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DIFFRACTION OF SCALAR PULSES AT PLANE
APERTURES: A DIFFERENT APPROACH
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Abstract—We generalize to scalar pulses with finite duration a
previous work [1] in which a new approach to diffraction at plane
apertures is developed for scalar harmonic waves. A particular
attention is given to rectangular pulse modulated signals for which an
exact solution to the diffraction problem is obtained. As an example,
the diffraction of a truncated harmonic pulse is investigated and the
numerical problems to be solved are discussed with an important
simplification when one is only interested in the diffraction pattern
far from the aperture. More works are needed for apertures with no
simple geometrical form.
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1. INTRODUCTION

We generalize to scalar pulses, solutions of the wave equation, an
approach to diffraction by plane apertures previously developed [1] for
harmonic scalar waves, solutions of the Helmholtz equation. We first
present, for fields depending arbitrarily on time, the generalization of
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the integral formulation used [1] to discuss harmonic field scattering
with boundary data given on some surface S, supposed here to be a
perfectly conducting plane. We still note x and x’ the action and
source points, ¥ and Y’ the surface S of the action and source points
respectively.

2. SCATTERING INTEGRAL EQUATIONS: A
DIFFERENT APPROACH

We consider the scattering of scalar pulses on a perfectly conducting
plane so that the total field ¥ (x,t) incident plus reflected is with

X = (a:,y,z)
¢(th) = wi(x7 t) + ¢T(X7t) (1)

Then 1 and the Green’s functions gp n(x,¢;x’,t') in the integral
equations, obtained from the wave equation Di(x,t) = 0 in which
D is the Dalembertian operator, are supposed to satisfy on X(z = 0)
the Dirichlet or Neumann boundary conditions

W)(X’ t)]z; =0 ) [QD(X, t; Xla t,)]g =0 (2&)
[az?ﬁ(X, t)]Z =0 s [8291\7 (X7 t; le t/)]z =0 (Qb)

And for fields null at infinity, the integral equations for harmonic fields
[1] are replaced by:

vixt) = [ [ ad [ aylan(x X )06 ) (30)
wxt) = = [t [ ! [ [ g (x X )]s (3)

It is a simple exercise to check that the solution (3a) (resp. (3b)) of the
wave equation satisfies the boundary condition (2a) (resp. (2b)). Let
g(x,t;x',t') be the free space Green’s function of the wave equation in
the conventional formalism, ¢ is the Dirac distribution

g%, LX) = RG[R—c(t—t)] , B2 = (w—a')2+(y—y 2+ (2~ ')’

(4)
while here we define g as the inverse Laplace transform with respect
to the variable s = ik of the free space Green’s function g(x,x’; k) of

the Helmholtz equation (Eq. (12) of 11])

gx k)= (i/37%) [ | Zdﬂdwkzlexp[w@—w’)+w<y—y’>+z‘kz|z—z'|>,
kz — k2 _ ﬂ2 o 72
(5)
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so that with s, = (s2 + 32 + 42)1/2

g, ) = (ie/167) [ ds [~ aayszt a5,y s) expls.lz — 21)
Br —00
(®

O(B,7,s) = expls(ct — ct') +iB(z — ') +ir(y —y)]  (6a)

The Bromwich contour Br in the integral (6) is made of a line L parallel
to the imaginary axis with all the singularities of the integrand on its
left. Then, the Green’s functions gp, gy are obtained from g by the
method of images with £ = (x,y, —z) being the ¥-mirrored point of x

gD(Xat;Xlat,) = g(tha let,) - g(§7t;xl7t/)7 (7)
gn(x, 6%, t") = g(x, ;%' t') + g(&, 4%, ),

(the conventional formalism uses the image point £ of 2/ with respect
to X').

We illustrate this integral formalism on the simple case of a
truncated plane wave v; incident from the region z < 0 on the perfectly
conducting plane z = 0:

biz,t) = f(t = z/c)[U(t = 2/c) =U(t =7 = 2/c)] (8)

in which U is the unit step function, f an arbitrary function with
partial derivatives while 7 is the duration of the incident pulse.
According to the Descartes-Snell law, the reflected pulse v,.(z,t) is
deduced from (8) by changing z into —z so that the total field is on
the X plane

[(z, 1))z = 2f(ct)[U(ct) — Ulct — c7)] (9)
(z,t) satisfies the Newmann boundary condition (2b), so this pulse

must be a solution of the integral equation (3b) and we need [0,/ gn]s.
Now, we get from (6) and (7)

gn(x, ;% t) = (—i0/167r3)/ dS/ " dpdysT 0 (8,7,5)
Br —00
{exp(s:]z — 2/|) + exp(s:]z +2'))}  (10)

and using the relations
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we get

[0 gn (%, ;% )] g = (z'c/87r3)/B ds/_oo dBdy® (3,7, s)cosh(s,z)

(12)
Substituting (9) (written for the point source t') and (12) into (3b)
and taking into account (6a) give

U(z,t) = (c/4in®) . ds exp(sct)

. // dBd~y exp(ifx + iyy)cosh(s.z)F(8,v,s) (13)
in which F(3,7,s) is the integral
FB.s) = [ daldy exp(~iga’ ~ iny!) [ at flct') exp(-sct)
—o0 0

= 47%5(B)5(y) /OT dt' f(ct') exp(—sct’) (13a)

so that changing the order of integration, the integral equation (13)
becomes

¥(z,t) = (c/im) /OT dt' f(ct') /BT ds exp(sct — sct’)
) //_O:O dBdv6(8)d(~y) exp(ifz + iyy)cosh(s,z)

_ / dt' F(ct))[By (2, 1) + B(z, )] (14)
0
with the functions B4+ defined by the relations

Bi(z,t) = (c/2im) b dsexplsct — sc(t' & z/c)]

= cL 7 Y—s(ct' £ 2)] (14a)

in which L~ is the inverse Laplace operator and using the well known
Laplace transform formula L~'{exp(—as)} = §(t — a) for a > 0 that
we write §(t — a)U(a) we get

By(z,t') = cd(ct —ct' £ 2")U(ct' £ 2) (15)
Substituting (15) into (14) gives

P(z,t) =c /OT dt' f(ct[U(ct' —2)d(ct—ct' +2)+ U(ct' +2)8(ct — ct' — 2)]
(16)
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Now the relation ff dzx f(x)d(x—x0) = f(zo) requires xp in the interval
[a,b]

b
/ da f(x)d(x — wo) = f(x0)[U(zo —a) =Ulzo = b)) (17)
So, taking into account (17), the integral (16) becomes

P(z,t) = flct —2)U@)[U(ct — z) — Ulct — e — 2)]
+ flet+ 2)[U(ct + z) — U(et — e + z)]
= T/Ji(Z,t) +¢r(z7t) (18)

which is the expected result. In this relation, the step function U(t)
implies that (18) makes sense only for ¢ > 0 in agreement with the fact
that the pulse (8) reaches the plane z = 0 at the time ¢ = 0 so that
no reflected field can exist before this time. One has a similar result
for a pulse (8) impinging with an arbitrary angle and incidently, this
proves the validity of the Descartes-Snell law for reflection of pulses on
perfectly conducting planes.

3. PULSE DIFFRACTION AT PLANE APERTURES

We now show how this integral formulation can be used to deal with
diffraction of pulses at a hole in a perfectly conducting plane assuming
that a hole with a finite area in an infinite plane does not change the
Green’s functions. We suppose that ¢; impinges from the region z < 0
on the plane z = 0 punctured by the aperture A. The total field is
given for z < 0 by

¢(X7t) - wi(xat)"i_wS(th) ) ws(xﬁt) - ¢T(X7t)+wd(xvt) z<0 (19)

in which s, ¥, ¥g4, are the scattered, reflected and diffracted fields
while ¥4 (x,t) is the field in the region z > 0. We impose on the plane
z = 0 the boundary conditions

[0:40(x,1)]5—a =0 (20a)

(%, 1) — v (X, )4 = 0 (20b)

The Neumann condition (20a) outside the aperture is also valid for
14 while (20b) implies the continuity of the total field through the

aperture. So, we use the integral equation (3b) that we write in the
illuminated region z < 0

P(x,t) = Yu(x,t) +Ya(x,t) , 2 <0 (21)
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s (x,t) = ¥i(x,t) + ¥ (x,t)
= / dt/ da;/ dy' [p(x', )0 gn (x, ;% 1) =0 (21a)

valet) = = dt [ do'dy [ () =i ()~ (o
’ [8Z’gN(X7 t7 Xl? t/)]Z/:() (21b)

[(x/,t')],—0 in (21a) is the total field on the perfectly conducting
plane in absence of aperture.

Let us prove that the boundary conditions (20a,b) are fulfilled by
(21). First, according to (6a) and (12)

(-9 (x, 65X o} _y = (iefsn®) [ ds [ dpara(s,r.9
= St -ty —y)  (22a)
while we still get from (12)

{0:0.9n(x, ;%' )] =0}y = 0 (22b)

o0 [0,9(%,t)],=0 = 0 according to (21a,b) and (22b) which implies the
condition (20a). Now, substituting (22a) into (21a) gives

[hs(x,1)]z=0 = [thi(x, 1) + ¢r(x,1)]2=0 (23a)

while substituting (22a) into (21b) and using the 2D-generalization of
(17), we get

W(Xv t)]zzo = [¢+ (Xv t) — i(x, t) - wT<X7 t)]ZZOU(xv y€eA) (23b)
nonnull only in the aperture A. So, from (21) and (23a,b):
W)(Xv t)]zzo = Wh’(X? t) + ¢T(Xa t)]z:O
+ [0+ (x%,8) = Yi(x, 1) = e (x,8)].=0U (2, € A) (24)

which is the continuity condition (20b) through the aperture. Then,
the solution of the wave equation supplied by the integral equation
(21) satisfies the boundary conditions (20a,b).

Now the Babinet principle applied to (21b) gives for the total field
¥4 (x,t) in the shadow region z > 0 the integral equation

i) = [ Zdt' /A da'dy [ (X, 1) — 5K 1) — (X', )] g
. [8Z/gN (X, t; X/, t/)]z/:() z>0 (25)
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so that to get the diffracted pulse one has just to solve (25).
Substituting the solution of (25) into (21b) gives the component ¢4 of
1 in the illuminated region z < 0.

Remark. One could use the integral equation (3a) with the
boundary conditions

W(Xa t)}EfA =0 ) [82{1/}(}{7 t) — 4 (X7 t)}]A =0 (26)

and, in this case, the Green’s function gp on 2z’ = 0 has the form

(et #))mo = (ic/sm*) [ ds [~ apays:1 @87, 5)sinh(s.2)

(27)
with ®(8,~, s) still given by (6a) but the situation is a bit harder to
handle because the integral equations in the regions z < 0 and z > 0
are coupled.

4. DIFFRACTION OF RECTANGULAR PULSE
MODULATED SIGNALS

4.1. Solution of the Integral Equation

We apply the approach discussed in the previous section to the
diffraction by an aperture A of a rectangular pulse modulated signal
1; incident from the region z < 0

Vi(x,t) = flct — Z;)[U(ct — Z;) — U(ct — et — Z;)] (28)
Z; =xsinfsin¢ + ysinf cos ¢ + zcosb (28a)

The reflected field is according to the Descanes-Snell law
Yr(x,t) = f(ct — Z,)[U(ct — Z) — Ulct — e — Z)] (29)
Z, =xsinfsin¢ + ysinf cos ¢ — z cos b (29a)

so that on the plane ¥/(2/ = 0), we get
¢0(X/; t/) = [%(X/a t,) + /lv/JT(X/a t,)]z'ZO

= 2f(ct' = ZNU(ct' = Z') = U(ct' —er = Z")]  (30)

with
Z' = 2’ sinfsin ¢ + o sin @ cos ¢ (30a)

We now prove that the solution of the equation (25) is obtained by
taking inside the aperture

2[4 (x,1)]a = Yo(x',t")U(2,y € A) (31)
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Substituting (31) into (25) and taking into account (30) give

204 (x,t) = _/_OO dt//Adm/dy/[%(X’,t/) + (%', )] =0
(0 gn(x, 1%, )] =0 z>0 (32)

so that one has just to prove that the condition (31) is satisfied by the
integral (32): substituting (12) and (30a) into (32), we get

Z'+ecr
vetet) = [atay [ a g - G (39)
A zZ'

H(x,t;x',t") = (¢/8ir®) | dsexp(sct — sct’)
Br

-/_Zdﬂdfy expliB(x—a') + iv(y—y')]cosh(s,z) (33a)

and this last expression becomes for z =0
[H (x, ;% t)] =0 = 6(t — )0 (x — 2")o(y — /) (34)
So, according to (33), (34) and using (17):
Z'+er

[t (5, )] o 0_/ da'dy5(z — 2)5(y — y)/ dt' f(ct' — 7)5(t —¢)

A
_ /A da'dy' 5(x — )6 (y — v/ ) f(ct — Z')

U (ct = 2"y = Ulet — er — Z7)]
=f(ct —2)[U(ct —Z) = U(ct — et — Z)|U(z,y € A) (35)

which is the relation (31) written on the action plane. Thus, the
integral (32) gives the field diffracted by the plane aperture in the
shadow region z > 0 and an expression somewhat easier to handle
than (33) is obtained by exchanging the order of integration

Yy (x,t) = (c¢/8ird) . ds exp(sct)

/ dBdry exp[zﬁx + iyy)cosh(s.z)J(B,7,s) z>0(36)

J(B,7,s) / dx'dy’ / dt flct' — Z" exp(—ifx’ —ivy' — sct’)

(36a)
Some approximations of this analytical solution are needed to obtain
expressions simple enough to make numerical calculations practicable.
We show in the next section on a simple example the kind of difficulties
to be met in calculations.
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4.2. A Simple Example

We consider a rectangular pulse modulated harmonic wave incident
normally on a slit z € (—a, a) in the plane z =0

Yi(z,t) = exp(ikct — 2)[U(ct — z) — U(ct — e — z)] (37)
1, is obtained by changing z into —z in (37) and according to (30)
[0 (2, t)]2r=0 = 2exp(iket’)[U(ct') — U(ct’ — cr)] (38)

We suppose in addition that (z,z) is the plane of incidence so that
one has to deal with a 2D-problem and the integral (36) becomes with

s, = (32 _|_52)1/2

Yy (z,2,t) = (c/4in?) . ds exp(sct) /_o:o df exp(ifx)cosh(s,z)J (S, s)
(39)

J(B, s) dz’ exp(—ifBz’) /0 dt' exp(—sct’ + ikz')

= —2[f(s — ik)] ' sin(Ba)[l — exp(iker — scr)]  (39a)

Taking into account (39a), we may write (39)

1/1+(2795a75) ZX(Z,ﬁ,t)—X(Z,x,t;T) (40)
x(z,z,t) = (—1/2in?) /BT ds(s —ik) ' (z,z, s) (40a)

x(z,z,t;7) = (—=1/47%) exp(iker) | ds(s—ik) ™' exp(sct—ser)I(z, z, 5)
Br

(40b)
within these integrals

I(z,z,s) = /_O:O dBp ™1 sin(Ba) exp(ifBx)cosh(s.2) (41)

All these expressions are exact but, to discuss their physical content, we
need some approximation of (41). In fact, one is generally interested in
the diffraction pattern far from the slit for large positive z, so neglecting
exp(—s,z) that tends to zero reduces the integral (41) to

21(z,x,s) = /OO dBp ™1 sin(Ba) exp(ifBx)exp(s,z) (41a)

with an asymptotic approximation supplied by the method of the
steepest descent [2]: let I1(z) be the integral in which f(/) is analytic
and positive

I(z) = [ dsh(®) explzf(5) (42)
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then, for large z > 0

o0

Ni(2) ~ 2expl2f(Bo)] Y T(m+1/2)agm /2" (42a)

m=0

the saddle point [y is the root of f'(8) = 0 and T" the gamma function.
Formulas for the first two coefficients are [2]

ap = h/(2f")'/?,
as = {Qh” o in“h//f// + [(fm\/g/f”\/é)2 _ hw/2f”]h}(2h”)*3/2
(42b)
where f,h and their derivatives are evaluated at 3 = (.
In the integral (41a) f(8) = s. = (s®> + 3%)'/2 so that 3y = 0 and
applying (42a) limited to its first term, we get according to (42b)

I(z,2,8) ~ a(rs/22)"/? exp(sz) zZ = 00 (43)

This approximation which does not depend on x has the drawback to
give no information on the trans- verse spreading of the diffracted pulse
which would require the second term of the expansion (42a). Then,
substituting (43) into (40a,b) gives

x(z,2,t) = —a(1/2m2)"?(1/2mi)

. / ds sY2(s — ik) " exp(sct + s2) (44a)
Br
x(z,2,t:7) = —a(1/2r2)"? exp(iker)(1/2im)
ds sY?(s — ik) ' exp(sct — ser + sz) (44b)
Br

Assuming ct+ 2z > 0 and ¢t — cT + z > 0, we perform the integration of
(44a,b) on the contour of Fig. 1, both integrals having a pole at s = ik
and a branch point at s = 0. The pole contribution to (44a) is given
by the method of residues

x1 = —alick/2m2)"? exp(iket + ikz)U(ct + 2) (45a)

in which the unit step function reminds that this result requires
ct+z > 0. To get the branch point contribution, we first note that on
the small circle § of radius € at the origin |s| < |k| and the Bromwich
integral vanishes when |s| = 0. Then, on the upper (resp.lower)
line of the barrier along the negative side of the real axis, we write
s = exp(—im) (resp. s = { exp(im)) yielding for the Bromwich integral
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(44a) the two contributions
~(1/2m) [ de€ e+ ik) exp(—eet —2),
—(1/2m) [ dg€(E + k) exp(—get — &2)

summing these two integrals gives the branch point contribution to
(44a)
x2 = —a(1/2732)Y 2w (2, )U (ct + 2) (45b)
with -
w(z,t) :/0 de £Y2(& +ik) "t exp(—ifet — £2) (46)
Then, according to (45a) and (45b)

x(z,2,t) = —a(1/2m°2)Y2[(2imk) Y2 exp(iket + ikz) + w(z, t)]U (ct+ 2)
(47a)
A similar calculation gives for (44b)

x(z,z,t:7) = —a(1/2n°2)Y2[(2ink)/? exp(iket + ikz)
+exp(iker)w(z,t — 1)U (ct — eT + 2) (47b)

Substituting (47a,b) into (40) gives the field diffracted by the slit in
which exp(ikct + ikz) represents the propagation of the incident field
in the shadow region z > 0 while w is the diffracted pulse.

To analyse more closely the diffraction pattern, we look for an
asymptotic approximation of w(z,t) and of w(z,t—7) when ct+ z and
ct — cr + z are large. In this case, the major part of the integral (46)
will be obtained for values of £ in the neighborhood of the origin then,
expanding the denominator in ascending powers of &, we get

(=, 1) = (1/ik) /0 dfz C1Jikyem 2 expl—g(ct +2)]  (48)

and assuming the uniform convergence of the series making possible
to exchange integration and summation, the term by term integration
gives

w(z,t) = (1/ik) i —1/ik)"T(n + 3/2)(ct + z) "3/ (48a)

Taking the first term only of (48a) the expressions (47a) and (47b)

become

x(z,2,t) = —a(ik/m?2) Y2 [exp(ikct +ikz) + {2ik(ct +2)} 23U (ct + 2)
(49a)
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Barrier

s - plane

Figure 1. Bromwich contour on the s-plane.

x(z,2,t;7) = —a(ik/m%2)?lexp(iket + ikz) + exp(iker)
A{2ik(ct —er + 2) " 2PYU(ct —er +2)  (49b)

For ct 4+ z and ct — ¢ + z large enough, the second term in the square
bracket of (49a,b) is very small and the contribution of the diffracted
field to the scalar pulse becomes negligible so that the pulse appears as
conveying the image of the slit with a duration 7 and a 21/ fading.

At the expense of some more calculations, one would obtain in
the same way the diffraction by a slit of a truncated harmonic pulse
incident with an angle 6. To illustrate what happens in this case, we
consider the diffraction of a Dirac pulse

Yi(x,z,t) = §(ct — xsinh — zcos ) (50)
so that according to (30)
[o(a’, 2/ ] g = 25(ct’ — 2’ sin 0) (51)

The integral (39) is still valid but the function J(3, s) becomes

J(B,s) = dz’ exp(—zﬂx’)/ dt'§(ct’ — ' sin 0) exp(—sct’)

—a

= 2¢7 (i + ssin ) 'sinh(iaB + assin 0) (52)
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Substituting (52) into (39) gives

o0

Yy(x,2,t) = (1/2i7r2)/Br dsexp(sct)/ dB(if + ssinf) !

-sinh(iaf + assin @) exp(ifx)cosh(s,z)
= Xa(z, 2,t) — xa(z, 2,1) (53)

with

Xta(T, 2, 1) = (1/4i7?) dsexp(sct £assinf)li,(z,z,5) (53a)
Br

and
Iig(x,2,8) = / dB(iB + ssinf) ' explif(x £ a)cosh(s,z)  (54)
Br

For large positive z, one may neglect exp(—s.z) and using the first
term of the approximation (42a), we get

Lig(z, 2, 8) ~ cosecOs ' /%(2m ) z)'/? exp(sz) z = 00 (55)

Substituting (55) into (54) gives

X+a(T,2,8) = cosec9(1/27rz)1/2(1/27ri)/ 572 exp(sct + sz + assin 6)

Br
(56)
The only singularity of the integrand is a branch point at s = 0 so,
still using the contour of Fig, 1, we get easily

Xta(, 2, 8) = cosecl(1/2m2) % (ct + z £ asin ) "V/2U(ct + z + asinf)

(56a)
In this case also one should have to use the second term of (42a) to get
the transverse spreading of the Dirac pulse.

These results show that the asymptotic approximation (42a)
simplifies notably calculations; it should be possible for instance to
get with only some extra work the diffraction pattern for a rectangular
pulse modulated harmonic wave incident on a rectangular aperture.

5. DISCUSSION

Signals used in communication technology have a finite duration and
they can be described by expressions similar to (18). Then, their
diffraction at plane apertures resorts in the present approach to Eq.
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(36). And, one has to handle the calculation of this integral that we
write

Yy (x,t) = (¢/2im) - ds exp(sct)p(x, s), z>0 (57)

with
o(x,s) = //_Oo dBdry exp(ifx + iyy)cosh(s,z)J (8,7, s) (58a)

!

2 / ter / / /! / / !/
J(B,7v,s) = (1/4m )/Adx dy/ dt' f(ct'—Z") exp(—ifz’ —ivy —sct’)

/
Z/

(58b)
so that the calculation of ¢ can be made in three steps. One has first
to perform the integral (58b) whose evaluation depends strongly on the
function f and on the form of the aperture A. Fortunately, in present
day technology, f can be represented by a truncated harmonic function
or by a sequence of step functions making rather easy the calculation
of the t’-integral. So, one is left with the integral on A and calculations
are simplified when curvilinear coordinates can be chosen so that one
of the coordinate lines coincides with the boundary of the aperture. In
addition, when f is a step function, one has a result similar to that
obtained for Fraunhofer diffraction [3]: let 2/, 3" denote the curvilinear
coordinates and A; be an aperture such that the extension of A; in a
particular direction is u times that of A, then:

Jl(ﬁa’Ya S) = IJ/J(/“’L/B”77 S) (59)

in which J; is the function J for the aperture A;. So the integral (58b)
for an aperture A with the form of an ellipse or a parallelogram may
be obtained from that of a circle or a rectangle respectively.

As a second step, one has to perform the integral (58a) and if
one is only interested in the diffraction pattern far from the aperture,
one may use an asymptotic approximation for large z > 0. Neglecting
exp(—s,z) and applying for instance (42a) limited to the first term
of (42b) successively to the integrals on v and on (3, we get since the
saddle points are at Sp =0, 79 =0

20(x,5) ~ (2m/2)!/% [ dp(s+ 7)/27(3,0,5) explifi)
exple(s + 42)17%)
~ (mws/z)J(0,0,s)exp(sz) Z = 400 (60)

but, as previously noticed, this approximation gives no information on
the transverse spreading of the diffracted pulse which would require
the second term of (42b) with more intricate calculations.
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Finally, one is left with the Bromwich integral (57) which becomes
with the approximation (60)

Y (x,t) = (¢/27z) /BT sdsJ (0,0, s) exp(sct + sz) z= 400 (61)

which presents no particular difficulty using a convenient contour as
discussed in Section 4.

The integrals (57) and (58a,b) could also be numerically
approximate which seems to be the only possibility for an arbitrary
aperture A but this numerical approach has still to be made. One
must note the existence of powerful codes to perform the inverse of the
Laplace transform [4].

This work is made in the spirit of the traditional approach
of deriving, sometime approximate, solutions for idealized problems
rather than producing numerical solutions for more realistic problems.
Such a position could seem to be out of fashion at a time when to
run and assess the accuracy of computer codes is a large part of the
duties of most engineers, however running software is not necessarily
the best way of understanding the basics of any subject. But now that
theoretical formulae exist, the important work to implement numerical
computations has still to be made.
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