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Abstract–The technique of dyadic Green’s function (DGF) expressed
in terms of the normalised cylindrical vector wave functions is adopted
in this study for examining the electromagnetic fields excited by one
thin circular loop antenna above a (un)grounded multi-layered chiral
slabs. The current carried on such a circular loop antenna is expressed
in a generalized Fourier series so as to incorporate practical situations.
Thereby, exact representations of the radiated fields in both near and
far zones are obtained in closed form, in a superposition of the right-
and left-handed circularly polarized waves. Furthermore, numerical
results are presented to show the radiation characteristics of the loop
antenna in different layered chiral slab structures. The contributions
of the lower- as well as higher-order current excitations to the far-zone
field are examined in detail.
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1. INTRODUCTION

It is known that chiral materials are characterized by three independent
constitutive scalars and they exhibit intrinsic handedness in their inter-
action with electromagnetic waves. So far significant research progress
has been achieved on various electromagnetic characteristics of artifi-
cially composite chiral materials, and much theoretical effort has been
spent on the dyadic Green’s function theory in chiral media [1–14].
Furthermore, the radiation characteristics of canonical sources in vari-
ous chiral regions have also been investigated. For instance, (1) dipole
antenna radiation in the presence of a homogeneous or a radially in-
homogeneous chiral sphere was considered, (2) the radiation and scat-
tering from a thin wire antenna in a unbounded chiral medium were
analysed, and (3) electromagnetic fields excited by a circular loop an-
tenna in a unbounded chiral medium and above a chiral half space
were formulated [15–27]. Also, chirolens antennas and chiral slab po-
larization transformer for aperture antennas have been proposed by
some researchers recently [28, 29]. In the previous studies, the dyadic
Green’s function (DGF) in chiral media has often been employed, and
therefore, the formulations of DGF in one-, and two-layered, or ra-
dially arbitrary multi-layered cylindrical and spherical chiral regions
have been successfully achieved by the eigenfunction expansion method
combined with the scattering superposition principle [10–13, 22, 23].

In contrast to the previous study, the present work aims at exam-
ining the radiation characteristics of a circular loop antenna excited
by harmonic currents of different orders. We know that there exist a
number of publications for dealing with the electromagnetic radiation
of a circular loop located in free-space or immersed in layered media,
however, no one has investigated on the electromagnetic radiation due
to the present model. In fact, the study of the interaction of electro-
magnetic waves with multi-layered chiral structures also has potential
applications in the field of antenna engineering. In the following sec-
tions, the mathematical treatment is based on the DGF in the form
of an eigenfunction expansion using the normalized cylindrical vector
wave function. For the generalized Fourier series form of the loop cur-
rent, all the field components are derived in an analytical form at first,
and both far and near zones can be included. Finally, numerical exam-
ples are presented to show the non-uniform current excitation effects
of a loop antenna on the variation of the far-zone field, and the chiral
effect is naturally taken into account.
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2. GEOMETRY OF THE PROBLEM

Fig. 1 shows the geometry of a thin circular loop antenna above a
grounded multi-layered chiral slabs, and the grounded plane at z = 0
can be a perfectly conducting plane or without PEC plane.
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Figure 1. Geometry of a thin circular loop antenna above a
(un)grounded N -layer chiral slabs.

Generally, the constitutive characteristics for each layer of the chiral
slabs in frequency domain and with the time dependence e−jωt can
be described by

D
(p)

= ε
(p)

E
(p)

+ ξ
(p)

H
(p)

, (1a)
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B
(p)

=µ
(p)

H
(p)

+ η
(p)

E
(p)

, p = 1, 2, · · · , N (1b)

where ε
(p)

, and µ
(p)

are the permittivity and permeability, respec-
tively, and ξ

(p)
= η

(p)
∗

= jκ
(p)

with the superscript ∗ standing for
the complex conjugation and κ(i) being the chirality parameter. Here
the volumetric electric current density of the thin circular loop antenna
is stated as:

J1

(
R

′) =
I(ϕ′)δ(r′ − a1)δ(z′ − d0)

a1
e ′
ϕ (2)

where e ′
ϕ is the unit vector of the ϕ′-component with respect to the

source coordinates (r′, ϕ′, z′) ; I(ϕ′) is an arbitrary function of ϕ′

and can practically be expressed by a Fourier cosine series; a1 is the
radius of the circular loop, and the location of the circular loop is
d0 > zN . Usually, the upper region z > zN is the free space (ε0, µ0) .

3. GENERAL FORMULATION OF THE
ELECTROMAGNETIC FIELDS

Straightforwardly, the electromagnetic fields in each layer of the
grounded multi-layered chiral slabs and their upper space excited by
the thin circular loop antenna are determined as follows:

E
(p)(

R
)
= jωµ0

∫∫∫

v

G
(p)

e

(
R |R ′)· J1

(
R

′)
dV ′, p = 1, 2, · · · , N, 0 (3a)

H
(p)(

R
)
=

∫∫∫

v

G
(p)

em

(
R |R ′) · J1

(
R

′)
dV ′ (3b)

and

G
(p)

em

(
R |R ′) =

µ0

µ(p) ∇×G
(p)

e

(
R |R ′)− jωµ0η

(p)

µ(p) G
(p)

e

(
R |R ′) (3c)

where the subscript v denotes the total volume occupied by the cir-

cular loop, and G
(p)

e

(
R |R ′) is the electric DGF corresponding to

each layer of the chiral substrate. For z > zN , the DGF is noted by

G
(0)

e

(
R |R ′) , where ε

(0)
= ε0, µ

(0)
= µ0, ξ

(0)
= η

(0)
= 0 (p = 0) . By
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making use of the method of scattering principle, G
(0)

e

(
R |R ′) con-

sists of two parts, i.e., the unbounded DGF and the scattering DGF,
as follows

G
(0)

e

(
R |R ′) = G

(0)

e0

(
R |R ′) + G

(0)

es

(
R |R ′) (4a)

where G
(0)

e0

(
R |R ′) represents the contribution of the direct waves

from the loop antenna in the free space (ε0, µ0) . It can be stated as:

G
(0)

e0

(
R |R ′)

= −
ēz ēzδ

(
R − R

′)

k0
2 +

j

4πk0

+∞∫

0

dλ

∞∑
n=0

2 − δn0

λ

·





g0

[
V e

onλ(h0)V
′
e
onλ(−h0)+We

onλ(h0)W
′
e
onλ(−h0)

]
, z ≥ z′

g0

[
V e

onλ(−h0)V
′
e
onλ(h0)+We

onλ(−h0)W
′
e
onλ(h0)

]
, z ≤ z′

(4b)

where ēz is the unit vector of the z-coordinate in the coordinate sys-
tem (r, ϕ, z), δ

(
R − R

′) is the Dirac delta function, and k2
0 =

ω2µ0ε0, g0 =
k0

h0
, h2

0 = k2
0 − λ2 . The G

(0)

es

(
R |R ′) in (4a) describes

an additional contribution of the multiple reflection wave from the
boundary z = zN , and can be further expressed as

G
(0)

es

(
R |R ′) =

+∞∑
n=0

+∞∫

0

g
(0)

C
(0)

dλ
{[

A
(0)

1 V e
onλ(h0)
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(0)

2 We
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]
V

′
e
onλ(h0) +
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(0)

3 V e
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(0)
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]
W
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e
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}
z ≥ zN . (5)

In the pth layer (zp−1 < z ≤ zp, p = 1, 2, · · · , N ; z0 = 0) , we have

G
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where

C
(0)

=
j(2 − δn0)

4πk0λ
, (7a)

k
(p)

± = ±
jω

[
η

(p) − ξ
(p)

]

2
+ ω

√
ε(p)µ(p) −

[
ξ(p) + η(p)

]2

4
; (7b, c)

while h
(p)2

± = k
(p)2

± − λ2(p = 1, · · · , N) , and δn0 =
{

1 n = 0
0 n �= 0 . k

(p)

±

are the wavenumbers corresponding to two circularly polarised modes
supported in the pth chiral layer, i.e., the right- and left-handed cir-
cularly polarised waves ( RCP: +; LCP:−) . It should be pointed out
that (7b, c) can be further simplified by taking ξ

(p)
= η(p)∗ = jκ

(p)

into account. Without loss of any generality, we would like to keep
such a generalised form, and that

1. the definitions and orthogonal properties of the normalised cylindri-
cal vector wave functions V e
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(
±h

(p)

+

)
, V
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(
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(p)

+

)
, We
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(
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−
)
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(
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−
)

can be found in [22], and the prime in (4)–(6)
indicates the coordinates of the source;
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the constructed DGFs can be in a much more concise
form;

3. the notations e
onλ of the normalised cylindrical vector wave func-

tions mean that the summation of both even and odd modes should
be taken into account when the above integral is calculated;

4. in choosing the form of the normalised cylindrical vector functions
to formulate the DGF in each region of above model, the mode
matching principle at each boundary should be applied at first, and
also the multiple transmissions and reflections should be taken into
account.
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The coefficients of A
(0)

1 −A
(0)

4 , · · · , A(p)

1 −A
(p)

8 are unknown but can
be determined by the boundary conditions at z = zp (p = 1, 2, · · · , N) ,
i.e.,

ēz × G
(p)

e

(
R |R ′) = ēz × G

(p+1)

e

(
R |R ′) (8a)

ēz×
1

µ(p)

[
∇× G

(p)

e

(
R |R ′) − jωη

(p)
G

(p)

e

(
R |R ′)]

= ēz×
1

µ(p+1)

[
∇×G

(p+1)

e

(
R |R ′)−jωη(p+1)G

(p+1)

e

(
R |R ′)]

, (8b)

and especially, at z = 0 , we have

ēz × G
(1)

e

(
R |R ′) = 0. (9)

Then, by substituting (4)–(6) into (8a, b), and after tedious mathe-
matical manipulations, two independent sets of linear equations can
be derived for determining all the unknown coefficients, which are pre-
sented in Appendix 1.

On the other hand, when the grounded plane is removed in Fig. 1,
and the region of z < 0 is assumed to be free space, the corresponding
DGF should be:

G
(z<0)

e

(
R |R ′) =

+∞∑
n=0

+∞∫

0

g
(0)

C
(0)

dλ
{[

A
(0−)
1 V e
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(0−)
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]
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+A
(0−)
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]
W

′
e
onλ(h0)

}
(10)

where A
(0−)
1 − A

(0−)
4 are also the unknown coefficients to be deter-

mined.
Furthermore, by substituting (2) together with (4)–(6) into (3), re-

spectively, the electromagnetic fields excited by the thin circular loop
antenna in each layer can be found as follows:

E
(0)(

R
)

= E
(0)

0

(
R

)
+ E

(0)

s

(
R

)
(11a)



138 Yin et al.

where

E
(0)

0

(
R
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jωµ0√
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(∓)
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onλ(−h0)J
(±)
W+

]
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(11b)

and

E
(0)

s

(
R

)
=

jωµ0√
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+∞∫

0

g
(0)

C
(0)
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In the p th layer (zp−1 ≤ z ≤ zp, p = 1, 2, · · · , N) ,

E
(p)(

R
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jωµ0√
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+
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−
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J
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)
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(
−h
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−
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J
(±)
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+
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(
h

(p)

+

)
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(
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(p)

−
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J
(∓)
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A
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(
h

(p)
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)
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(p)
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(
h

(p)

−
)]

J
(±)
W+

}
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and the shorthand notations in (11)–(12) are

J
(∓)
V + = ejh0d0

[
∓jh0n

k0a1
Jn(λa1)I(sc) − dJn(λa1)

da1
I(cs)

]
(13a)

J
(±)
V − = e−jh0d0

[
±jh0n

k0a1
Jn(λa1)I(sc) − dJn(λa1)

da1
I(cs)

]
(13b)

J
(±)
W+ = ejh0d0

[
±jh0n

k0a1
Jn(λa1)I(sc) − dJn(λa1)

da1
I(cs)

]
(13c)
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J
(∓)
W− = e−jh0d0

[
∓jh0n

k0a1
Jn(λa1)I(sc) − dJn(λa1)

da1
I(cs)

]
(13d)

I(cs) =

2π∫

0

cos
sin (nϕ′)I(ϕ′)dϕ′, I(sc) =

2π∫

0

sin
cos(nϕ′)I(ϕ′)dϕ′ (13e, f)

where Jn(λa1) is the nth-order cylindrical Bessel function.
Correspondingly, the magnetic fields excited by the loop antenna

are expressed as:

H
(0)(

R
)

= H
(0)

0

(
R

)
+ H

(0)

s

(
R

)
(14a)

where

H
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0

(
R
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+∞∑
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C
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(∓)
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]
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and

H
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(
R
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0

g
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C
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A
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(∓)
V +

+
[
A

(0)

3 V e
onλ(h0) − A

(0)

4 We
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J
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}
. (14c)

In the pth layer (zp−1 ≤ z ≤ zp, p = 1, 2, · · · , N) ,

H
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+∞∫
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−
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−
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+
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(
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)
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(p)
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−
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(
h

(p)

−
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J
(±)
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}
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and

Z
(p)

± =
1

ε(p)



±

j
[
ξ

(p)
+ η

(p)
]

2
+

√
ε(p)µ(p) −

[
ξ(p) + η(p)

]2

4



 (16a,b)

are the characteristic impedances of RCP (+) and LCP (−) modes

in the pth chiral layer, respectively. In fact, Z
(p)

± =

√
µ

(p)

ε
(p) under the

condition of ξ
(p)

= η(p)∗ = jκ
(p)

. Here the field expressions (11), (12),
(14) and (15) are valid for any current distributions on the circular
loop antenna and any observation point except for the regions occupied
by the loop itself. Naturally, the scalar forms of all field components
with respect to the cylindrical coordinate system (r, ϕ, z) can also be
derived but are suppressed here. Now we pay attention to the following
current distributions:

1. Fourier series distribution [30, 32], i.e.,

I(ϕ′) = I0 +
∞∑

s=1

Is cos(sϕ′) (17)

For such a non-uniform distribution, substituting (17) into (13c, d),
the above shorthand notations (13a, b) are reduced to be

J
(∓)
V + =π(1+δn0)Inejh0d0
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0
1
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0
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J
(±)
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0
1
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0
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(
0
1

)
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(
1
0

)]
(18d)
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Furthermore, by substituting (18a–d) into (11), (12), (14) and (15),
all field expressions can be changed into another form. For example,
when z ≥ d0 ,

E
(0)(

R
)

= − jωµ0√
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+∞∑
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In(1 + δn0)

+∞∫
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g
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·
{

e−jh0d0dJ (a1)
[
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A
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2

+∞∑
n=0

In(1 + δn0)

+∞∫

0

g
(0)

C
(0)

dλ

·
{

e−jh0d0dJ (a1)
[
V enλ(h0) − W enλ(h0)

]

+ e−jh0d0
jh0n

k0a1
J (a1)

[
V onλ(h0) + W onλ(h0)

]

+ ejh0d0dJ (a1)
[(

A
(0)

1 + A
(0)

3

)
V enλ(h0)

−
(
A

(0)

2 + A
(0)

4

)
W enλ(h0)

]

− ejh0d0
jh0n

k0a1
J (a1)

[(
A

(0)

1 − A
(0)

3

)
V onλ(h0)

−
(
A

(0)

2 − A
(0)

4

)
W onλ(h0)

]}
(19b)

E
(p)(

R
)

= − jωµ0√
2

+∞∑
n=0

In(1 + δn0)

+∞∫

0

g
(0)

C
(0)

dλ

·
{

ejh0d0dJ (a1)
[(

A
(p)

1 + A
(p)

3

)
V enλ

(
−h

(p)

+

)

+
(
A

(p)

2 +A
(p)

4

)
W enλ

(
−h

(p)

−
)
+

(
A

(p)

5 + A
(p)

7

)
V enλ

(
h

(p)

+

)
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+
(
A

(p)

6 + A
(p)

8

)
W enλ

(
h

(p)

−
)]

− ejh0d0
jh0n

k0a1
J (a1)

[(
A

(p)

1 − A
(p)

3

)
V onλ

(
−h

(p)

+

)

+
(
A

(p)

2 − A
(p)

4

)
W onλ

(
−h

(p)

−
)

+
(
A

(p)

5 − A
(p)

7

)
V onλ

(
h

(p)

+

)

+
(
A

(p)

6 − A
(p)

8

)
W onλ

(
h

(p)

−
)]}

(20a)

H
(p)(

R
)

= − ωµ0√
2

+∞∑
n=0

In(1 + δn0)

+∞∫

0

g
(0)

C
(0)

dλ

·
{

ejh0d0dJ (a1)

[
1

Z
(p)

+

(
A

(p)

1 + A
(p)

3

)
V enλ

(
−h

(p)

+

)

− 1
Z

(p)

−

(
A

(p)

2 + A
(p)

4

)
W enλ

(
−h

(p)

−
)

+
1

Z
(p)

+

(
A

(p)

5 + A
(p)

7

)
V enλ

(
h

(p)

+

)

− 1
Z

(p)

−

(
A

(p)

6 + A
(p)

8

)
W enλ

(
h

(p)

−
)]

− ejh0d0
jh0n

k0a1
J (a1)

[
1

Z
(p)

+

(
A

(p)

1 − A
(p)

3

)
V onλ

(
−h

(p)

+

)

− 1
Z

(p)

−

(
A

(p)

2 − A
(p)

4

)
W onλ

(
−h

(p)

−
)

+
1

Z
(p)

+

(
A

(p)

5 − A
(p)

7

)
V onλ

(
h

(p)

+

)

− 1
Z

(p)

−

(
A

(p)

6 − A
(p)

8

)
W onλ

(
h

(p)

−
)]}

(20b)

where J (a1) = Jn(λa1) , and dJ (a1) =
dJn(λa1)

da1
. In addition, when

the thin circular loop antennas is excited by a sinusoidal current, i.e.,

I(ϕ′) = Is cos(sϕ′) (21)

the electromagnetic fields in both near and far field zones can be ob-
tained only by replacing the factor In in (19)–(20) by In = Isδns , and
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δns =
{

1 n = s
0 n �= s

.

2. Uniform current distribution [30–32], i.e.,

I(ϕ′) = I0. (22)

This can also be regarded as the special case of s = 0 shown in (17).
For such a uniform current excitation, both the electric and the mag-
netic fields in each layer of the grounded multi-layered chiral slabs do
not include the odd-mode component since n = 0 . Therefore, the
above field expressions (19a, b) and (20a, b) can be greatly simplified
as follows:

E
(0)(

R
)

= − j
√

2ωµ0I0

+∞∫

0

g
(0)

C
(0)

dλ

·
{

e−jh0d0dJ (a1)
[
V e0λ(h0) + W e0λ(h0)

]

+ ejh0d0dJ (a1)
[(

A
(0)

1 + A
(0)

3

)
V e0λ(h0)

+
(
A

(0)

2 + A
(0)

4

)
W e0λ(h0)

]}
z ≥ d0, (23a)

H
(0)(

R
)

= −
√

2k0I0

+∞∫

0

g
(0)

C
(0)

dλ

·
{

e−jh0d0dJ (a1)
[
V e0λ(h0) − W e0λ(h0)

]

+ ejh0d0dJ (a1)
[(

A
(0)

1 + A
(0)

3

)
V e0λ(h0)

−
(
A

(0)

2 + A
(0)

4

)
W e0λ(h0)

]}
z ≥ d0, (23b)

and (zp−1 ≤ z ≤ zp, p = 1, 2, · · · , N) ,

E
(p)(

R
)

= − j
√

2ωµ0I0

+∞∫

0

g
(0)

C
(0)

dλ

·
{

ejh0d0dJ (a1)
[(

A
(p)

1 + A
(p)

3

)
V e0λ

(
−h

(p)

+

)

+
(
A

(p)

2 + A
(p)

4

)
W e0λ

(
−h

(p)

−
)
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+
(
A

(p)

5 + A
(p)

7

)
V e0λ

(
h

(p)

+

)

+
(
A

(p)

6 + A
(p)

8

)
W e0λ

(
h

(p)

−
)]}

, (24a)

H
(p)(

R
)

= −
√

2ωµ0I0

+∞∫

0

g
(0)

C
(0)

dλ

·
{

ejh0d0dJ (a1)

[
1

Z
(p)

+

(
A

(p)

1 + A
(p)

3

)
V e0λ

(
−h

(p)

+

)

− 1
Z

(p)

−

(
A

(p)

2 + A
(p)

4

)
W e0λ

(
−h

(p)

−
)

+
1

Z
(p)

+

(
A

(p)

5 + A
(p)

7

)
V e0λ

(
h

(p)

+

)

− 1
Z

(p)

−

(
A

(p)

6 + A
(p)

8

)
W e0λ

(
h

(p)

−
)]}

. (24b)

4. EVALUATION OF THE FAR ZONE FIELDS

Mathematically, the above integration in (23) and (24) with respect to
λ in the range [0, +∞) can be extended to the range (−∞, +∞)
using the following relation:

+∞∫

0

f(λ)Jn(λ)dλ =

+∞∫

0

f(λ)H(1)
n (λ)dλ (25)

where H
(1)
n (λ) is the nth-order cylindrical Hankel function of the first

kind. So in the region z > d0 ,

E
(0)(

R
)

= − jωµ0√
2

+∞∑
n=0

In(1 + δn0)

+∞∫

0

g
(0)

C
(0)

dλ

·
{

e−jh0d0dH(a1)
[
V

(1)
enλ(h0) + W

(1)
enλ(h0)

]

+ e−jh0d0
jh0n

k0a1
H(a1)

[
V

(1)
onλ(h0) − W

(1)
onλ(h0)

]

+ ejh0d0dH(a1)
[(

A
(0)

1 + A
(0)

3

)
V

(1)
enλ(h0)
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+
(
A

(0)

2 + A
(0)

4

)
W

(1)
enλ(h0)

]

− ejh0d0
jh0n

k0a1
H(a1)

[(
A

(0)

1 − A
(0)

3

)
V

(1)
onλ(h0)

+
(
A

(0)

2 − A
(0)

4

)
W

(1)
onλ(h0)

]}
, (26a)

H
(0)(

R
)

= − k0√
2

+∞∑
n=0

In(1 + δn0)

+∞∫

0

g
(0)

C
(0)

dλ

·
{

e−jh0d0dH(a1)
[
V

(1)
enλ(h0) − W

(1)
enλ(h0)

]

+ e−jh0d0
jh0n

k0a1
H(a1)

[
V

(1)
onλ(h0) + W

(1)
onλ(h0)

]

+ ejh0d0dH(a1)
[(

A
(0)

1 + A
(0)

3

)
V

(1)
enλ(h0)

−
(
A

(0)

2 + A
(0)

4

)
W

(1)
enλ(h0)

]

− ejh0d0
jh0n

k0a1
H(a1)

[(
A

(0)

1 − A
(0)

3

)
V

(1)
onλ(h0)

−
(
A

(0)

2 − A
(0)

4

)
W

(1)
onλ(h0)

]}
, (26b)

where H(a1) = H
(1)
n (λa1) , and dH(a1) =

dH
(1)
n (λa1)
da1

. Especially, in

the far field zone (λr 	 1) ,

V
(1)
e
onλ(h0) ≈

√
λ

πr
e
j
[
λr+h0z−j

(2n+1)π

4

] cos
sin

(nϕ)

·
(
−jēϕ +

λēz − h0ēr

k0

)
, (27)

W
(1)
e
onλ(h0) ≈

√
λ

πr
e
j
[
λr+h0z−j

(2n+1)π

4

] cos
sin

(nϕ)

·
(
−jēϕ − λēz − h0ēr

k0

)
. (28)

Furthermore, by substituting (27) and (28) into (26a,b), the integration
is evaluated by means of the technique of saddle-point integration, i.e.,

∫

Ω
g(h)ejkf(h)dh =

[
π

2kf ′′(h0)

] 1
2

g(h0)ej[kf(h0)−π
4 ] (29)
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where Ω stands for the steepest-decent path. It is then found that,

E
(0)(

R
)
≈ − ωµ0k0

2R
ejk0R cos θ

+∞∑
n=0

In (1 + δn0) g
(0)

C
(0)

e−j
(n+1)π

2

·
{
j2e−jh0d0dH(a1)cos(nϕ)ēϕ+2e−jh0d0

jh0n

k0a1
H(a1)sin(nϕ)ēθ

+ ejh0d0dH(a1)cos(nϕ)
[(

A
(0)

1 +A
(0)

3

)
C+−

(
A

(0)

2 +A
(0)

4

)
C−

]

− ejh0d0
jh0n

k0a1
H(a1) sin(nϕ)

·
[(

A
(0)

1 − A
(0)

3

)
C+ −

(
A2

(0) − A
(0)

4

)
C−

]}
, (30)

H
(0)(

R
)
≈ jk2

0

2R
ejk0R cos θ

+∞∑
n=0

In (1 + δn0) g
(0)

C
(0)

e−j
(n+1)π

2

·
{
2e−jh0d0dH(a1)cos(nϕ)ēθ+j2e−jh0d0

jh0n

k0a1
H(a1)sin(nϕ)ēϕ

+ ejh0d0dH(a1)cos(nϕ)
[(

A
(0)

1 +A
(0)

3

)
C++

(
A

(0)

2 +A
(0)

4

)
C−

]

− ejh0d0
jh0n

k0a1
H(a1) sin(nϕ)

·
[(

A
(0)

1 − A
(0)

3

)
C+ +

(
A2

(0) − A
(0)

4

)
C−

]}
, (31)

where h0 = k0 cos θ, λ = k0 sin θ , and C± = ēθ ± jēϕ . Obviously, the
radiated fields are just the combination of RCP and LCP modes. But,
it should be pointed out that the effects of proximity that occurs when
the saddle point is near the singularities of the coefficients A

(0)

1 −A
(0)

4

have not been taken into account, and this means that the radiated
fields (30) and (31) contain only the contribution of the space wave and
are not valid for observation points such that θ is equal to ±90◦ . On
the other hand, it should be emphasised that no confinement has been
put on the radii of thin circular loop antennas, so (30) and (31) are
applicable for both electrically large and small size cases. In addition,
for the uniform-current excitation, we have,

E
(0)(

R
)
≈ ωµ0I0

4πR
ejk0RH

(1)
1 (λa1)

·
{

j2e−jh0d0 ēϕ + ejh0d0

[(
A

(0)

1 + A
(0)

3

)
C+
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−
(
A

(0)

2 + A
(0)

4

)
C−

]}
, (32)

H
(0)(

R
)
≈ − jk0I0

4πR
ejk0RH

(1)
1 (λa1)

·
{

2e−jh0d0 ēθ + ejh0d0

[(
A

(0)

1 + A
(0)

3

)
C+

+
(
A

(0)

2 + A
(0)

4

)
C−

]}
. (33)

5. NUMERICAL RESULTS

The normalised far-field patterns of the thin circular loop antenna
above some (un)grounded chiral slabs configurations will be presented
in this section. Actually, the constitutive parameters of chiral mate-
rials are the function of the operating frequency, respectively, but the
parameters assumed are all in a physically realizable range. When
k0a1 = 6 , the current distribution of the circular loop is described by
the Fourier cosine series as in [33]:

I(ϕ′) =
(
3.361 × 10−5 − j1.499 × 10−4

)

+
(
7.500 × 10−5 − j1.829 × 10−4

)
cos ϕ′

+
(
2.691 × 10−5 − j1.867 × 10−4

)
cos(2ϕ′)

+
(
3.115 × 10−5 − j2.421 × 10−4

)
cos(3ϕ′)

+
(
2.058 × 10−5 − j3.673 × 10−4

)
cos(4ϕ′)

+
(
1.316 × 10−5 − j7.540 × 10−4

)
cos(5ϕ′)

+
(
8.942 × 10−4 − j2.029 × 10−2

)
cos(6ϕ′)

+
(
1.042 × 10−7 + j8.693 × 10−4

)
cos(7ϕ′)

+
(
1.198 × 10−9 + j4.338 × 10−4

)
cos(8ϕ′)

+
(
1.900 × 10−11 + j2.917 × 10−4

)
cos(9ϕ′)

+
(
3.006 × 10−13 + j2.210 × 10−4

)
cos(10ϕ′). (34)

Herein up to tenth-order harmonic current excitation with respect to
the azimuth angle ϕ′ has been taken into account. In addition, the

condition 2 ln
2πa1

r′
= 10 is imposed on the loop wire, where r′ is the

radius of wire.
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(a) First-order harmonic current excitation with respect to ϕ′ .

(b) Second-order harmonic current excitation with respect to ϕ′ .

(c) Third-order harmonic current excitation with respect to ϕ′ .

Figure 2. Three-dimensional far-zone field patterns
∣∣∣E(0)

ϕ

∣∣∣ for a cir-
cular loop antenna in the presence of grounded three-layered chiral
slabs.
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In Figs. 2(a)–(c), the parameters chosen for calculation are
ε(1) = 2.5ε0, µ(1) = µ0, κ(1) = 0.5, ε(2) = 3.5ε0, µ(2) = 1.2µ0,
κ(2) = 0.6, ε(3) = 4.5ε0, µ(3) = 1.5µ0, κ(3) = 0.8, z1/λ = 0.2, z2/λ =
0.4, z3/λ = 0.5, a1/λ = 0.9549, and d0/λ = 1.0 . Also (30) and (A1, 2)
are employed for calculating the far-zone field components for the first-,
second- and third-order harmonic current excitations, respectively.
However, the losses of chiral media are neglected here. According to
the image principle for chiral objects, the image effects between two
circular loop antennas located up and down of six-layered chiral slabs
symmetrically can also be included based on the above model, and the
image parameters of the grounded three chiral slabs are characterized
by ε(1i) = 2.5ε0, µ(1i) = µ0, κ(1i) = −0.5; ε(2i) = 3.5ε0, µ(2i) =
1.2µ0, κ(2i) = −0.6; ε(3i) = 4.5ε0, µ(3i) = 1.5µ0, and κ(3i) = −0.8 .
Obviously,

(1) for the mth-order harmonic current excitation ( where m can be
even or odd number), there exist 2m resonance peaks in the az-
imuth angle direction and the resonance periodicity is determined
by

π

m
;

(2) for higher order excitations, such as the fourth-, fifth- and sixth-
order harmonic currents (with respect to ϕ′) , their contributions
are also important;

(3) for the uniform or the zero-order harmonic excitation, which is
only applicable for the case of electrically small sized loop, all the
fields are naturally have no relation to the azimuth angle ϕ .

As another illustrative example, Fig. 3 depicts the far-zone field
pattern

∣∣∣E(0)

θ

∣∣∣ of the loop antenna in the presence of grounded three-
layered chiral slabs. The parameters chosen for the calculation are the
same as in Fig. 2(a).

In Fig. 3, only the first-order harmonic current excitation with re-
spect to ϕ′ is shown, and similarly, there exist 2 m peaks in the az-
imuth angle direction for the mth-order harmonic current excitation.
When ϕ = 90◦ and 270◦ , it is noted that

∣∣∣E(0)

θ

∣∣∣ reaches the max-

imum, and when ϕ = 0◦, 180◦ and 360◦,
∣∣∣E(0)

θ

∣∣∣ = 0.0 . On the

other hand, as θ approaches 90◦,
∣∣∣E(0)

θ

∣∣∣ is decreased and nearly zero.
Actually, chirality provides a new freedom for adjusting the relative
magnitude between E

(0)

ϕ and E
(0)

θ , i.e., the polarized state of the far-
zone or near-zone fields can be changed only by varying the chirality
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Figure 3. Three-dimensional far-zone field patterns
∣∣∣E(0)

θ

∣∣∣ for a circu-
lar loop antenna in the presence a grounded three-layered chiral slabs.

parameter, but practically, the magnitude of chirality parameter κ(p)

is also governed by the other parameters of the chiral slabs. The far-
zone fields E

(0) (
H

(0))
are in the right- or left-handed elliptically po-

larized state. But in some special direction, they can be in the linear
polarized state.

Fig. 4 depicts the far-zone field pattern
∣∣∣E(0)

ϕ

∣∣∣ of the loop antenna in
the presence of a ungrounded single layer of chiral slab for the second-
order harmonic current excitation. It is known that for the ungrounded
case, the far-zone fields take the same forms described by (30) and
(31), except that the unknown coefficients are determined by two sets
of 8 × 8 matrix equation for the single layer case. The parameters
chosen for the calculation are z1/λ = 0.5, ε(1) = (4.5+ i0.3)ε0, µ(1) =
(1.5 + i0.1)µ0, κ(1) = 0.8, a1/λ = 0.9549, and d0/λ = 0.1 ; and z < 0
is assumed to be the free space with (ε0, µ0) .

In Fig. 4, the losses of the chiral slab are taken into account, and
the attenuation can not mask the variation characteristics of the far-
zone fields observed as shown as in Fig. 2. With the varying of the
layer number or the layer thickness, similar conclusion can be drawn
for either the E

(0)

ϕ - or E
(0)

θ -component.
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Figure 4. Three-dimensional far-zone field patterns
∣∣∣E(0)

ϕ

∣∣∣ for a cir-
cular loop antenna in the presence a ungrounded single layer of chiral
slab.

Finally, it should be pointed out that the current distributions em-
ployed for numerical calculations are obtained under some conditions,
and the amplitudes of the lower- or higher -order harmonic currents
with respect to ϕ′ can be different if the imposed conditions are
changed. However, similar resonance phenomena can be predicated
even for other sets of the amplitude coefficients in (34).

6. CONCLUSIONS

The electromagnetic field excited by a thin circular loop antenna in
the presence of (un)grounded chiral slabs have been characterised.
The technique of dyadic Green’s function expressed in terms of the
normalised cylindrical vector wave functions has been imposed in the
mathematical analysis. Obviously, this method is very general as well
as straightforward to apply, and the loop current distribution assumed
can incorporate practical applications. In particular, the formulas de-
veloped above are valid for both electrically large and small size cases in
the far and near field zones, and the presented numerical results have
further demonstrated the cross-polarised effects of the multi-layered
chiral slabs on the radiation characteristics of sources.
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APPENDIX 1

The unknown coefficients can be determined by the following equa-
tions:

[
a(1)

]T
=

[
M (1,N)

] {[
M (0,N)

] [
A

(0)

1

A
(0)

2

]
+

[
c
(0)
+

]T
e−jh0zn

}
,

[
M (PEC)

] [
a

(1)
1−4

]T
= [0],

where the superscript T stands for the transpose of a matrix,
[
M (1,N)

]
=

[
M (1,1)

]−1[
M (2,1)

]
· · ·
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=
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+
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=
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=
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+
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+
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