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Abstract—The variational principle is employed to obtain the
parameters dynamics of Gaussian and super-Gaussian chirped solitons
which propagates through birefringent optical fibers that is governed by
the dispersion-managed vector nonlinear Schrodinger’s equation. The
waveform deviates from that of a classical soliton. The periodically
changing strong chirp of such a soliton reduces the effective nonlinearity
that is necessary for balancing the local dispersion. This study is
extended to obtain the adiabatic evolution of the parameters of such
a soliton in presence of perturbation terms.
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1. INTRODUCTION

The dynamics of solitons propagating in optical fibers has been a
major area of research given its potential applicability in all optical
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communication systems. The relevant equation is the nonlinear
Schrodinger’s equation with damping and periodic amplification [1]:

D(z)
2

N
iq, + g + |qf’q = —iTq + i [erz“ — 1} Z 0(z —nzq)q (1)
n=1
Here, I' is the normalized loss coefficient, 2z, is the normalized
characteristic amplifier spacing and z and ¢ represent the normalized
propagation distance and the normalized time, respectively, expressed
in the usual nondimensional units.

Also, D(z) is used to model strong dispersion management. We
decompose the fiber dispersion D(z) into two components namely a
path-averaged constant value d, and a term representing the large rapid
variation due to large local values of the dispersion [2]. Thus, we write:

D(z) = du+ Q) 2)

a

where ( = i The function A(¢) is taken to have average zero
(namely (A) = 0), so that the path-averaged dispersion (D) = d,.
The proportionality factor in front of A(() is chosen so that both 4,
and A(() are quantities of order one. In practical situations, dispersion
management is often performed by concatenating together two or more
sections of given length with different values of fiber dispersion. In the
special case of a two-step map it is convenient to write the dispersion

map as a periodic extension of [2]

0
Ar = 0=iCl <y

where Ay and As are given by
2 2
Al = ?8 and AQ == i

with the map strength s defined as
s 0A; — (1 —6)A,

4
; (1)
Conversely, we have
AlAQ AQ
§=—" and 0=—-"—
4(A2 — Al) Ag — A
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Figure 1. Schematic diagram of a two-step map.

A typical dispersion map is shown in Figure 1.

We take into account the loss and amplification cycles by looking
for a solution of (1) of the form ¢(z,t) = A(2)u(z,t) for real A. Taking
A to satisfy

N
A, +TA- [erz" - 1} 3z —nze)A=0 (5)
n=1
we can show that (1) transforms to
D
iz + P 1 g =0 (6
where we have
9(z) = A(2) = afe 2 (7)

for z € [nzq, (n +1)z,) and n > 0 and also
1
2Tz, 2
e (8)

so that (g(z)) = 1 over each amplification period [1]. Equation
(6) governs the propagation of a dispersion managed soliton through
a polarization preserved optical fiber with damping and periodic
amplification.

A single mode fiber supports two degenerate modes that are
polarized in two orthogonal directions. Under ideal conditions of
perfect cylindrical geometry and isotropic material, a mode excited
with its polarization in one direction would not couple with the mode
in the orthogonal direction. However, small deviations from the
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cylindrical geometry or small fluctuations in material anisotropy result
in a mixing of the two polarization states and the mode degeneracy is
broken. Thus the mode propagation constant becomes slightly different
for the modes polarized in orthogonal directions. This properly is
referred to as modal birefringence [11]. Birefringence can also be
introduced artificially in optical fibers.

The propagation of solitons in birefringent nonlinear fibers has
attracted much attention in recent years. It has potential applications
in optical communications and optical logic devices. The equations
that describe the pulse propagation through these fibers was originally
derived by Menyuk [11]. They can be solved approximately in certain
special cases only. The localized pulse evolution in a birefringent fiber
has been studied analytically, numerically and experimentally [17] on
the basis of a simplified chirp-free model without oscillating terms
under the assumptions that the two polarizations exhibit different
group velocities. In this paper we shall study the equations that
describe the pulse propagation in birefringent fibers of the following
dimensionless form:

D
i(uy + out) + Pu + ?) ug + 9(2) (|u!2 + a!v\Q) u+yPut =0 (9)

i(v, — 0v) + Bv + D z>vtt +9(2) (|v|2 + a|u\2) v4+yuP* =0 (10)
Equations (9) and (10) are known as the Dispersion Managed Vector
Nonlinear Schrodinger’s Equation (DM-VNLSE). Here, u and v are
slowly varying envelopes of the two linearly polarized components
of the field along the x and y axis. Also, § is the group velocity
mismatch between the two polarization components and is called the
birefringence parameter, 3 corresponds to the difference between the
propagation constants, « is the cross-phase modulation coefficient and
7y is the coefficient of the coherent energy coupling (four-wave mixing)
term. These equations are, in general, not integrable. However, they
can be solved analytically for certain specific cases [11, 17]. The first
two integrals of motion of (9) and (10) are the energy and the
momentum of the pulse that are respectively given by [23]:

/_O:O (juf? + fo]?) dt (11)

; oo
M= Ipe) [t e e (12)
—00

w
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The Hamiltonian which is given by

= 5 [ B () = 5 (a2~ 1)

o
— ()(]u\4+|v\) 2(u up — uuy + vy — ovy)

1
~afullof? —5(1— ) (w *2+02u*2)} dt (13)

is however not a constant of motion, in general. The existence of
a Hamiltonian implies that we can also write (9) and (10) in the
Hamiltonian form as:

H
ov*

MUy = Sur and v, =
This defines a Hamiltonian dynamical system on an infinite-
dimensional phase space of two complex functions u and v that decrease
to zero at infinity and can be analysed using the theory of Hamiltonian
system.

2. LAGRANGIAN FORMULATION

Since, there is no inverse scattering solution to (9) and (10) we
shall study these equations approximately by means of variational
method based on the observation that it supports well-defined chirped
soliton solution whose shape is that of a Gaussian [12] or a super-
Gaussian (SG) [6]. For a finite dimensional problem of a single particle,
the temporal development of its position is given by the Hamilton’s
principle of least action [11]. It states that the action given by the
time integral of the Lagrangian is an extremum, namely

to
| L(z,z)dt=0 (14)
t1
where x is the position of the particle and & = %. The variational

problem (14) then leads to the familiar Euler-Lagrange’s (EL) equation

[11]:
0L d (0L
ax_a(ag‘;)zo (15)
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Here, in (9) and (10), the Lagrangian density is given by:

* * *
‘C[u>u ,’LLZ,’LLZ,Ut,Ut;Z]

1 1 i 1
= §(u*uz —uul) + 5(?)*1)2 —vvy) + E(U*ut —uvy) + E(u*vt — vuy)
D(z) 2 2 9(2) 4 4 21,12
== (el + 1) + 5 (lul* + [of*) + ag()[ullo]
+6(u v — uv™) + g (uzv*2 + vzu*Q) (16)

In this analysis we shall neglect the terms with § as we have § < 1073
[17]. Also, neglecting  and the four wave mixing terms given by the
v term, we arrive at

i + Z)utt+g(z) (lul? +afoP)u = 0 (17)

1, +

z
Yo+ 9(2) (10 +alul?) v = 0 (18)
whose Lagrangian density is

* * *
E[uv Uy Uzy Uy, utvut;z]

— §(u uy —uuy) + 5(1} vy — VU ) — 5 (|ut]2 + \vt|2)

2 ()t 4 019) + agolul (19

Now, we assume that the solutions of (17) and (18) is given by a chirped
pulses of the form [12]:

u(z,t) = Ai(2)f[Bi(2){t — t1(2)}]
exp [icl ()t — t1(2)}? — ik (2){t — t1(2)} + iel(z)} (20)

and

v(z,t) = Az(2)f[Ba(2){t — t2(2)}]
exp |iCa(2){t — ta(2)}? — ina(2){t — a(2)} + i02(2)] (21)

where f represents the shape of the pulse. Also, here the parameters
Aj(2), Bj(z), Cj(z), kj(2), tj(z) and 6;(z) (for j = 1,2) respectively
represent the soliton amplitude, the inverse width of the soliton, chirp,
frequency, the center of the soliton and the center of the phase of
the solitons respectively. Using the variational principle we shall
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derive a set of evolution equations for the soliton parameters. We
note that, this approach is only approximate and does not account
for characteristics such as energy loss due to continuum radiation,
damping of the amplitude oscillations and changing of the pulse shape
[4, 7]. Now, integrating L, given by (19), with respect to ¢ and using
the ansatz (20) and (21) we arrive at the following Lagrangian:

L = / Ldt
Bl C R2
= —-DA? I+2-LT LT
1(23+ B32+2B 1)
gA A dCl A1 ( dlﬁl d@l)
+231 L= [2 iz B\ T @
B C 2
_DA2 | 22 2 2
DA2< Ig+2B3IZ+2BQIl>
gA A% dCQ A2 ( dHQ d92>
25, 2] —=I (te— — — 22
+2B24 B32d +B21 > dz dz (22)
where we have
L = / fA(r)dr
I, = / 2 f2(r)dr
df
I. —
’ / (dT>
Iy = / FH(r)dr
and
= [ PBE)E - aE) B~ tal2)] dt
By the principle of least action, we have the EL equation as
oL d (0L
= _ =0 23
Op <6pz> (23)

where p is one of the twelve soliton parameters. Substituting
Aj, Bj, Cj, kj, tj and 6; (j = 1,2) for p in (23) we arrive at the
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following set of equations:

aA

dz

4B,

dz

acy

dz

dr

dz

dty

dz
df

dz
ds

dz

4B,

dz

aC

dz

drez

dz

dty

dz
dbsy

dz

= —DACy (24)
= —2DBC4 (25)
_ p(Bil ye —gA%B%ﬂ—%AZB (26)
- 2 I 1 4 L, 2 7
= 0 (27)
= —Dny (28)
H2 13 5gA2 I4 I5
= DL _22p? =+ "agAiB 2
(2 I 11+ a9 (29)
= —DAyCh (30)
= —2DBy(h (31)
B} I, gA3B3 1, g Is
— p(2258 _9p2) 9220274 QY 425375 9
( 2 I CQ) 4 I, 27172 (32)
= 0 (33)
= —DHQ (34)
2 2
_Lpg) e 3
D ( > T, BQ> + 1, + —agA 32 (35)

Now, from (24) and (25) we conclude that A; = K;v/B; for some
constant K; and similarly from (30) and (31) we have Ay = K3v/Bs
for some constant Ky. So, the number of parameters reduces by two.
Thus, (24) through (35), respectively, modify to

4B,

dz

ac

dz

dry

dz

—2DBC4 (36)
B4 [3 K2g33 I4 ag I5

D|l==—20? | - 2212 JK2BIB, > (37

( 2 I 1) 4 I, 2 2R, (37)

0 (38)
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dty

T = —Dr (39)
% —  _2DB,Ch (41)
d

g _ 0 (43)
% Dy (44)

2.1. Gaussian Solitons

For a Gaussian pulse we choose the form f(7) = e~ so that we have
the integrals respectively

[T
_[]_ — 5
1 [/«
L = ==
2 1V 2
™
I3 — 5

and
2

B2B
_[m —#Emmewy
Is = =2 . 2t 2
By + B;

Thus, we have our evolution equations (36)—(45) respectively reduce
to

4B,
dz

dC / 2 5} B; (t1—t2)2
1 2 53 T g2ipg2\1Ti2
E = —20égK2BlB2 m@ Bl+BQ

= —2DBC4 (46)
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V2

—% 9K1B} +2D (B -c}) (47)
dlil
a1 4
P 0 (48)
dt
= — _D 4
dz i (49)
252
dfq 3 2 - Bz 25 (t1—t2)?
2 = K?B K2B1Byy| ———¢ PitP8
dz 4\/—9 01+ 5agha BBy B? —|—B§€ te
D
+ (v} - 2B?) (50)
dB,
—2 = _2DB,C 51
» 2O (51)
dCy - 2 ()
E = —20[gK1 B2B1 m Bl+B2
2
—%gK%Bg’ +2D (B} - C3) (52)
d/ﬁ:z
¥ — 53
7 (53)
dts
22— D 94
dz 2 (54)
dfs 3 1% (11 —t)?
— = ——gK3iBy+ agK B1Bs e BI+E3
dz 4[ 2 ! B2+ B2
D 2 2
+ (v3 - 2B3) (55)

2.2. Super-Gaussian Solitons

For a SG soliton we generalize the Gaussian pulses to f(7) = e ™" for

m > 1 where the parameter m controls the degree of edge sharpness.
With m = 1, we recover the case of a chirped Gaussian soliton while for
larger values of m the soliton gradually becomes square shaped with
sharper leading and trailing edges [3]. In Fig. 2 below, one can see the
shapes of the pulses as the parameter m varies.

With this SG pulse we have

1 1
i
m23m 2m

1
b ()
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Figure 2. SG Pulse with the variation of the parameter m.

I; = m29T <4m_ 1)

2m
1 1
m2m 2m

Iy = / B e A e A O e
—0oQ

and

where I'(x) is the Gamma function. Here, we note that [5 cannot
be evaluated in a closed form for any m. It can be evaluated for a
particular value of m that controls the degree of edge sharpness. Thus,
we have our evolution equations (36)—(45) respectively reduce to

dB
d—Zl = —2D3101 (56)
dm —1 1
dCh m? F( 2m ) 4 2 253 1 8 (%)
U i) ()
2m 2m

71* <%) (57)



130 Biswas

dry

&z =0 (58)
dt
d—zl = —Dk (59)
<4m—1)
df K2 1 2
d—l = D 7—77122’”—;’2 B% + 4m+1gKlBl
z F - 2m
<2m)
3m I
+magK§BlB2—51 (60)
M
2m
dB:
d—ZQ - —QDBQCQ (61)
dm — 1 1
dCs m? F( om > 4 2 op3 1 F<%>
— = D{ == B® —2C" ) —gKyBy—mmr — 2 X
dz 3 4m+1 3
2" m 1"(_) 2 2m F (_)
2m 2m
m I
—magK%BgBliz (62)
S
2m
dlﬁ:g
dt
d—j = —Drky (64)
r dm — 1
dfs K2 gnl 2m 2 o
— = D — — 2m ———— 2 B ——gK9B
dz 9 m I‘(L) 2 +2472n:1—1.g 2552
2m
3m I
+22T049K123132 5 (65)
2m

1
" (5)
2m
We note that (56)—(65) respectively reduce to (46)—(55) for the case
m = 1, namely the case of Gaussian solitons.

3. PERTURBATION TERMS

We, now, consider the perturbed DM-VNLSE that is given by

. z . * *
iu, + )utt +g(2) (\u|2 + a\v[2> u = ieRi[u,u*;v,v*] (66)
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) D
1, +

Dut9() (P +aluP) v = ieRafu,utio] (67

Here, R; and R represent the perturbation terms and the perturbation
parameter €, called the relative width of the spectrum, arises due
to quasi-monochromaticity [3, 11]. Also, we have 0 < ¢ < 1.
The perturbation terms could, very well, represent the third order
dispersion, the Raman scattering, nonlinear damping and saturable
amplifiers just to name a few. In presence of the perturbation terms
we have the EL equation modify to [6]:

oL d (0L , ou* Lou
a—p‘%(ap) —ie [ (Rl o 1a—p) dt (68)

oL d (0L . ov* ov
dp  dz (apz) B Ze[m (R2 Op R23p> dat (69)

where p represents the soliton parameters. Once again, substituting
A;, Bj, Cj, Kj, tj and 0; where j = 1,2 for p in (68) and (69) we
arrive at the following adiabatic evolution equations:

and

dA;
L _pA 921172 — 31 d
7 101 — 211[2/ R[Roe™ ]( =3 2>f(71) . (70)
dB; eB; o0 .
dz 101 A1[1[2 /_Oo%[Rge ]( 171 2)f(7’1)d7’1 (7 )
dC, Bi I3 gA2B3 1, ag ,
= - D —oc?| - P01Zid 29 42p3
dz ( 2 I Cl) 4 I, 2 112
€BY [ Lih id ( df>
— ¢ 211 — | d 2
2A1]2/ S[Roe™" 2] | f(m1) + Tldﬁ Tl (72)
dlﬁ:l 2¢ _ df .
— B i¢1 _9 i¢1 }
= ap | {BRIRE 2GR R () n (73)
dty 2e o0 i
__- — _D Z¢1 4
e K1+ A, B0 /_OO R[Roe "o f(11)dT1 (74)
d@l Ii% 13 2 5gA% I4 3 2 I5
1 - plH_Zp 44 SagAiB 2
dz (2 e R T R e
+; /OO {Blg[Rzeid)Q] <3f(7'1) + QTQi)
2A41B111 J_s dr
+4I€1%[R267i¢1]7'1f(7'1) }dﬁ (75)
dAs

€
= —DACy —
dz 22 2[1[2

/O:O%[Rze_i@](h@? - 312>f(72)d72 (76)
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B2 [ —ie 2
AL, [m%[R2e 2](117_2 - IZ)f(7'2)d7'2 (77)

B3 I3 gA3B3 1y g I5
D (—2— — 203) ket B —A%BQ’I—Q

= —2DByC5 —

2 Ig 4 12 2
6B§ o0 o~ —igo ( df)
2A51 /—oo Slfze [\f () + 272 dr a2 (78)
- “{Bgs[}ze—i%]ﬁ2@%[32@—1’@]72]0(72)}&2 (79)
AsBoli ) o dro
2€ o0 ;
Dky + BT, [m R[Roe "] mo f(12)dT (80)
2 2
_ Ky I3 o\  59A3L 3 op I
=D ( > 11B2> T ey
€ o0 _; daf
- BoS id2 Dy 2
T AB /_oo{ 23(Rye ]<3f(72)+ TQde)
+4/<;2§R[Rgei¢2]7'2f(72)}dm (81)

where we have used the notations

and

i = Bj(2)(t — t;(2))

65 = Ci(){t —t;(2)}* — k() {t — t;(2)} + 0;(2)

for j = 1,2. Also, R and & represent the real and imaginary parts
respectively. We note that (24)-(35) are special cases of (70)—(81)
respectively for € = 0. We shall now simplify the dynamics for the
Gaussian and SG solitons.

3.1. Gaussian Solitons

Here, we again use f(7;) = e} where j =1,2. Also using the integrals
I; for 1 < j <5 from Section 2.1 we get the parameter dynamics of
the solitons as

dA;
dz
dB;
dz
dC,
dz

_ L —id1) (42 _ 7) o7

= —-DACy ) R[R1e "] (471 3) e "idm (82)

— _9DB,C} — ey /gi/m %[Rlefid)l] (47_2 _ 1) €*T12d7-1 (83)
7TA1 —0o0 !

1

\/igA?Bf

= 2D (B -C}) -
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dr

dz

dtq
dz
db,
dz

dA2
dz
dBs
dz
dCs
dz

d/ig
dz

dts
dz

2 B (t1—t2)?
_QagA%Bi)’ B2 Bze B2+B2
2 B? ,
—2¢ —A—l/ S[Rie ) (1 - 47’12> e~ dn (84)
1
A B \/7/ B R16 l¢1]2T1+201§R[R16 l¢1]7_1} 7-12017'1
1D1
(85)
—Dry + A 5 \/7/ R[Rie ] re T dn (86)
101
K
DL - B? A2
(2 ) e
2 _ B (t1—t2)?
e
€ 1 o0 i
+EA131/ {Bls[Rle (3 - 4rf)
+4/€1%[R16_i¢1]7'1}6_712d7'1 (87)

—DAYCy — \/%7/ %[Rgefi@] (47’22 — 3) 67722617'2 (88)

2B, [ »
~2DByCy — e[ 22 [ RlRaem ] (475 — 1) e Hdry (59)
™ A2 —00

1
2D (B} - C3) — —=9gA3B}
V2
B2B?2
2 — 25 (t1—t2)?
-9 A2B?> Bi+B3
I B2+B2€
2 B2
—2¢ 1/ 2 SRy 2] (1 - 47’22) e dry (90)
—A B U%/ B%%[R267i¢2]27'2+2023:E[R267i¢2]7'2}677-22d7'2
202 —oo

(91)

2e 2 [ : 2
— z —ig2 -
Dko + A5, 1/ - /_Oo R[Roe |r2e” 2 do (92)
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— = D|(—=-B A3
dz ( 2 2 4\/_9

Bl
3 2 2 2(t1 —t2)?
+§O[QA%B21,B2 Bze I

€ 1 00 )
- - Bo& —i¢p2 _ 2
+ on 4285 /oo{ 2S{Rae ™% (3 - 475)
+4/<;2§)“E[Rgei¢2]7'2}6722d7'2 (93)

3.2. Super-Gaussian Solitons

For the SG solitons we use the integrals I; for | = 1,2,3,4,5 from
Section 2.2 and the from of the SG soliton for f(7;) to finally give:

dA m22"m o0 A
d—l - —DA101—6 1 3 / %[Rle_“bl]
Z (5) 7 (o) T
2m 2m
2 1 m
: Tllr(—)—i?)r<i> e " dr (94)
m2m 2m m23m 2m
dB B m22m o0 .
d—l = 2D3101 Al 3 / %[Rle_“m]
Z ' (50) 0 (5m)
2m 2m
2 1 m
(@) e @ ®
m2sm 2m m23n 2m
4dm —1 1
dc, m? U\ 7o 1 F(%)
L - ppm, — 207} — g — 2L
N R mop
2m 2m
m 3n2 I5 B2 m22g1$3 > x —id
e B — LI [ i)
MCEC R
2m 2m
. (1 - 4m712m> e " dry (96)
drq 1 m272m

o
_ 2m—1 p2c —ip1
— = e—AlBl —F< T >/_OO {2m7'1 BiS[Rie "]
2m
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+2T01§R[Re_i¢l]} 6_7—12de1 (97)
dt 1 m2%
1 m 2m
—~ = _-D - ig1 "d
T K1+ EAlBl - ( ) / R[Rie ") me ™ drp (98)
2m
4m — 1
F
@ - D H% ( >B2

1
+ 59A1 Imtl
2 2m

3
m1 O[gA2Bl —
2m

(5)
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j
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AlBl T ( )
2m

+ 4k R[Rye ) Ve dry (99)
dA 227”,;2 o] )
©2 = DA - 7 | RlRae ™)
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2m 2m
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dB B m22m 00 »
d—; = —2DBQCQ—€A—2 1 3 / %[RQC l¢2]
0 (50) 0 ()
2m 2m
2 1 m
() (@)oo
m22m m m2zm m
<4m1 r 1
dCQ m2 2 1 2—
P D Bg m—2 ;n _2022 _QA%B% 4m+1—gn
=) ()
2m 2m
I B2 m221;7:3 o] .
~ " 2m-3 3A3B2 53 _EA_Q—?)/ %[RZQ 24)2]
U ()
2m 2m

(1= 4mr3m) e " dr (102)
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2m—1

dl@z ]_ m2 2m o0 2m—1 2 i
i i 9mr2m=1 B2S[Rye~ %2
e 6A232F<i>/—00{m72 Q\Y[ 2€ ]
2m
—|—27'202%[R26 Zd)Q]} TdeTQ (103)
2m+1
dtz ]. m2 2m o ; 2m
@2 _ _p - e 92 e " ] 104
e HQ+6AQBQF<L) /_OO%[RQG |2e T (104)
2m
r 4m — 1
dos . /‘6% 241 2m 2 1
% = D 7 —m 2m ﬂBQ +59A224T2n$1
2m
3 I
2:1104914232 >

T (L)
2m
1 22m+1
m 2m S .
- = Bk —i¢
+6A2B2F<L> /_oo{ 93 [Raee™ 7]
2m
(3 - 4m7'22m) + 4@3%[}226*”2]72} e " dry (105)

Here, we once again, note that (99)—(105) respectively reduce to (80)—
(93) for the special case m = 1. Thus the parameter dynamics of
chirped Gaussian and SG solitons can be very useful to study the
vector solitons in a birefringent media. In particular, the equations
derived in presence of the perturbation terms can be useful in various
physical applications like studying the coherent energy coupling in
solitons. Also it can be used to study the background radiation as well
as the timing and amplitude jitter in a wavelength-division multiplexed
soliton system due to perturbation of particular type.

4. CONCLUSIONS

In this paper we have derived the parameter dynamics of a chirped
Gaussian and super-Gaussian soliton in a birefringent fiber. The
fundamental dynamics of a dispersion managed soliton is governed
by the pulse width and frequency chirp. Also, we had studied
the adiabatic evolution of the soliton parameters in presence of
perturbation terms of the vector DMNLSE.

These equations gives us useful estimates of the effect of
perturbation terms on the soliton transmission lines. In the applied
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soliton community it can be used to study the nonlinear interactions
with other solitons. It can also be used to study the stochastic
perturbation of optical solitons, the dispersive radiation terms just to
name a few. Although, we have not included the study of radiations in
birefringent optical fibers, the application of the variational principle
to study radiation is awaited.
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