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Abstract—Modeling of long range propagation of collimated wavepack-
ets poses some major difficulties with the conventional FDTD scheme.
The difficulties arise from the vast computer resources needed to dis-
cretize the entire region of interest and the accumulation of numerical
dispersion error. As a means for circumventing these difficulties, the
moving frame FDTD approach is in this work. In this approach, the
computational grid size is limited to the order of the pulse length, and
it and moves along with the pulse. The issues discussed in conjunction
with this method are those of numerical dispersion, which is shown
to be reduced substantially compared with the stationary formulation,
numerical stability, and absorbing boundary conditions at the leading,
trailing and side boundaries, Numerical results of pulsed beam prop-
agation in both homogeneous and plane stratified media are shown,
and the capability of the method is demonstrated with propagation
distances exceeding the order of 10* pulse lengths.
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1. INTRODUCTION

This work focuses on the development of an accurate and efficient nu-
merical approach for modeling the propagation of localized wavepack-
ets in complex environments over large distances. Several classes of
such solutions of the time-dependent wave equation have been intro-
duced recently in linear and in nonlinear media [1-7]. The major dif-
ficulties in modeling such long distance propagation problems with an
explicit, discrete numerical approach such as the conventional FDTD
scheme [8-10] are the vast computer resources needed to discretize
the entire region of interest and the accumulation of numerical disper-
sion error, which may be significant over very long propagation ranges,
Furthermore, these difficulties tend to reinforce each other: while nu-
merical dispersion can be reduced by using a finer grid, this quickly
exhausts the available computer resources. Still another problem is
that of numerical stability in inhomogeneous medium: trying to im-
pose the CFL (Courant-Friedrich-Lovy) criterion globally requires a
higher discretization rate than actually needed in each region sepa-
rately. Considering as an example a one dimensional, inhomogeneous
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medium, this condition becomes ~(z) = =3~ < @22 < 1. Thus,
for a constant discretization step Az, At needs to be small enough to
satisfy the condition in the fastest region. This not only causes ineffi-
cient calculations, but also tends to increase numerical dispersion errors
since 7y becomes much smaller than unity in the slowest regions. One
should also note the need for using appropriate Absorbing Boundary
Conditions (ABC’s) at the boundaries of the computational domain,
such as the Engquist-Majda-Mur [11] and Higdon [13, 14] conditions.
The moving coordinate frame FDTD approach makes tracking of
the wavepacket field over long distances feasible because (a) instead of
modeling a very large computational space with a stationary coordinate
frame, the numerical effort is confined to the restricted region contain-
ing the pulse, (b) the space-time trajectory for the moving frame is
calculated analytical using ray techniques, and (c) numerical disper-
sion errors are significantly reduced since the wavespeed of the frame
is found analytically. So far this approach has been studied for 1D
inhomogeneous medium in [15, 16] and for 1D homogeneous, nonlinear
optical medium [17]. In this paper we consider long range tracking
of 3D space-time wavepackets in plane stratified media, using Pulsed
Beams (PB’s) [5-7] in the numerical examples, while a recent paper
[18] considers the problem of wavepacket propagation in longitudinally
inhomogeneous graded index media, such as optical fibers. The appli-
cations in theses two papers differ both physically and numerically. In
the problem considered here, the spatial collimation of the wavepacket
is due to the wavepacket structure; in [18], on the other hand, the
spatial guiding is due to the graded medium (thereby introducing a
temporal dispersion which becomes significant at very large distances
yet is properly modeled by our moving frame FDTD scheme), Also, in
the guiding medium problem the off-axis field is evanescent, whereas
in the collimated wavepacket problem considered here there are no
evanescent fields. This leads to a different numerical implementations,
in particular for the ABC at the side walls of the moving frame.
Moving frame concepts have been used extensively in various an-
alytical and numerical techniques in the past, however mostly in the
form of the parabolic equation (PE) method or its optical counter-
part, the beam propagation method (BPM) [19, 20 (Ch. 6), 22, 23].
These frequency domain methods have also been extended to the time-
domain parabolic equation (TDPE) method [24, 20 (Ch. 8)]. They are
based on the extraction of the rapidly varying part of the solution,



4 Pemper et al.

which is known analytically, resulting in an approximate, one-way
(parabolic type) equation for the slowly varying term. This robust
approach has been used extensively for long range tracking of wave
fields in complex media. It suffers, however, from several drawbacks,
as follows: The one-way approximation a priori precludes interactions
which produce backward-propagating solutions; it assumes weak inho-
mogeneities; it assumes a limited propagation angle, and only scalar
models are treated.

The moving frame FDTD method is free of these limitations. It is
general, robust and fully vectorial, with no limitations on the medium
inhomogeneity. It is not based on the one-way approximation and thus
provides a full wave solution.

In this work we develop the moving frame FDTD approach for plane
stratified media. The numerical examples incorporate Pulsed Beams
(PB’s) [5-7] as exemplars if wavepackets. In order to describe the
method in the most transparent fashion, we refer to a vector acous-
tic equivalent of the problem which possesses fewer vector components
than its electromagnetic counterpart. Yet, our moving frame FDTD
approach is directly applicable to electromagnetic or other wave fields.
For instance, if the p field solution presented here is considered to be
the z-component of the Hertz potential, then the solver produces the
Lorentz potentials from which the electromagnetic fields follow imme-
diately with simple differentiations. The FDTD code is developed in
Sec. 2. In order to reduce the computations efforts we emphasize cylin-
drically symmetric solutions in cylindrical coordinates (a 3D Cartezian
example is considered in Sec. 5.2). The moving frame field-equations
differ from the stationary frame ones in that they involve spatial as well
as temporal derivatives of the same field component. Consequently, one
cannot use the conventional staggered (Yee) grid formulation. Rather,
we co-locate the field components at the same space-time points. A de-
tailed numerical dispersion and stability analyses are given in Section
3. It is shown that the moving frame formulation reduces the numer-
ical dispersion error for collimated wavepackets: In the limit where
the wavepacket propagation becomes one-dimensional, numerical dis-
persion is inherently absent [16]. The CFL condition for the moving
frame method is governed by the greatest wavespeed in the moving
numerical grid, which is that of the backward propagating constituent.
For a given numerical grid, the maximal time-step allowed is thus ap-
proximately half of the maximal time-step allowed in the stationary
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frame formulation.

The ABCs for the moving frame scheme are developed in Section
4. The ABCs used are first-order one-way wave equations in the back
(trailing) and front (leading) boundaries and a Higdon-type operator
for the side boundary. Yet since the wave field is essentially station-
ary within the moving frame, these ABCs have certain peculiarities
which are not encountered in the stationary scheme. In general, the
classic, stationary-frame forms of these ABCs are formulated via two
approaches, viz. the classic Engquist-Majda derivation, and the diag-
onalization of the original field equations into uncoupled, first-order
one-way wave equations. Here we utilize the second approach and de-
rive the ABCs for the front and back boundaries by transforming the
field constituents into one-wave adiabatic constituents thus diagonal-
izing the field equations into weakly coupled, first-order one-way wave
equations (Sec. 5.1.1). The adiabatic normalization is shown to be
essential for long range tracking in inhomogeneous medium. At the
back boundary we remove the incoming (forward propagating) wave
constituents from the numerical grid, while at the front boundary we
set the incoming (backward propagating) wave constituents to zero.
The ABC for the side boundary is obtained in Sec. 5.1.2 by trans-
forming the stationary frame, Higdon-type operator into the moving
frame formulation, and the corner points are discussed in Sec. 5.1.3
Numerical examples are given in Section 5 for cylindrically symmetric
pulsed beams in free space (Section 5.1) and in plane stratified medium
(Section 5.2). The results are compared to known exact and approxi-
mate solutions, and the effects of the computational domain size with
relation to the ABC’s are discussed. Finally, conclusions are drawn in
Section 6.

2. THE MOVING COORDINATE FRAME FDTD CODE
2.1 Field Equations

As has been mentioned in the introduction, we present the moving
frame FDTD the context of the vector acoustic field in the simplest
most transparent fashion. Yet the analysis does not utilize any special
property of the acoustic field, and the results are immediately applica-
ble to the vector electromagnetic case. We consider the acoustic wave
equations

1
OV = —;Vp, op = —c2pV - v, (1)
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where p is the pressure, v is the particle velocity vector, p = p(x)
and ¢ = ¢(x) are the density and sound speed of the medium, respec-
tively; x = (z,y,2) denotes the position in a 3D coordinate frame and
boldface is used to denote vectors. Henceforth we shall assume that
the medium is plane stratified along the z axis with ¢ = ¢(z), while

p=1.
2.2 Moving Coordinate Frame Formulation

We shall consider wave configurations where the wavepacket propa-
gates parallel to the z-axis at some wavespeed ¢"(z), and shall track
the field in a frame that moves at this speed. Therefore, we introduce
a moving coordinate frame ¢, defined by:

z CO

0 ()

where c¢g is an arbitrary reference velocity. The integral in (2) defines
the optical path length that maps the z axis onto an equi-propagation-
time axis. Subtracting cot describes { as an optical coordinate cen-
tered about the wavepacket’s center of mass.

Examples for this transformation are: (a) A plane stratified medium
with a wave propagating along the stratification axis, giving ¢¥(z) =
¢(z). (b) Same as above, but with a dispersive medium ¢ = ¢(z,w) .
For this type of problem one may choose ¢¥(z) = ¢(z,wp) where wy
is the center frequency of the pulse (this example is not treated in
this paper). (c¢) A graded index waveguiding structure (e.g., an optical
fiber) with the general form c¢(z,r) = ¢(z)/n(z, 1), r = Va2 +y?,
where the profile function 7(z,r) is monotonously decreasing away
from the z axis with n(0,7) = 1, so that ¢(z) is the wavespeed on
the axis. Since the modal propagation speed is close to ¢(z), we choose
here ¢*(z) =¢(z) (see [18]).

(= dz' — cot, (2)

2.3 Plane Stratified Medium — Field Equations

In this paper we shall only consider the case of wavepacket propa-
gation in a plane stratified medium with ¢ = ¢(z). We shall transform
the field equations to the moving frame and denote

v(z,y,z,t) =2V (z,y,(,t) + U(z,y,(,t), where U-z2=0 (3a)
p(z,y,2,t) = P(z,y,(, 1), (3b)
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where here and henceforth we use a caret to denote unit vectors. For
mathematical convenience we have also separated the longitudinal and
transversal components of the particle velocity vector, denoting them
as V and U, respectively. Using (2), with ¢¥(z) = ¢(z), the field
equations (1) become:

atV = Coacv — %Oé?CP (4a)
6tU = CoaCU - VtP (4b)
WP = coOcP — cocdV — &V, - U, (4c)

where V; = %0, +§0, and ¢((,t) = c[z(¢,1)].

In this article we shall mainly consider cylindrically symmetric wave
solutions which reduce the computational efforts. The analysis of the
cylindrically symmetric code that will be carried out is straightfor-
wardly extensible to the general cartesian coordinate case. We have
also formulated the full cartesian coordinate coordinate code, and its
numerical results will be presented below.

For the cylindrically symmetric case we denote U = #U , bringing
(4) to the form

(9tV = 008<V — C—EOOCP (53‘)

AU = codcU — 9, P (5b)
1

P = codcP — cotdcV — &~ 0,(rU), (5¢)

with the axial boundary conditions 9,P =0,V =U =0 at »r=0.
The central-difference discretized form of (5), organized in a “march-
ing in time” form, is thus:

Vi = Vi e (Vi = Vi) = (/&) (Pl = Play) - (6a)
UR =00+ (Ul = Ultay) = weg ' (Ply — Plya) - (6b)

_17j 1j_1
1 —1 ~
P =P e (Pl — Play) — @ve (Vi — Vitay)
1
~n\2 —1
= (&) o™ - (rji1U71 — 11U 1) (6¢)

J

The problem space is discretized uniformly: ¢, ¢, and r are sampled
uniformly at the points t, = nAt, (; = iA(, r; = jAr, where i =
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0,1,...,1 and j = 0,1,...,J [8]. We denote v, = COAACt, v, = it
and ¢ = ¢(iA¢, nAt).

Treatment of the Axial Singularity

Eq. (6a) applies for j > 0, while (6b) and (6¢c) apply for j >
1. In (6b) we have U = 0 for j = 0. The singularity of (6c) at
r = 0 is addressed by integrating (5c¢) within the elementary volume
dv = 2nrdrd( around the r = 0 axis, yielding, using the divergence
theorem:

Ar
/O rdr [0 — co(0. P — 20| = —2[rU], . (M)

Integrating by parts the integral on the left hand side yields

1 Ar g
i(mﬁ [0,P—co(Oc P — 0.V — drETQGT (0P —co(0c P — &0; V)]
0
(8)
In view of the axial boundary conditions mentioned after (5), the inte-
gral in (8) is O((Ar)*!) and may therefore be neglected. Substituting
in (7) yields

. 2
615P|7n:0 = CoaCP|T:0 — c0084V|T:0 — A—TC2U

+O ((AT)Q) (9)

r=Ar
or, in central-difference form:
1 -1 ~
Piy,lo+ :Pz'% + % (Pﬁrl,o - Piril,o) — G (VZ}H,O - Vﬁl,o)
— 4@ %e 'y Uy (10)

This equation replaces (6¢) for j =0.

3. DISPERSION AND STABILITY ANALYSIS
3.1 Dispersion Analysis

In order to derive the numerical dispersion relation, we may assume
in the analysis that the medium is locally uniform, with constant sound
velocity ¢. We make an ansatz for a space-time harmonic solution of
the following form:
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¥ VoJo(kr ;)
i = [ Uodi(kery) | etletnhecil (11)
PZ}] P()Jo(k‘ﬂ“j)

where k. and k; are wave numbers; Jy and .J; are Bessel functions
of the zero and first order, respectively, and 2 = v/—1 should not be
confused with the subscript 7. Substituting into (6), we obtain the
matrix equation

sin 2 + v, sin K¢ 0 —’ygc_l sin K¢ Vo
0 sin 2 + ¢ sin K¢ —Z’yrcglKr Uy | =0
—7cesin K¢ 1y cPeg LK, sin Q + ¢ sin K¢/ \ Fo

12)

where K = k:A(, K, = k.Ar, and € = wAt. In this derivation we
have used the relations 2k, ArJ',,(k,rj) =~ Jy (kyrjp1) — Jn (kprj—1),
J'o(2) = —J1(2) and {2J1(2)} = 2Jo(2). The local numerical disper-
sion relation is described by the zeros of the determinant:

sinQ + e sin K¢e =0 (13a)
2

(sin Q 4 ¢ sin K¢)* — 'ygsiHQKC — %*ﬁKf =0 (13b)
0

Eq. (13a) describes backward propagation in the moving frame. In
particular for small 2 and K¢ it reads

w

vp=1~—[1+0 (2, K?)] (14)
¢

where v, denotes the phase velocity. This phase velocity in the moving

frame corresponds to the radial propagation of U in the stationary

frame.
Eq. (13b) is rewritten as

22 2
iy K

sinQ +~vrsin Ky = &vy,sin K¢y |1+ % —5—
V¢ ¢ V¢ C\/ C(%’Yg SinzKC

. 2k?
~ :l:’yc SIHKC 1 + W’ (15)
0™¢
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where in the approximation we have used sin K¢ ~ K:. We shall
estimate the resulting numerical dispersion assuming an excitation by
a collimated PB with !

(kr k)’ =e< 1. (16)
Using (16), (15) reduces to

2
sin Q) + ¢ sin K¢ ~ ¢ sin K¢ <1 + C—2§> . (17)
o
This equation has two possible solutions: Taking the upper sign it

yields
2

sin Q) &~ 6—2574 sin K. (18)
cg 2
This almost stationary solution corresponds to the forward propagating
spectrum in the stationary frame. Indeed, in the 1D limit (a pulsed
plane wave propagating along the z axis) we have k, = 0 giving
e = 0 and thus sinf) = 0 and vy = v, = 0, where v, designate
the group velocity in the moving frame. This solution implies that
the moving-coordinate frame formulation in the 1D limit is free of
numerical dispersion errors regardless of the discretization ratio -
[15, 16]. For small 2 and K, (18) yields

w c?e 9 19 c?
vpfk—cwai[uo(@ K2)| < o (19)

hence to leading order, the numerical dispersion is independent of the
discretization, however it does depend on € (the spectral content of the
wavepacket), and disappears in the plane-wave limit € — 0. To find

the group velocity in the ¢ direction we rewrite (19) as w = %%i—f ,
hence 5 - )
w 1cck c” e
Vg N ——— = ——— (20)

T Ok 2a0k? 2

1 For example, the class of collimated PBs considered in [5] and [7] (to be utilized

in the numerical examples in Section 5.1 below) satisfies the spectral estimates:
ky ~ O(Wo_l) ~0 ((coTb)fl/Q) and ke ~ O ((COT)fl) where T is the temporal
pulse length, b is the collimation distance and Wy = +/coTh is the beam width
at the PB waist. These PBs are collimated if ¢gT/b < 1, thus giving (k:r/kc)z ~
O(cT/b) < 1.
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Taking next the lower sign in (17) we obtain

e
sin Q) ~ —¢ <2 + %5) sin K, (21)
giving, for small  and K,
w e
=g ® —2¢p (1 + %Z) [1+0 (2 KE)] = —2¢.  (22)

Clearly this solution corresponds to the backward propagating wave in
the stationary frame.

Dispersion Relation in the Continuous Domain Case

To further understand the numerical dispersion relations, we shall
show that in the limit of small €2 and K. they tend to the continuous
dispersion relation for a moving coordinate frame. To compute the
later we resort first to the stationary frame where the cylindrically
symmetric eigenfunctions are

1% VoJo(kyr) )
U | = | Upi(kyr) | e &tk (23)
P PoJo(krT‘)

where @, k., and k, designate the frequency and wave numbers in
the r and z directions, respectively, in the stationary frame. The
dispersion relation in of these solutions is

k2 4+ k2 =%/, (24)

where ¢ designates, as in the numerical dispersion formulation, the
wave speed in the (locally) uniform medium.

In order to transform this dispersion relation to the moving frame
we note that under the assumption of a uniform medium, (2) yields
¢ = co(z/c —t). Thus, since the transformation to the moving frame
involves only the z coordinate, we find that the eigenfunctions in (23)
are valid also in the moving frame provided that the term e !®t—F=2]
therein is replaced by ¢ L@kt 0k We thus identify the fre-
quency and the ( direction wave number in the moving frame w =
w — kzc and k¢ = k.. Substituting into (24) we obtain

w? + 2wk — k2 =0, (25)
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with the solution

k2 e
w + coke = Feokcy |1+ =75 & teoke ([ 1+ 55 |, (26)
where € is defined in (16). Form (26) we obtain
w P w e
TR R0 (1t 50 ). 27
k< Co 2’ k( CO( +C(2)4> ( )

The first and second expressions in (27) correspond to the leading
order terms in (19) and (22), respectively, showing, as expected, that
the moving frame numerical dispersion relations for collimated PBs
recover the continuous frame relations in the limit Q, K, — 0.

3.2 Numerical Stability
In general, the stability condition is implicitly contained in the nu-

merical dispersion relations. The space-time harmonic ansatz (11) has

a time increment dependency of e ™ = ¢~  Thus, deriving the

stability condition is tantamount to substituting ¢ = e~ into the

numerical dispersion relations and demanding that
99" <1 Vreal K¢, K,. (28)

Thus Eq. (13) gives

gl—g+ 1279 sin K¢ =0 (29a)
(g_l — g+ 127¢sin KC)2 +4(c/co)* 2 K? + 47? sin? K = 0. (29b)
Eq. (29a) yields g = 1y sin K¢ £ /1 — 7? sin? K¢, hence the stability

condition (28) is satisfied V real K¢ if and only if
ve <1, (i.e., coAt < AQ). (30)

Note that in this case |g| =1.
Eq. (29b) gives

g*l — g+ 12y sin K¢ ~ 12y sin K¢/ 1+ (6/00)26 (31)
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where we used the same approximation as in (15). For collimated

pulses, the correction term inside the square root is small and may be
approximated to first order. We obtain the following equation

1
g% —12g7c sin K¢ <1 + (1 + 5(6/60)26>> —-1=0 (32)

Noting from this equation that |g1]|g2] = 1, the stability condition
(28) is satisfied if and only if |g1| = |g2| = 1, VK., K, . This implies

1 1
‘w(l:l:(l—i— (¢/co) e)) smK<‘<fy<‘1j:(1+ (¢/co)? > <1 (33)
Thus, taking the upper sign in (33) we obtain
1 1 . 1
Yo < 5 1-— —(c/co) €)= ie., cpAt < §AC , (34)

where the small correction term has been neglected for € < 1. The
stability condition (34) is stronger than the previous one and therefore
will be used throughout. It is the analog of the CFL condition in the
stationary coordinate frame, recalling that in the moving coordinate
frame the greatest wave speed is 2¢y (for the backward propagating
wave).

Finally, taking the lower sign in (33) we obtain the stability condi-
tion

Y < 2(6/00)2671. (35)

Since € <« 1 this condition is much weaker than the CFL condition
(34).

4. ABSORBING BOUNDARY CONDITIONS

In this section, the formulation of boundary conditions for the moving
coordinate frame (2) will be addressed. Our formulation is second order
accurate. We implement first order boundary conditions that adapt
themselves continuously to the local changes in the medium properties.
This provides a stable and accurate scheme over very large distances.
We assume, without loss of generality, that our grid is located in the
region 0 < (¢ < (pax and 0 <7 < rypax -
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4.1 Adaptive ABCs for the Back and Front Boundaries

In general, when considering first order boundary condition schemes,
it is necessary to analyze the field components propagating in the direc-
tion normal to the boundary at hand. Consequently, when considering
the back boundary ¢ = 0 and the front boundary ( = (nax, We
assume 0, = 0 in (5), obtaining:

atV = C()aCV — %)GCP (36&)
OtU = COOCU (36b)
8tp = Coacp — Coéagv. (360)

In order to develop the adaptive ABCs that accommodate the varia-
tions of ¢(z), we transform the relevant field constituents to adiabatic-
type constituents using

P=¢1?2p, V="V (37)
We thus have for (36a) and (36c¢)

)

‘f@ m‘n
o

- - .1 .
0V = o0V — coOc P — €0 P (38a)

1
8t = Coagp — CoaCV + Co V (38b)

In deriving (38) we also note that c¢ is t—lndependent, so that (0, —
co0¢)¢ = 0. By adding and subtracting (38a) and (38b) we obtain

+ 1 9
oW = —560%CW (39a)
- - 1 det
W = 2600 W + 5coécw, (39b)
where N
W =P+V=¢12Pp+/?v (40)

are henceforth identified as the “one-way wave constituents” (Fig. 1).
Neglecting the coupling terms in (39), we finally obtain the diago-
nalized system of equations

+
aW =0 (41a)

AW = 2¢00. W (41b)
8tU = CoacU. (41(3)
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Figure 1. One-way wave constituents in the moving frame. The rect-
angle represents the boundary of the numerical grid. The solid arrows
inside the numerical grid represent the one-way wave constituents and
the corresponding physical one-way wave equations which (in the form
of propagation speed and direction). The arrows outside the numeri-
cal grid represent the numerical boundary conditions (i.e., the one way
wave equations) imposed on these constituents: The empty arrow in-
dicates the artificial boundary condition used to remove the reflected

one-way wave constituent W from the back boundary of the numer-

ical grid. At the front boundary we set W =0.

_|_ —
Thus W, W and U satisfy first-order one-way wave equations and
propagate at velocities 0, —2cg and —cg, respectively, in the ( di-
rection.

(A) ABCs for the Back Boundary

At the back boundary ¢ = 0, W and U exit the computatlonal
grid, while W is stationary. With respect to that boundary, W is

the incident one-way wave constituent and W is the reflected one-
way wave constituent that should be absorbed. This reflected one-way
wave constituent is stationary and does not propagate into the problem
space, yet, if untreated, it accumulates on the back boundary. To
remedy this situation we employ an outgoing one-way wave equation
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+
which removes W from the problem space:

+ +
oW = 01(‘9< W c1 >0, (42)

where ¢ is an arbitrary velocity which must be large enough to effec-
tively remove the reflected one-way wave constituent from the problem

space. For W we must use (41b) because of continuity considerations
(numerical tests show that changing the velocity 2c¢y in (41b) to a dif-
ferent velocity causes numerical instability, as can be expected). For
U we shall use the one-way wave equation (41c). These ABC are
summarized in Fig. 1.

Numerical implementation of the continuous boundary conditions
is obtained using the Mur finite-difference scheme [12]:

Ry T
B ()
Uptt = oy, % (U”“ Ugfj) (43¢)

Finally the field constituents are given by
i = gler ™ (W -, ) (140
(;ZH ; [&"H] 1/2 <V4I>Zjl + I/—{/Zjl) , (44b)

In Section 5.1.4 we present numerical results for different values of
c1. Form these results it is evident that the value of ¢; controls

the speed at which the reflected component W is removed from the
computational grid. A value of cj/co = 107! is sufficiently large to
remove any trace of the reflected one-way wave constituent. Any higher
values give the same result. Thus, since the choice of ¢; is arbitrary,
we may choose ¢; = 2c¢g, which provides simpler expressions. In this
case, combining (41b) with (42) yields

02V = 26002V (45a)
8 V2P = 200 V2P. (45b)
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Egs. (45) are readily discretized as:

n 1 ) QCQAt — A< ~n n TN
V(')’]'.Fl = |:\/01V17j+m< cl+lvl,;_1_\/c()‘/0,j>:| (46&)

~n—+1
\/ €o

oo | P 2c0nt—AC [ PIY Py
Porfj-lz E?g-‘rl 1 + €o C 1, 0,7 ) (46b)

VA 2c0At + A /6711+1 B NG

These equation are also obtained by combining (40), (43) and (44) and
setting c¢; = 2¢g .

(B) ABC:s for the Front Boundary

At the front boundary ¢ = (pax, W and U enter the grid from the
+

outside. The one-way constituent W is stationary and never impinges
upon the front boundary, so that there is no numerical reflection at the

front boundary. Therefore, we cannot remove W and U from the
+
problem space as we did with W at the back boundary. Numerical

tests show that attempting to remove W or U from the problem
space causes numerical instability at any removal speed (i.e., ¢1) we
choose (furthermore, in [18] we show that this instability occurs also for

the case where W is not stationary and does impinge upon the front
boundary). Thus, the solution is to specify W and U on the front

boundary according to our knowledge of their behavior. For W we
utilize the fact that the moving frame is moving at the local wavespeed.
Choosing the initial frame so that there is no field ahead of the front
boundary, one can force the field exterior to that boundary to vanish
for all £ > 0 and, hence, we may set there

W ‘Czcrmax - 0 (47)

The same condition also applies for U = V,.. Finally, for ﬁ/ we use
(41a), because of continuity considerations (as before). If, however,
the basic assumption of vanishing fields ahead of the front boundary is
not satisfied in the physical realm, we may expect error accumulation
near the front boundary (see the numerical study in Sec. 5.1.3).
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Numerical implementation of these boundary conditions with i = I
is readily obtained:

+n+l +7n

Wl,j = WIJ (48&)
_n+1

W, =0 (48b)
Uptt =o, (48c¢)

and finally, in the field constituents

1 1 +n+l _n+l1 1
Vil s —— <Wf,j —Wi, >:7 ’j +\/~”V1; (49a)
2

2 ‘67[1+1 ~?+1 \/C
" E?Jrl Lntl _n+1 E?+1 P
n _ ~n
= (W” + W ) — £ (49b)

4.2 Higdon-Type Operator for the Side Boundary

The boundary condition for the side boundary r = rpax = JAT
will be derived under the assumption that we are dealing with a col-
limated PB whose spectral constituents propagate at an angle 6 < 1
relative to the (¢ axis. A higdon-type annihilation operator for the
r = Tmax boundary in a stationary coordinate frame is given by
(sin 00, + cd,)W = 0. Transformation to the moving frame yields:

[sin 6(0; + co0¢) + O] W = 0. (50)

Since 6§ < 1 we may neglect the term multiplied by sinf and arrive

at:
oW = 0. (51)
Second-order accurate numerical implementation is readily achieved by
applying (51) at the grid-point (i, J — ) obtaining O, I/V|”+1 L= =0,
and finally
Wit = Wi (52)

In terms of the field constituents, (52) is used for P and U. For V
we may use (6a), since it involves derivatives solely in the ¢ direction.
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All in all, we have:

VszH = VZLJﬂ*'VC (Vfil,J_VﬂLJ)_(74/5?)(Pi711,J_P¢711,J) (53a)
urt=urrh (53b)
Pznjl = Pﬁjﬁll (53c)

4.3 Corner Points

At the corner points of the numerical grid boundary, both the (
direction and r direction boundary conditions apply. Since the moving
frame FDTD code is intended to track collimated PBs that propagate
mainly in the ¢ direction, we shall prefer the ¢ direction boundary
conditions over the r direction ones. Thus, at all corner points, we
use the ¢ direction boundary condition which applies at the specific
corner point.

5. NUMERICAL RESULTS

5.1 Cylindrically Symmetric Pulsed Beams in free Space
5.1.1 Reference Solution

As a first test case we used the moving-window FDTD scheme in free
space to track the exact wavepacket solution known as the “complex
source pulsed beam” (CSPB) [5]. This solution has the globally exact
expression

poxt) =R = Fn)}. (54)

Where 7=t — s(x)/c —1b/c and

s(x) = 1\/r2 + (z —1)?, Res > 0. (55)

_|_
Here f(t) is any analytic function, defined as the inverse Fourier
transform of positive frequency part of a spectral function f(w), i.e.,

;"—(t) _ ! /OO dwf(w)e ™! Imt < 0. (56)
0

™
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The parameter b > 0 defines the collimation distance of the wave-
packet. A paraxial approximation for (54) is obtained if we note from

(55) that s~ z — b+ sy for 1<V 22 + 1%, giving

zzb

el (mm)) @

Further properties of this solution are discussed in [5]. In particular it
should be noted that this solution does not vanish exactly ahead of the
wavefront, but it rather has a weak precursor, which however moves
forward together with the wavepacket. The effect of this field on the
numerical solution is clarified in Section 5.1.3 below.

Finally, the exact expressions for the longitudinal and radial veloc-
ities, v, = v and v, = u, respectively, are obtained by inserting (54)
into (1).

5.1.2 Numerical Examples

In the numerical examples below we use ¢ = ¢y =1 and b =1,
without loss of generality. Furthermore, noting that the expression in
(54) is singular at the “source plane” z = 0 where s has a branch cut
(see [5]) we shall only consider the domain z > 0.

We use, as examples, the following two different pulses:

+ + 1
F)=3(=1/2) = —— (58)

and N N 4
Ft) = —AR 5 (4 — o1p)2) = — 242 (58D)

Tt — 1Ty /2)
where Ay = T3/8T is a normalization constant used to bring the

+ +
peaks of the () pulse and of the & pulse to the same value. For

+
the analytic § function, denoted in (58a) as ¢ , the parameter T
is identified as the 3dB temporal pulse width. The half-amplitude
beamwidth obtained by using this function in (54) is found to be

W = Woy/1+ (2/b)?, with Wy = 2v/¢Th being the beamwidth at
the waist z = 0 [5]. This pulse has a relatively slow axial decay and

thus generates a less localized PB. It is therefore used here to study
the interaction of the PB field with the numerical grid boundaries.
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The twice differentiated analytic § pulse <—5~_ (2) in (58b) is a much
more localized wavepacket that has less interaction with the bound-
aries (see numerical result below). For this pulse we have chosen the
parameter 1o to be 5 times larger than the parameter T used for

the ¢ PB, in order to obtain similar wavepacket shapes near the pulse
center. n
Figures 2 and 3 show the results of numerical runs with § and

+(2)
0 , respectively. The initial data for these runs were taken from the

exact solution in (54) and was calculated at ¢ = 0.03 to avoid the
singularity of the exact solution at z = 0. The figures show snapshots
of the field distributions at an early time when the PB is still in the
near zone, at an intermediate time (¢ = b/c) when the PB is in the
Fresnel distance z = b, and at a late time (¢ = 4b/c) when the PB

is in the far zone z = 4b. The late time for § corresponds to 2000
pulse lengths, or 20000 time steps. Examples with propagation length
extending to order of 10* pulse lengths have also been worked out.
In Figs. 2(d) and 3(d), which compare the numerical and the exact

+
solutions, it is noticeable that the numerical solution for ¢ ) is more

J’_
accurate than the numerical solution for ¢ , especially near the front

boundary. This phenomenon is due to the more compact form of the
+(2)
0  PB which decays faster away from the pulse center, as explained

in paragraph 5.1.3 below.

5.1.3 Analysis of Error Sources at the front Boundary

The boundary condition in (47) is based on the assumption that the
size of the numerical grid has been chosen so that in the continuous
(physical) realm there is no field ahead of the window. If, however, this
assumption is not satisfied, the portion of the field ahead of the window
will ultimately affect the field in the window. This would happen
because the z-directed velocity component of the spectral constituents
that propagate in off-axis directions is smaller than the propagation
speed of the moving window. In view of the boundary condition in (47),
these field constituents cannot be modeled by our numerical scheme.

This source of error is identified and studied in Figures 2-4. As
mentioned after (57), our reference PB solutions do not vanish ahead of
the wavefront, but rather have a weak precursor, which is stronger for
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Figure 2. Numerical P field distribution in free space of a 3— PB,
shown at different propagation distances and times. The results where
calculated using the cylindrically symmetric code. Problem parame-
ters: cg =1, T=2x1073, AC=2x10"% Ar =8 x 1073, 4, =
0.495, I = 200 and J = 80. Boundary conditions where applied as
discussed in Sec. 1, with removal speed ¢; =2 (see Eq. (46)). (a) is in
the near-zone, (b) is at the Fresnel distance and (c) is in the far-zone.
(d) compares the far zone numerical and exact P-field solutions along
the PB axis (i.e., at 7 = 0). Note in particular the error at the front
edge.
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Figure 3. Same as Fig. 2but fora §  PB in free space. All problem
parameters are as in Fig. 2 except that here T is taken to be 1072 in
order to obtain a similar waveform to the one in Fig. 2.

+ +

the & wavepacket and is weaker for the 0 (2 wavepacket (from (57)
and (58) the axial decay for |t — z/c| > T is governed by (t —z/c)~!
for the former and by (t—z/c)~3 for the latter). One readily observes

J’_
that the numerical solution in Fig. 3(d) for ) is more accurate

than the one in Fig. 2(d) for g , especially near the front boundary.
The effect of the part of the physical solution that remains ahead of
the moving window is studied in Figure 4 where numerical solutions
attained from different sizes of the numerical window are compared to
the exact solution (note that we have intentionally used the weakly-
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Figure 4. The effect of the numerical window size on the numerical so-
lution. The figure compares the exact and numerical P field solutions
along the PB axis (i.e., at r = 0). Two numerical window sizes are
examined: The smaller window spans 0.02 < ¢ < 0.02 with I = 200
(as in Fig. 2), while the large window spans 0.02 < ¢ < 0.06 with
1 =400. All other parameters are as in Fig. 2. Note that the window
size affects only the error near the front boundary.

localized wavepacket defined by the 3— signal). The numerical solution
obtained for the wider window which encompasses a larger portion of
the precursor is the most accurate since there are less field components
ahead of the numerical window.

5.1.4 Removal of Reflected Wave Components from the back Boundary

Finally, in Fig. 5 we show the effect of ¢; from (42) on the numerical

results for a (JSr CSPB at ¢t = 4b. It is interesting to note that
higher values of ¢1/cy than those shown also perform well and pose no
numerical stability problems (the highest value attempted was c¢;/co =
10'9) . There is no discernible difference between the numerical result
for ¢1/co = 107! and those obtained for higher values of ¢;/co. Note
in particular the results in Fig. 2(c) which were calculated using ¢; =
260 .
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Figure 5. The effect of the removal speed ¢; on the numerical bound-
ary conditions at the back boundary: The figure depicts numerical P

field distributions of a 3— PB in free space at ct = 4b, for different
values of ¢ — 1. All other problem parameters are as in Fig. 2. Note
that case (¢) in Fig. 2 which depicts the same P field distribution at
the same time but with ¢; = 2 is indistinguishable from case (c¢) here.

5.2 Normal Propagation of Pulsed Beams in Plane Stratified
Media

5.2.1 Reference Solution

A general expression for a PB field in a smoothly inhomogeneous
medium has been given in [7]. In particular it has been shown that the
PB propagation trajectory satisfies the ray equation. For the present
problem of a PB normally impinging on a plane stratified medium the



26 Pemper et al.

propagation trajectory is a straight line along the stratification axis.
Specializing the general solution in [7, Eq. (58)] to the present case
(see details in Appendix A), we obtain

p(x,t):Re{ Velz)/e(0) fm}. (59)

4m (z(z) —1b)

where here

7“2

2¢(0) [z(z) — ab]’
B B Z () Y B — zd—zl
2(2) = /0 e 1e) = /0 = (61)

and for convenience we remove the real part symbol. This PB solution
remains collimated up to a distance zp obtained by solving

T=t—1(2) —

(60)

z(zr) = b, (62)

with the arrival time tp = #(zp). One may readily see that for a
homogeneous medium Eq. (59) degenerates to the paraxial approx-
imation for the CSPB (57). In the numerical examples below we
set c(z) = 1 + az where a > 0, giving 2(2) = az?/2 + z, t(z) =
ilm(az+1), 2p = 1 [V1+2ab—1] and tp = 2Inv1+2ab. Fi-

nally, the other vector components are found from (59) via (1).
5.2.2 Numerical Examples

Jr
We chose a = 0.1. For f we used the same choices as in (58).

Figure 6 shows the results of numerical runs with (_5|— (2) | using initial
data from (59) at ¢ = 0. In Fig. 6(d) one observes a good agreement
between the numerical result and the approximate analytical solution
of (59), even at large distances.

5.3 Full 3D Catesian Code

Finally, we also generated a 3D moving window FDTD code which
should be applied for an astigmatic PB. This code has basically the
same features as the one for the cylindrically symmetric solutions de-
scribed above. To test this code it is applied below for the exact
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Figure 6. As in Fig. 3but fora 4  PB in a plane stratified medium

c(z) =1+ az with a=0.1.

stigmatic CSPB solution in free space described in Section 5.1. We
_l’_
also used the same choice of f as in Section 5.1. Figure 7 shows the

results of numerical runs with (_SF ) PBs at ¢t = 4b. To check the
accuracy of the 3D numerical solution it is sampled at both the y =0
and the z = y planes, and the numerical solutions in the different
planes are compared (we used spline interpolation for the result on the
y = x plane to match the spatial sampling of the solution in the y =0
plane). The difference between the results in the different planes is
very small, as can be seen in Fig. 7(c). This shows that the effect of
the numerical dispersion in the different planes is almost identical.
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Figure 7. A study of the 3D FDTD code: The figure depicts the
numerical P field distribution in free space of a cylindrically symmetric

g 2 PB at ¢; = 4b, obtained via a 3D FDTD solution. (a) shows
the numerical solution in the y = 0 plane, (b) shows the numerical
solution in the z =y plane and (c) shows the difference between the
solutions in (a) and (b). The numerical solution in the = = y plane
was interpolated (using splines) to match the spatial sampling of the
numerical grid in the y = 0 plane. These results should be compared
with case (c) in Fig. 3 which was calculated using the cylindrically
symmetric code. All problem parameters are as in Fig. 3, except that
here, instead of using Ar = 8x 1073 and J = 80, we use Az = Ay =
8 x 1072 with 80 sampling points in each direction.
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6 CONCLUSIONS

It has been shown that modeling of long range propagation of colli-
mated wavepackets, both in homogeneous and plane stratified media,
is feasible using the moving frame FDTD approach. The distances
modeled so far exceed the order of 10* pulse lengths. Obviously, a
stationary frame formulation would be impractical for this size of prob-
lems. Our next goal is to develop the corresponding code for tracking
wavepackets in more general 3D inhomogeneous media. To achieve
this goal, we will have to construct a moving frame FDTD solver in
a curvilinear coordinate system that is structured locally around the
space-time ray trajectory that describes the wavepacket center of mass
(this trajectory is calculated a priori using asymptotics; see [7]). Mod-
eling of pulses along curved trajectories has already been demonstrated
in [25], and initial steps have been taken towards incorporation of these
tools into a 3D code along the lines discussed above. The problem of
pulse propagation in a graded index waveguide, simulating structures
such as fiber optics, is presented in another paper [18].

Appendix A. PB Solutions in Plane Stratified Media

The general solution for a PB in a smoothly varying medium is
given in [7, Eq. (58)]. This solution is structured along a trajectory %
satisfying the ray equation [7, Eq. (48)] whereon o is an arc length. In
these expressions x = (1, x2) denote orthogonal coordinates trans-
verse to o as defined in [7, Eq. (39)], with K(c) and k(o) being
the curvature and torsion coefficients along the ray trajectory.? The
tensors vq(o) and V(o) defined in [7, Eq. (46a)] measure the varia-
tions of the medium speed v(r) normal to the ray trajectory. Finally,
the solution in [7, Eq. (58)] is expressed in terms of the beam matri-
ces I'(0), P(0) and Q(o) which are solutions of the matrix Riccati’s
equation [7, Egs. (54, 55)] along ¥, subject to the initial conditions in
[7, Eq. (56)], defined by the beamwidth and curvature of the generally
astigmatic wavepacket at the initiation point.

In the present case, the medium is plane stratified and we note
that v(r) = ¢(z). Since the PB impinges on the medium along the

This appendix utilizes the notations of [7], using r for points in a 3D coordinate
frame, x for the 2D coordinate transverse to X and wv(r) instead of ¢ for the

medium wavespeed.
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stratification axis, its propagation ray trajectory is a straight line that
can be taken to be along the z axis, with the x coordinates being
the cartesian (z,y) coordinates. Noting that here Vo = 0 we find
from [7, Eq. (54-56)] that Q satisfies the equation Q' = ¢(2)I with
Q(0) = [I(0)]!, where I is the identity matrix, whose solution is
Q(2) = [0(0)] " +1 Jo ¢(z/)dz’. The matrix T is finally found from

I'(z) = [Q(2)]"'. For the present problem of a stigmatic PB with
waist at the z = 0 plane and collimation distance b we choose I'(0) =
2(be(0)) 7T, and thus

-1

T(z) =1 { /0 ") — wbe(0)] (63)

Finally, substituting (63) into the the general solution in [7, Eq. (58)]
we obtain the solution in (59).
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