosgy) ™
= A% (kcoser)
* mz_:l (a0, + kcosgy) ™™ (80D)
d
- TkZy _inyq €FP0
wi(M) = —=2em/4 — (80c)

2V2m VEpg

is the incident field evaluated at the edge of M(0,b) (See Fig. 5).
(p1,¢1) are the cylindrical coordinates defined by (See Fig. 4)

r=picosor, y—b=pising;, ¢ € (0,7) (81)

The Case of ¢; > 7 — ¢,

In this case, the argument of the unit step function is positive, and
the contribution of this term gives the opposite of the reflected field.
When this term is added to the terms obtained for the case ¢1 < T7—¢j, ,
we get;

1 { Uh? ¢1 < T = ¢6 (82)

u ~
H uj — U, Q1> T — B

Similarly, the asymptotic solution of u?;(p1,¢1) can easily be obtained
as,

e /4 ksin gy

227 (1 + nsin ¢y
+ T9*(—k cos ¢1)]

uiy (p1, d1) = j [T (—k cos ¢1)

eikpl

Vkpi
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with T¢>%%(a) being given by (56a), (56b), (72a), and (72b).

The asymptotic expressions of uly(pe, #2) and u2y(pa, ¢2) can be
obtained in a way similar to that described for ui,(p1,¢1) and u?,(p1,
¢1) , respectively. The result is,

1 o {u%27 ¢2 > T = ¢0 (84)

Uy — Up, P2 < T — o

where,

uty(p2, ¢2)
~ u;(N)Di3(¢2, do) [Sec (¢2 + ¢o)F (2141,02 cos” %(Qb + ¢o)>

ikpo
+ sec 5 (¢>2 — ¢o)F <2kp2 cos” §(¢2 - ¢0)>} 3?;2
ka2

with

Di3(¢2, ¢0)
ke'™* sin ¢y sin ¢y
[A (K cos ¢2) A% (K cos ¢g) + A° (k cos ¢2) A% (K cos ¢o)]

V27 (1 4 nsin ¢2)(1 4 1sin go )7 (k cos ¢a) 7 (k cos ¢o)

(85b)

Di3(¢2)

_ ke~ "™/47, (K cos ¢) io: A€ (k cos ¢2) gre
o0/ — (ag, — kcosga) ™
= A°(kcos ¢o) n
° 85
+ mzl (a2, — k:cosqf)z)am (85¢)
ikpo

wi(N) = 2220 pim/a € (85d)

22m VEpo

Here wu;(N) is the incident field evaluated at the edge of N(I,b).
(p2, ¢2) are defined by

x—1=pocosda, y—b=pasingy, ¢ (0,m) (86)
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(See Fig. 4). Finally, the asymptotic expression of u,(pa, #2) is

e/ Lsin o

2v/27 (1 + nsin ¢o
+ T9*(—k cos ¢o)]

uiy(p2, ¢2) ~ ) [T6*(—k cos ¢)

eikp2
Vkp2

According to the results obtained from the above analysis, the region
y > b can be divided into three subregions, B%, B% , and Bi)’ , Where
different constituents of the total field are present (See Fig. 5). In the
region Bll and B%, we observe the fields u1; and wis which denote
the diffracted fields emanating from the edge N(l,b) and M(0,b),
respectively and wu; which denotes the field incident from the electri-
cal line source. However, in the region B} in addition to the terms
observed in B{ and B}, the field reflected from the upper impedance
plane and denoted by wu, is also present as expected.

In order to illustrate the effects of the different cavity sizes and
surface impedances on the scattering characteristics of the waveguide
cavity representative numerical examples are presented. These figures
shows the wvariation of the total diffracted field amplitude,
201og;( |u1vkp|, with the observation angle. Figs. 6a—6¢ display the
variation of 20log,|u1v/kp| with the observation angle for different
values of the cavity apertures. In These figures the angle of incidence,
oo, is fixed at 60°, the surface impedance is chosen as & = 0.1. In
Figs. 6a, 6b, and 6¢ the length of the cavity is set to [ = A, [ = 2\,
and [ = 3\, respectively. Fig. 7 shows the diffracted field amplitude
with the observation angle with different incidence angle, ¢ = 120°.
The variation depicted in Fig. 8 is given for the different values of
surface impedances for ¢y = 60°. It is seen that in all numerical
examples, the total diffracted field has maximum values along the di-
rection of the reflection boundary given by ¢ = 120° for ¢g = 60°
and ¢ = 60° for ¢9 = 120° as expected. The peaks along these reflec-
tion boundaries become sharper and the total diffracted field decreases
with an increase of the cavity aperture, b, for a fixed . On viewing
the curves for b = 4\ in Figs. 6a, 6b, 6¢, and 7 it is found that there
are no remarkable differences between the scattering characteristics
within 0° < # < 50° and those within 130° < # < 180° and total
diffracted field oscillates rapidly within these ranges. Whereas outside
these ranges oscillation is slow and variation of the total diffracted
field is smooth. Fig. 8 has also the same features with the figures

(87)
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Figure 6. Total diffracted field versus the observation angle, ¢, for
¢o = 60°, for different values of b.
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Figure 7. Total diffracted field versus the observation angle, ¢, for
oo = 120°, for different values of b.
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Figure 8. Total diffracted field versus the observation angle, ¢, for
¢o = 60°, for different values of 7.

considered above. In this figure, the value of n = 0.000001¢ is cho-
sen to represent perfectly conducting case, then it is possible to make a
comparison between impedance case and perfectly conducting case. As
it is seen the total diffracted field decreases with an increase of surface

admittance, 7.



196 Cetiner et al.

4. CONCLUDING REMARKS

The diffraction of electromagnetic waves by an open ended parallel
plate waveguide cavity with impedance walls has been investigated rig-
orously through the Wiener-Hopf technique. In order to get a scalar
type Wiener-Hopf equation, we propose a hybrid method which con-
sists of a combination of Fourier transform technique and modal ex-
pansion. Since this problem is important in several engineering appli-
cations, representative numerical examples have also been given. It has
been shown that the total diffracted field can be reduced by coating
the walls of the cavity with thin dielectric materials. Note that this
problem can easily be extended to the case where the cavity is filled
by a dielectric material and to the case where the inner and outer
impedances of the cavity are different.
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