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Abstract–An effective wavelet based multigrid preconditioned con-
jugate gradient method is developed to solve electromagnetic large
matrix problem for millimeter wave scattering application. By us-
ing wavelet transformation we restrict the large matrix equation to a
relative smaller matrix and which can be solved rapidly. The solution
is prolonged as the new improvement for the conjugate gradient (CG)
method. Numerical result shows that our developed wavelet based
multigrid preconditioned CG method can reach large improvement of
computational complexity. Due to the automaticity of wavelet trans-
formation, this method is potential to be a block box solver without
physical background.
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1. INTRODUCTION

Integral equation methods (IE) are widely used for the numerical anal-
ysis of electromagnetic radiation and scattering. However, the dis-
cretization of integral equations results in a full system of equations
that, in principle, requires storage memory proportional to the square
of the number of unknowns N2 and an operation count in the direct
solution proportional to N3 . Although the speed of computers has
grown by leaps and bounds in the past decades, there will be a stage
when the algorithms utilized to solve many engineering problems are
more important than the hardware itself. The requirement for more
efficient ways of analyzing electrically large structures results in a large
number of recent publication [1–5]. On the other hand, most of these
efficient techniques are commonly based on an iterative solution of the
system of equations with Krylov subspace methods, where the matrix-
vector products are optimized in one of the following two ways. (1)
Exploiting the physical or mathematical properties of the matrix. Ex-
amples of this technique include the fast Fourier transform, the fast
multipole method (FMM), multilevel algorithms. (2) Using sets of ba-
sis and testing functions that radiate narrow beams, and thus produce
impedance matrices that contain many small elements. This technique
includes impedance matrix localization (IML) and wavelet expansions.
Among these techniques, multilevel method takes a different approach
to large problems. This method exploits the property that any solu-
tion is composed of fast and slow spatial variations, i.e., high and low
frequency components. Typically, fast spatial variations are caused by
local iterations in the geometry, while slow variations arise from global
interactions. By using more than one level of discretization, the slow
and fast modes can quickly be identified using iterative solvers at the
coarse and fine levels, respectively. These components are passed back
and forth between the levels until the errors are reduced below a set
threshold. Using this technique, accurate solutions can be obtained
with far less computational efforts, because the amount of work re-
quired obtaining a solution is proportional to the degree of variation
among the different scales or modes in a problem. As far as the best
knowledge of authors, the banded matrix iteration (BMI) and Gauss-
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Seidel scheme is widely used as smoother for multi-grid method while
the conjugate gradient class of methods are rarely applied. One rea-
son may be that the routine loses its memory of the spanned Krylov
subspace information between calls when the solved components are
passed back and forth between the levels.

Currently, preconditioning is known to be the critical ingredient in
the success of iterative methods in solving many real-life problems.
The computational efficiency is determined by the number of iteration
to converge in the CG algorithm. Despite convergence to a correct
solution is always guaranteed [6], CG method in some cases will spend
much time due to the slow convergence speed or large number of it-
erations. The BiCG, a variation of the CG algorithm, can converge
much faster than CG in many cases but the convergence is highly er-
ratic [7]. To reduce the number of iterations, various preconditioning
techniques have been used [8–15]. One widely used preconditioner is
the incomplete LU (ILU) decomposition of the coefficient matrix and
its block variants [8–10]. Another is based on the factorization of the
approximated inverse of the coefficient matrix [11, 12]. However, to
form these preconditioner, additional computing time is required, de-
pending on the preconditioning algorithm. Most simple and easy way
is to use a diagonal or diagonal inverse of the coefficient matrix as a
preconditioner. Although these simple preconditioners can reduce the
number of the iterations for complex problems, they don’t result in a
significant reduction of the number of iteration [13]. It is well known
that the convergence speed is largely dependent on the condition num-
ber of coefficient matrix and the condition number will become poor
as the unknown count increases for a linear equation system. A dis-
cretization of a partial differential or integral equation on a fine grid
may lead to a huge system of equations. The analogous discretization
on a coarse grid, however, may lead to a small system that is easy
to solve [16, 17]. If a method can be found to transfer solutions on
the coarse grid to the fine grid and back again, e.g., by interpolation.
Typically a preconditioner of this kind does a good job of handling
the low frequency components of the original problem, leaving the
high frequencies to be treated by the Krylov subspace iteration in the
finest grid. When this technique is iterated, it results in a sequence of
coarser and coarser grids, and the multigrid iteration preconditioning
technique is obtained.

In this paper, we present an effective wavelet based multi-grid pre-
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conditioning technique to solve electromagnetic large matrix problem.
By use of the multigrid preconditioning technique, low frequency error
can be readily corrected on coarser grid. As a result, this precondi-
tioned CG method is more efficient than the traditional one. However,
the transformation matrix for classical multigrid method is mainly
based on the geometric structure so that it does not easily develop a
black box solver, which can be used for all the cases. By using wavelet
transformation the large matrix equation is transformed to a relative
smaller matrix and which can be solved rapidly [18–20]. The solu-
tion is prolonged as the initial guess for the conjugate gradient (CG)
method. Numerical results show that our developed wavelet based pre-
conditioned CG method can result in large convergence improvement
for CG iterative solver. Due to the automaticity of wavelet transfor-
mation, this approach is potential to be a block box solver without
physical background.

2. THEORY
2.1 Wavelets and Multiresolution Analysis

In this section, we shall briefly summarize the essentials of the
wavelets and the multi-resolution analysis. The construction of the
wavelets can start from a multi-resolution analysis. A sequence of
closed subspaces Vm of L2(R) that satisfies the following properties
is said to be a multi-resolution analysis [21–23]:

∀j ∈ Z, Vj−1 ⊂ Vj (1)
∩
j∈Z

Vj = {0} (2)

∪
j∈Z

Vj = L2(R) (3)

∀f ∈ L2(R), ∀j ∈ Z, f(x) ∈ Vj ⇔ f(2x) ∈ Vj+1 (4)
∀f ∈ L2(R), ∀j, n ∈ Z, f(x) ∈ Vj ⇔ f(x− 2−jn) ∈ Vj (5)

Where ∀ denotes “for all”, Z denotes the set of integers. Properties
(1)–(3) state that {Vj}j∈Z is a nested sequence of subspaces that ef-
fectively covers L2(R) , which are called the scaling space. That is,
every square integrable function can be approximated as closely as
desired by a function that belongs to at least one of the subspaces
Vj . Property (5) states that the subspaces can be derived from one
another through dilation by integer powers of 2. It also conveys an in-
tuitive interpretation of the properties of the sequence {Vj}j∈Z : The
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dilated function f(2x) possesses details finer than those of f(x) and
thus belongs to the next subspace in the resolution hierarchy. It has
been shown that there exists a unique function ··o ∈ L2(R) with a
typical width of unity, referred to as the scaling function, such that{··ojn}n∈Z =

{
2j/2 ··o

(
2jx− n

)}
n∈Z is an orthonormal basis of Vj .

Since typical width of
{··ojn}n∈Z is 2−j , Vj is the space of all square

integrable functions possessing details whose length scales are no more
than 2−j . The number 2−j is therefore referred to as the resolution
associated with Vj . The approximation of a function f(x) ∈ L2(R)
at the resolution 2−j can be defined as the orthogonal projection of
f(x) onto Vj and thus given by

Pjf(x) =
∑
n

··ojn(x)〈··ojn, f〉 =
∑
n

cjn
··ojn(x) (6)

Where 〈 , 〉 denotes the standard inner product in L2(R) . Since{··ojn}n∈Z is not a basis for L2(R) , some information is being lost
in the projection described in (6). This lost information can be inter-
preted as the details in f(x) that are finer in resolution than 2−j .
Due to Vj−1 ⊂ Vj , each space Vj can be decomposed into

Vj = Vj−1 ⊕Wj−1 (7)

Where Wj−1 is the orthogonal complement of Vj−1 in Vj called
wavelet space. From (7) we see that

Pjf(x) = Pj−1f(x) +Qj−1f(x) (8)

Where Qj−1 is the orthogonal projection of Wj−1 . This relation in-
dicates that an approximation at a resolution 2−j can be decomposed
into an approximation at a lower resolution 2−(j−1) plus the details
at the resolution of 2−j which are given by Qj−1f(x).

It can be shown [21], that for any multi-resolution approximation,
there exists a function ψ(x) , the wavelet, such that {ψjn}n∈Z ={
2j/2ψ

(
2jx− n

)}
n∈Z is an orthonormal basis of Wj at resolution

2−j . As a consequence of (7) and of property (3) of the multi-resolution
analysis, we have that

L2(R) = ⊕
j∈Z

Wj (9)

And all the spaces Wj are mutually orthogonal. This implies that
when the resolution index varies from −∞ to +∞ , the family of func-
tions {ψjn(x)}n∈Z is an orthonormal basis of L2(R) . If we express
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the projections Pj−1f(x) and Qj−1f(x) in Eq. (8) with an orthogonal
basis for each space, we obtain

Pj−1f(x) =
∑
k

c j−1
k φ(j−1)k(x) (10)

Qj−1f(x) =
∑
k

dj−1
k ψ(j−1)k(x) (11)

This decomposition procedure is called the wavelet transform, where

cj−1
k =

∑
n

c jn〈φ(j−1)k, φjn〉 (12)

dj−1
k =

∑
n

djn〈ψ(j−1)k, ψjn〉 (13)

Define cj =
{
c jk , k ∈ Z

}
and dj =

{
djk, k ∈ Z

}
, then the transform

can be described by

cj−1 =Hcj (14)
dj−1 =Gdj (15)

Where H and G are the filter coefficients of the scaling function and
the wavelet function, respectively [22]. Due to the low-pass character-
istic of φ(x) and the high-pass characteristic of ψ(x) , we can see that
cj−1 denotes the low frequency component whereas dj−1 denote the
high frequency component. The wavelet inverse transform is defined
by

c jn =
∑
k

c j−1
k 〈φjn, φ(j−1)k〉+

∑
k

dj−1
k 〈ψjn, ψ(j−1)k〉 (16)

Using Eqs. (8) and (9), we can describe Eq. (16) by

cj = Hacj−1 +Gadj−1 (17)

Where superscript “a” denotes the adjoin operator, which corresponds
to the transposition for a matrix. For 2-D case, the scaling space can
be generated by the 1-D scaling space:

Vj = Vj ⊕ Vj (18)
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and the 2-D scaling function is defined by

Φjn(x, y) = 2jΦ
(
2jx− n1, 2jy − n2

)
= φjn1(x)φjn2(y) (19)

at which Vj defines a family nested subspaces in L2(R2) , The 2-D
wavelet transform and the

inverse transform can be obtained similarly as the 1-D case [21]. The
following decomposition from Vj to Vj−1 is needed in this paper

Cj−1 = HHCj (20)

The equations (14), (15), (17), and (20) can be calculated by the
algorithm described in [23].

2.2 The Connection between Multigrid and Multiresolution
Analysis

Within the multiresolution framework it is possible to do a very ef-
ficient decomposition of a function over all of the subspaces of interest.
Given a function u ∈ V0 , the orthogonality of φ and ψ may be used
to find coefficients c0k such that

u(x) =
∑
k

c0kφ(x− k) (21)

This may be regarded as a fine grid representation of u . Further,
coefficients c1k and d1k may be found for a coarse grid representation
of u . On V1 and W1 of the form

u(x) =
∑
k

c1kφ
(x

2
− k

)
+ d1kψ

(x
2
− k

)
(22)

This process may be continued if decomposing each Vj representa-
tion of u on the next coarser pair of grids Vj+1 and Wj+1 until the
coarsest grid is reached. The efficient Pyramid algorithm for perform-
ing this decomposition of an N = 2M point sample of u over M
levels requires O(N) operations. For a general operator equation of
the form, Lu = f where L is a self-adjoint operator representing an
elliptic boundary value problem. The notation can be simplified by
letting

φjk = φ
(
2−jx− k

)
and ψjk = ψ

(
2−jx− k

)
(23)
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In addition, < u, v > will denote the appropriate inner product for the
problem. On the fine grid V0 and the first coarse grid (V1,W1) , the
solution u may be represented as in (21) and (22). The data f also
have a representation on V0 and (V1,W1) with respective coefficients
f0k, f1k and g1k . The fine grid problem after using orthogonality in
a standard Galerkin way has the form

∑
k

c1k < φ1j , Lφ1k > +d1k < φ1j , Lψ1k >= f1j ∀j (24)

and ∑
k

c1k < ψ1j , Lφ1k > +d1k < ψ1j , Lψ1k >= g1j ∀j (25)

The problem given in (24) may be regarded as the coarse grid problem
for the smooth components of the solution, while (25) gives the coarse
grid problem for the oscillatory components.

In classical multigrid algorithms, a solution is sought on a fine grid
Ωh with grid spacing h by using standard relaxation methods to ap-
proximate errors on the coarse grids Ω2h, Ω4h, · · · . The details of the
various multigrid cycles are not important for this discussion, except to
say that vectors are transferred from coarse grids to finer grids with an
interpolation operator denoted Ih2h , while vectors are transferred from
fine grids to coarser grids with a restriction operator denoted I2h

h . The
most common choice for interpolation is linear interpolation, while full
weighting is one of the most commonly used restriction operators.

Classical multigrid methods apply limited relaxation to the fine
grid problem (23). They deal only with the coarse grid equation
for the smooth components (24). Furthermore, the second term of
(24) representing oscillatory components is dropped and the matrix
given by < φ1j , Lφ1k > is precisely the multigrid coarse grid operator
L2h = I2h

h LhIh2h . The entire coarse grid equation for the oscillatory
components (25) is also dropped in multigrid. The rationale for ne-
glecting the oscillatory components in (24) and (25)is that relaxation
is an extremely effective way to isolate or eliminate them.

2.3 Formulation and Model of Multi-Level method of Lines

For the sake of illustration, we consider a plane wave incident on
a 2-D frequency-selective surface integrated on a single substrate with
rectangular apertures distributed periodically along any two skewed



Analysis of electromagnetic wave scattering 97

(a)

(b)

Figure 1. A 2-D frequency-selective surface integrated on a multi-
layered medium substrate with rectangular apertures distributed peri-
odically along any two skewed coordinates x and p at angle Ω . (a)
The side view. (b) The top view.

coordinates x and p at an angle Ω as shown in Figure 1(a). The
incident angle is (θ, ϕ) . We use Πe

z and Πh
z to denote the Hertz

electric and magnetic potentials along z direction. Then the hybrid
fields can be expressed as

Ex =
∂2Πe

z

∂x∂z
− jωµ0

∂Πh
z

∂y
(26)

Ey =
∂2Πe

z

∂y∂z
+ jωµ0

∂Πh
z

∂x
(27)

Hx =
∂2Πh

z

∂x∂z
+ jωε0

∂Πe
z

∂y
(28)

Hy =
∂2Πh

z

∂y∂z
− jωε0

∂Πe
z

∂x
(29)

where Πe
z and Πh

z satisfy Holmholtz equation and the Floquet theo-
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rem as follow:(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
+ k2

0

)
Πz = 0 (30)

Πz(x+ Lx, y + Ly, z) = e−jβxLxe−jβyLyΠz(x, y, z) (31)

where βx = k0 sin θ cosϕ, βy = k0(sin θ cosϕ cot Ω + sin θ sinϕ), Πz

denotes Πe
z or Πh

z . We suppose that the Hertz potentials of incident
field have the following forms

Πe,in
z = ceejk0Θ, Πh,in

z = chejk0Θ (32)

where Θ = x sin θ cosϕ + y sin θ sinϕ + z cos θ . Substituting Eq. (32)
into (26)–(29), we can obtain the tangential components of the incident
field

Ein
x =

(
−ce cos θ cosϕ+ chZ0 sinϕ

)
ejk0Θ (33)

Ein
y =

(
−ce cos θ sinϕ− chZ0 cosϕ

)
ejk0Θ (34)

H in
x =

(
−ch cos θ cosϕ− ceY0 sinϕ

)
ejk0Θ (35)

H in
y =

(
−ch cos θ sinϕ+ ceY0 cosϕ

)
ejk0Θ (36)

where Z0 = Y −1
0 = 120π, ce and ch are arbitrary constants which

satisfy the relation ce + ch = 1 . The ratio between the constants ce

and ch represents the proportion of TMz mode and TEz mode in the
incident field. That means there is only TEz incidence for ce = 0 and
TMz incidence for ch = 0 . The scattering fields at point z produced
by the substrate can be written by

Hs
x =

{
−chTTM (1 +RTM ) cos θ cosϕ

−ceY0TTE (1 +RTE) sinϕ} ejk0Φ (37)

Hs
y =

{
−chTTM (1 +RTM ) cos θ sinϕ

+ceY0TTE (1 +RTE) cosϕ} ejk0Φ (38)

where Φ = x sin θ cosϕ + y sin θ sinϕ − z cos θ. TTE and TTM are
the transmission coefficients from z = 0 to z, RTE and RTM are the
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reflecting coefficients at point z . They all can be obtained by using the
wave matrix technique. By introducing the following transformation,

P (x, y, z) = Πz(x, y, z)ejβxxejβyy (39)

Eq. (30) and (31) can be written as

∂2P

∂x2
+
∂2P

∂y2
+
∂2P

∂z2
−j2βx

∂P

∂x
−j2βy

∂P

∂y
+

(
k2

0−β2
x−β2

y

)
P = 0 (40)

P (x+ Lx, y + Ly, z) = P (x, y, z) (41)

Furthermore, the boundary condition states that the tangential mag-
netic fields should be continuous on the aperture surfaces.

In order to solve the hybrid field problem numerically, the cell is
discretised by Nx and Ny lines in the x- and y-direction with mesh
widths hx and hy , respectively. The discretization lines for Πh

z are
shifted by hx/2 and hy/2 with respect to the lines for Πe

z . Conse-
quently, Eq. (40) can be expressed as

d2
[
P e,h

]
dz2

+
1
h2
x

[Dxx]
[
P e,h

]
+

1
h2
y

[Dyy]
[
P e,h

]

−j2βx
hx

[Dx]
[
P e,h

]
− j2βy

hy
[Dy]

[
P e,h

]
+

(
k2

0 − β2
x − β2

y

) [
P e,h

]
(42)

where [Dx,y] and [Dxx,yy] are the first and the second order difference
matrices, respectively.

By means of the orthogonal transformation matrices
[
T e,hx

]
and[

T e,hy
]
, the difference matrices are transformed into diagonal matrices

[
T e,hx

]+
[Dxx]

[
T e,hx

]
= − diag [dxxn] (43a)[

T e,hy

]+
[Dyy]

[
T e,hy

]
= − diag [dyyn] (44b)

and [
T e,hx

]+
[Dx]

[
T e,hx

]
= − diag [dxn] (45a)[

T e,hy

]+
[Dyy]

[
T e,hy

]
= − diag [dyn] (45b)
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where

dxx,yy = 4 sin2 ϕx,yn
2

, dx,yn = j2ej
ϕx,yn

2 sin
ϕx,yn

2
(46)

and

T ex,ymn =
1√
Nx

ejmϕx,yn , T hx,ymn =
1√
Nx

ej(m+0.5)ϕx,yn (47)

with
ϕx,yn =

2π(n− 1)
Nx,y

(48)

So, for the elements of the transformed potential matrix

[
U e,h

]
=

[
T e,hx

]+ [
P e,h

] [
T e,hz

]
(49)

one obtains the uncoupled differential equations

dU e,h
mn

dz2
+ kmnU

e,h
mn = 0 (50)

with

k2
mn = εrk

2
0 − β2

x − β2
y −

dxxm
h2
x

− dyyn
h2
y

− j2βxdxm
hx

−
j2βyd∗yn

hy
(51)

m = 1, 2, · · · , Nx, n = 1, 2, · · · , Ny

Through the spectral domain immittance method, we can obtain the
expression of current-voltage matrix equation in transformed domain.


[
Z̃xx

] [
Z̃xy

]
[
Z̃yx

] [
Z̃yy

]






[
J̃x

]
[
J̃y

]

 =




[
Ẽs
x

]
[
Ẽs
y

]

 (52)

in which
[
Z̃mn

]
(m,n = x, y) are diagonal matrices if the transformed

quantities Ẽx, Ẽy, J̃x and J̃y are written in vector notation.
Because the final boundary condition cannot be applied in the trans-

formed domain, equation (52) has to be transformed back into the
original domain. For our case the metallic stip makes up the smaller
part of the interface, so the reverse transformation is performed only
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for the (reduced) number of lines that pass through the strip. Using
the transformation relationship about fields and currents as follow:{

Ẽx

]
=

[
T hx

]
[Ex]

[
T ey

]∗ (53a){
Ẽy

]
= [T ex ]+ [Ey]

[
T hy

]∗
(53b){

J̃x

]
=

[
T hx

]
[Jx]

[
T ey

]∗ (54c){
J̃y

]
= [T ex ]+ [Jy]

[
T hy

]∗
(54d)

One obtains:

[Ex] =
[
T hx

] [
Ẽx

] [
T ey

]t (55a)

[Ey] = [T ex ]
[
Ẽy

] [
T hy

]t
(55b)

with elements as

Exmn =
Nx∑
k=1

Ny∑
l=1

T hxmkẼxklT
e
ynl (56a)

Eymn =
Nx∑
k=1

Ny∑
l=1

T exmkẼyklT
h
ynl (56b)

Substituting equation (52) into (56) obtains:

Exmn =
Nx∑
k=1

Ny∑
l=1

T hxmkT
e
ynlZ̃

kl
xxJ̃xkl +

Nx∑
k=1

Ny∑
l=1

T hxmkT
e
ynlZ̃

kl
xyJ̃ykl (57a)

Eymn =
Nx∑
k=1

Ny∑
l=1

T hxmkT
e
ynlZ̃

kl
yxJ̃xkl +

Nx∑
k=1

Ny∑
l=1

T hxmkT
e
ynlZ̃

kl
yyJ̃ykl (57b)

Substituting equation (54) into (57) obtains:

Exmn =
∑
s,t

(Zxx)stmnJxst +
∑
s,t

(Zx,y)stmnJ
st
y (58a)

Eymn =
∑
s,t

(Zyx)stmnJxst +
∑
s,t

(Zyy)stmnJ
st
y (58b)
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with

(Zxx)stmn =
Nx∑
k=1

Ny∑
l=1

T hxmkT
e
ynlT

h∗
xskT

e∗
ytlZ̃

kl
xx (59a)

(Zxy)stmn =
Nx∑
k=1

Ny∑
l=1

T hxmkT
e
ynlT

e∗
xskT

h∗
ytlZ̃

kl
xy (59b)

(Zyx)stmn =
Nx∑
k=1

Ny∑
l=1

T exmkT
h
ynlT

h∗
xskT

e∗
ytlZ̃

kl
yx (59c)

(Zyy)stmn =
Nx∑
k=1

Ny∑
l=1

T exmkT
h
ynlT

e∗
xskT

h∗
ytlZ̃

kl
yy (59d)

Finally, we have the reduced equation on the metallic surfaces[
[Zxx] [Zxy]
[Zyx] [Zyy]

]
red

[
[Jx]
[Jy]

]
= −

[
[Es

x][
Es
y

] ]
(60)

where

(Zxx)stmn =
1

NxNy

Nx∑
k=1

Ny∑
l=1

Z̃klxxe
j(m−s)ϕxke−j(n−t)ϕyl (61a)

(Zxy)stmn =
1

NxNy

Nx∑
k=1

Ny∑
l=1

Z̃klxye
j(m−s+0.5)ϕxke−j(n−t−0.5)ϕyl (61b)

(Zyx)stmn =
1

NxNy

Nx∑
k=1

Ny∑
l=1

Z̃klyxe
j(m−s−0.5)ϕxke−j(n−t+0.5)ϕyl (61c)

(Zyy)stmn =
1

NxNy

Nx∑
k=1

Ny∑
l=1

Z̃klyye
j(m−s)ϕxke−j(n−t)ϕyl (61d)

where ϕxk = 2π(k − 1)/Nx, ϕyl = 2π(l − 1)/Ny, Z̃ represents the
spectral Green’s function, which can be obtained readily by using the
spectral domain immittance method. Due to the fact that the ex-
pression (47)–(49) has the form of discrete Fourier transform, we can
fill the matrix elements by using the fast Fourier transform (FFT)
method. After the current distribution on the strip is determined from
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Eq. (60), the scattering characteristics can be calculated in a straight-
forward manner. Although the structure given in Figure 1 is a pe-
riodic rectangular aperture, the above procedures are also applicable
for other structures such as arbitrarily shaped aperture or screen on
multi-layered microstrip circuits.

If the operator equation is then solved by LU decomposition (Gaus-
sian elimination) or alternatively by an iterative technique such as CG
method, the computational labor may be excessive for a large matrix
dimension. LU decomposition requires O(N3) operations and O(N2)
memory storage. CGM requires O(N2) operations per iteration and
O(N2) memory storage for a dense matrix, because the most costly
step in the CG method iteration is in the matrix-vector multiplica-
tion. In general, the number of iterations increases with the electrical
size. The high computational complexity of the CGM precludes its
application to analyze large structure problem. The idea of matrix
dimension-descent technique has been employed in [16, 17], which can
be expressed as:

R · Z ·RH ·R · J = R · E (62)

But as we mentioned above, these techniques are based on the geomet-
ric basis transformation. This drawback limits its application for more
complex structure in which the geometric basis transformation matrix
R can not be found easily. The wavelet transformation provides us an
automatic transformation, which allow us to transform an N×N ma-
trix into an N/2×N/2 matrix without physical background. The use
of multi-grid iteration preconditioning technique can speed up conver-
gence of CG algorithm. For the complex coefficient linear equations,
the preconditioned conjugate gradient method is an effective means
to solve. Given an initial guess x0 , we generate a sequence xk of
approximations to the solution x as follows:

r0 = b− Zx0 (63)

Solve Mr̃0 = r0 and MR0 = r̃0 , set P0 =
R0

(R0, ZH r̃0)
For k = 0 step 1 until convergence do

Mp̃k =Zpk (64)
αk = 1/ (p̃k, Zpk) (65)

xk+1 =xk + αkpk (66)
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r̃k+1 = r̃k − αkp̃k (67)

Solve MR̃k+1 =ZH r̃k+1. (68)

βk = 1/
(
ZH r̃k+1, R̃k+1

)
(69)

pk+1 = pk + βkR̃k+1 (70)

Where ZH is a transpose complex conjugate of matrix Z . The above
PCG algorithm is different from the algorithm presented in [8], where
the preconditioning is carried out directly to improve the condition
number of linear equation system while the implementation of CG
algorithm is adopted straightforward. This straightforward implemen-
tation is named explicit preconditioning and suitable for the case when
preconditioning matrix M can be explicitly expressed. However, pre-
conditioning matrix M for the multi-grid preconditioning technique
can’t be derived explicitly and the preconditioning process only can
be applied to CG algorithm implicitly. In the following, the multigrid
preconditioning is illustrated with two-level scheme as the example.

To develop a simple two-level preconditioning method, we start with
the familiar operator equation:

Lf = g (71)

Where L is a linear integral operator, g is a known excitation, and the
function f is to be determined. For a discretization grid h , the matrix
equation

∣∣Zh∣∣ rh = vh is obtained, where vh is a column vector of the
known excitation coefficients and rh is a column vector of the unknown
function coefficients; the superscript h denotes fine spatial sampling.
Next, assume another matrix equation,

∣∣ZH ∣∣ rH = vH , is generated,
where H = 2h is the support associated with a set of coarser basis
and weighting functions. Here,

∣∣ZH ∣∣ and
∣∣Zh∣∣ correspond to fine

and coarse representations of the operator L , respectively. The same
thing is true of the vector pairs vh, vH and rh, rH . We can start
the multilevel process at the fine level by finding iterative solution to∣∣ZH ∣∣ rH = vH . If we denote the solution error and the residual errors
as ehk and rrhk , respectively, it follows that

∣∣∣Zh∣∣∣ ehk = rrhk (72)
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The residual error contains the slow modes that are not readily ac-
cessible to the iteration process at the fine level of discretization. To
continue the solution process at a coarser level, let us assume that
there exist a pair of operator, |R| and |I| , that project the residual
error from the fine space to the coarse space, and vice versa. Using the
restriction operator R , we project rrhk to the coarse level, H , and
denote it rrH , yielding

rrH = |R|rrh (73)

where the subscript k is temporarily omitted for clarity.
The restriction operator is of the form with Daubechies order-4

wavelets

R =




h0 h1 h2 h3 0 0 . . . . . . 0 0
0 0 h0 h1 h2 h3 . . . . . . 0 0
0 0 0 0 h0 h1 . . . . . . 0 0
...

...
... . . . . . .

...
...

0 0 . . . . . . 0 0 h0 h1 h2 h3

h2 h3 . . . . . . 0 0 0 0 h0 h1

∣∣∣∣∣∣∣∣∣∣∣∣
N
2 ×N

(74)

And the interpolation operator I is related to R through transposi-
tion. Since H > h , the low frequency (i.e., slow) components of rrh

are transformed to high frequency (i.e., fast) components in rrH . The
solution at this level can be found by LU factorization if the number of
unknowns is small enough, or by iteration if number of unknowns N
is still relatively large. Once obtained, the coarse version of the error
eH is projected to the fine level via the interpolation operator, |I| .
The result is an improved value of eh , which we denote by ẽh :

ẽh = |I|eH (75)

A new estimate of the solution is then available by adding ẽh to the
previous estimate of the solution at the fine level and then the pre-
conditioning process in equation (7) in the above CG algorithm is
completed.

r̃ new
k = rold

k + ẽh (76)

where the “old” and “new” superscripts signify the estimates of the
solution before and after the coarse level correction. The new esti-
mate contains slow-mode information not easily obtained at the fine



106 Chen et al.

level. It also contains fast mode errors introduced by the interpola-
tion process (14). These fast mode errors, however, can be removed
in a few iterations at the fine level. The iterative procedure at the
fine level again is halted when the convergence starts to stall and the
residual error is projected down for another coarse level correction.
The two-level scheme allows us to understand the basic nature of mul-
tilevel method. In practice, however, the number of levels employed
is usually more than 2. Ideally, one wants to have as many levels, as
possible, so that the cost of factorization at the coarsest level is neg-
ligible. In these cases, iterations are performed on a number of levels,
where the residual error at the upper levels is projected down to the
lower levels using the restriction operators. Since the slow modes on
a fine level seem fast on a coarser level, the iterative solver at each
successive level is able to extract some of these modes, and pass the
ones that are not accessible down to coarser levels. The wavelet trans-
formation provides us an automatic transformation, which allow us to
transform a N ×N matrix into a N/2×N/2 matrix without physical
background [18–20]. According to equation (31), we can construct the
L level preconditioning process as follows: (1) using the 2-D wavelet
transformation to get a dimension-descent matrix Z l−1 , which can be
described as Z l−1 = R · Z l · RH , and repeat the transformation un-
til the matrix dimension is small enough. (2) Using the 1-D wavelet
transformation to get a dimension-descent vector El−1 , which can be
expressed as El−1 = R · El . (3) Solving a dimension-descent matrix
equation by using iterative method or Gausian elimination method,
due to the small dimension this procedure needs less CPU time. (4)
Using the 1-D wavelet inverse transformation to get the prolongation
solution E , which can be described as El = RH · El−1 , and several
smoothing iterations are done using CG to reduce the transformation
error.

3. RESULTS AND DISCUSSIONS

To confirm the validity of our method, A numerical testing is performed
by use of analyzing a frequency-selective surface. The structure has
a conducting screen perforated periodically by rectangular apertures
integrated on a single substrate as shown in Figure 1. The parameters
are used as follows: Ω = 18.4◦, εr = 2.22, h = 0.254 mm, Lx =
14.5 mm, Ly = 1.45 mm, a× b = 3.3× 0.3 mm, θ = 45◦, ϕ = 0◦ . The
excitation is a TE normal incidence. After discretization by the MOL
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described in the section above, we obtain an operator equation like
(60), which is solved iteratively by using the wavelet-based multigrid
preconditioned CG method. Let ul, u

0
l and uγl be the exact solution,

the initial value of iteration, and the intermediate solution after γ-steps
of iteration, respectively. The error is defined as vγl = uγl −ul . Figure
2 shows the initial error, the 1-step and the 2-step iterative errors of the
real and the imaginary part of the surface current on the aperture at
A-B cut as well as the results of the wavelet transform. From the curves
in Figure 2 (a1) and (a2) we can see that the error is smoothed out with
the increase in the number of iterative steps. In other words, the high
frequency components of the error are suppressed effectively. Now we
transform these errors by using the wavelet decomposition algorithm.
The Daubechies wavelet [21] is employed. The errors serve as the
expansion coefficients cl of the scaling function in the finest resolution
space Vl . Fig. 2 (b1) and (b2) show the expansion coefficients dl−1

in the coarser level wavelet space Wl−1 , Figure 2 (c1) and (c2) give
cl−1 in the coarser level scaling space Vl−1 . It is observed that the
coefficients in the wavelet space reduce sharply after 1-step iteration
as evident from Figure 2 (b1) and (b2), and they are very small after
2-step iteration. Figure 2 (c1) and (c2) show that the errors keep their
profiles in the scaling space. Therefore we may come to the conclusion
that the high frequency error components correspond to the ones in
the wavelet space and the smooth components correspond to the ones
in the scaling space. According to the above analysis, we may consider
the scaling spaces as the coarse level in the multi-level MOL and thus
the wavelet-based multi-level MOL is developed. In this paper, the
Daubechies wavelet with 4-order vanishing moment [21] is used. The
simulation and experimental results are shown in Figure 3 and they
are observed in good agreement. In order to test the efficiency of
our proposed wavelet based multigrid-preconditioned CG algorithm,
the convergence behaviors of PCG with two-level multigrid matrix as
preconditioner are tested. The computer time versus the dimension is
given in Fig. 4. It can be observed that the multigrid preconditioned
CG method needs smaller CPU time (PIII 500) than the direct CG
one to reach −70 dB residual errors.
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Figure 2. The iterative error of surface magnetic current My on
the surface of the aperture and their wavelet transform coefficients
in coarser level. (a1) and (a2), (b1) and (b2), (c1) and (c2) denote the
real part and imaginary part of the error, wavelet coefficient, scaling
coefficient, respectively.
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Figure 3. Power transmission coefficient of a frequency-selective sur-
face with a conducting screen perforated periodically rectangular aper-
tures integrated on a single substrate as shown in Fig. 1 the parameters
of the structure are the same as those in IV A. (a) TE incident wave.
(b) TM incident wave.
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N

Figure 4. The computer time for different methods versus matrix
dimension N .

4. CONCLUSIONS

In this paper, a new fast multigrid preconditioned CG algorithm is
presented. With arbitrary oblique incidence, a new Helmholz equation
as well as boundary condition is utilized to calculate the elements of
impedance matrix of current-voltage reduced linear equations. Then,
an effective implicit multigrid preconditioned CG algorithm is devel-
oped to solve reduced current-voltage equations. For wavelet based
multigrid technique, its formulations use simple, near-orthogonal ba-
sis functions that still allow for an orthogonal decomposition of the
fine grid space and similar decompositions of subsequent coarse grid
spaces. Furthermore, it does not attempt to solve for the oscillatory
components of the solution directly, but rather lets relaxation handle
them indirectly. This choice of departing from orthogonality and in-
corporating relaxation as well as the residual equation accounts for the
extreme efficiency of wavelet based multigrid CG algorithms. Numer-
ical result shows that with linear coefficient matrix in coarse grid as
the preconditioner, PCG algorithm can converge much faster than the
conventional CG one.
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