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Abstract—The diffraction of E-polarized plane waves by a tandem
impedance slit waveguide is investigated rigorously by using the
Fourier transform technique in conjunction with the Mode Matching
method. This mixed method of formulation gives rise to a scalar
Wiener-Hopf equation of the second kind, the solution of which
contains infinitely many constants satisfying an infinite system of linear
algebraic equations. A numerical solution of this system is obtained for
various values of the surface impedances, slit width and the distance
between the slits, through which the effect of these parameters on the

diffraction phenomenon are studied.

1 Introduction
2 Analysis

3 Even Excitation



30 Polat, Buyukaksoy, and Cinar

4 0Odd Excitation

5 Analysis of the Diffracted Field
6 Numerical Results

7 Concluding Remarks

References

1. INTRODUCTION

The diffraction of electromagnetic waves by tandem slits has received
wide attention due to its importance in microwave and optical
instrumentation (e.g., microwave passive filters, coupling structures,
etc.). Alldredge [1] analysed the case when vertically polarized
plane electromagnetic waves were falling normally upon a perfectly
conducting tandem slit by using the variational procedure introduced
by Levine and Schwinger [2] for planar diffraction problems. The same
problem was later considered by Kashyap and Hamid [3] for oblique
incidence case using the Wiener-Hopf and generalized scattering matrix
techniques.

In the present work the diffraction of E,-polarized plane waves by
a tandem slit waveguide with different exterior and interior surface
impedances will be analyzed rigorously by using the Wiener-Hopf
technique in conjunction with the Mode Matching method. By using
the classical Fourier transform technique, the related boundary value
problem can generally be reduced into a modified matriz Wiener-
Hopf equation. Except for a very restricted class of matrices no
general method exists to accomplish the Wiener-Hopf factorization of
an arbitrary matrix including the one related to the present problem.
This mixed method of formulation, which is based on expanding the
total field into a series of normal modes in the waveguide region and
using the Fourier transform technique elsewhere, gives rise to a scalar
modified Wiener-Hopf equation. Note that a variant of this method
was used by Yoshidomi and Aoki [4] and Biiyiikaksoy and Polat [5, 6] in
treating the scattering by impedance structures. The analysis can also
be generalized to the case when the slits are of certain wall thickness
in a straightforward manner by following the procedure given in [5, 6]
for thick waveguides. The solution contains infinitely many constants
satisfying an infinite system of linear algebraic equations. A numerical
solution of this system is obtained for various values of the surface
impedances, slit width and the distance between the plates, through
which the effect of these parameters on the diffraction phenomenon are
studied.
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A time factor e with w being the angular frequency is assumed
and suppressed throughout the paper.

2. ANALYSIS

We consider the diffraction of an F,-polarized plane wave by a tandem
slit waveguide formed by four semi-infinite impedance plates defined
by Si2 = {(z,y,2); * € (—00,0), y = +d, z € (—00,00)} and
S34 = {(z,y,2); v € ({,0), y = +d, z € (—00,00)} as depicted
in Fig. 1.
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Figure 1. Tandem impedance slit waveguide.

The exterior and interior surface impedances of the waveguide are
denoted by Z1 = 1172y and Zy = 122y, respectively, with Zy being the
characteristic impedance of the free space.

In order to determine the scattered field one can proceed by
decomposing the incident wave into even and odd excitations as
indicated in Fig. 2a and Fig. 2b. Relying upon the image bisection
principle, it can be shown that the configurations shown in Fig. 2a
and Fig. 2b are equivalent to those depicted in Fig. 2¢ and Fig. 2d,
respectively.

In what follows the even and odd excitations will be treated
separately.

3. EVEN EXCITATION

Let us consider first the configuration depicted in Fig. 2c¢ which is
equivalent to the even excitation case. Since in this case the total field
is symmetrical about the plane y = 0, the normal derivative of the total
electric field must vanish for y =0, € (—o00,00) (magnetic wall).
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Figure 2b. Asymmetric (odd) excitation.
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Figure 2c. Equivalence to Fig. 2a.
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Electric Wall

Figure 2d. Equivalence to Fig. 2b.

For analysis purposes, it is convenient to express the total field as
follows:

ugf)(:r,y):ui+ur+uge) , y>d
WOH(—2) + P H(z) = H@ — O] +ulPH@@—0) , 0<y<d
(1a)

Here, H is the unit step function, u’ is the incident field given by
B! = u'(x,y) = exp{—ik[x cos ¢g + ysin ¢g)} (1b)
while u” denotes the field reflected from the plane y = d, namely

W (a.) = PR exp{—ikfocos oo — (4 = 2)sinaul} (10

with k£ and ¢¢ being the free space wave number and the angle of
incidence, respectively. For the sake of analytical convenience we shall
assume that k has a small imaginary part. The lossless case can
then be obtained by making 3,k — 0 at the end of the analysis.
u§-e), j = 1,2,3,4, which satisfy the Helmholtz equation, are to be
determined with the aid of the following boundary and continuity
relations:

m oY\ (e B B
( o —83/) uy (z,d) = 0 |, ze{(-00,0)U({00)} (2a)
EAWO _
(1 o ay) uy (z,d) = 0 , <0 (2b)
AW _
(1 o Oy) uy (z,d) = 0 |, x>/ (2¢)

0 (e
@ug><x,o> =0, 2<0 (2d)
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(e)

Since wuy ’(x,y) satisfies the
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=0, O<z</ (2e)
=0, z>¢ (2f)
_ 211 sin ¢ —ikdsin ¢g _—ikx cos ¢o
= ——— " ¢ e
1+ m1 sin ¢y
, O<z</ (2g)
_ ZikSiHQSO e—ikdsin(bo 6—ikxcos¢0
1+ m1 sin ¢g
, O<ax<d (2h)
= W0y, 0<y<d (2i)
d (e .
= Su’0y) , 0<y<d (%)
= Wty . 0<y<d (2K)
d (e
= u(by) , 0<y<d ()

Helmholtz equation in the range x €

(—00, 00), its Fourier transform with respect to z gives

d2 2 2 e
d—yQ-i-(k —a )] FO(a,y) =0 (3a)
with '
FO(a,y) = P9, ) + PP (a,y) + € F(a,y)  (3b)
where
0
POy = [ @y (3¢)
4
) = [u@yerde (34)
0
Fay) = [l et (30
0
By taking into account the following asymptotic behaviours of uge) for
T — oo '
uge) (z,y) = O(eim) , * — Fo00 (4)
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Figure 3. Complex «, 7-plane.

one can show that Ff)(a, y) and Fﬁe)(a, y) are regular functions of o

in the spectral half-planes Sm(a) > Sm(—k) and Sm(a) < Sm(k),
respectively, while F’ 1(8) (c, y) is an entire function. The general solution
of (3a) satisfying the radiation condition for y — oo reads

FSE)(Oz,y) + Fl(e)(Oé, y) + eiaﬁFf)(Oz, y) = A(e)(a) K (@) (y—d) (5a)
with
K(a) = VK2 — o? (5b)
The square-root function is defined in the complex a-plane, which is
denoted in Fig. 3 cut along o = k to o = k + ico and o = —k to
a = —k —ioo, such that K(0) = k.
In the Fourier transform domain (2a) takes the form

£ (o, d) + %Fﬁe)(a, d)] + elot
1

Ff) (v, d) + ?—;Ff)(a,d) =0 (6)

where the dot specifies the derivative with respect to y. By using (5a),
its derivative with respect to y, and (6), we get

P9(0) = 1 3 A a) (72)
where
Pa) = FOa,d) + L) (a, d) (7b)

ik
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and
k —1
X(@) = |+ (7c)
In the region 0 < y < d, u:(),e) (x,y) satisfies the Helmholtz equation
0 9% )
(@‘Fa—gﬁﬁ-k Ug (IL’,y)ZO (8)

in the range 0 < < £. Hence, multiplying (8) by €’*® and integrating
the resultant equation with respect to x from 0 to ¢, we obtain

j; + K%)] Gy (ayy) = [Olay) + g (ay) (%)

with
O ay) = al(0,9) ~ i) (0,) (9b)
9 Nary) = el (by) + ol (1) (90)

Gge)(a, y), which is defined by
¢

Gge)(oz,y) = /u:(f)(x,y)emmdx (10)
0

is an entire function. The general solution of (9a) satisfying the
Neumann boundary condition at y = 0 reads

Gge)(a,y) = B¥(a) cos[Ky]—i—ﬁ

[t + 9O a,n)sinlK (v~ Olde (1)
0

Combining (2g) and (2h), we get
P{%(a) = G (@, d) + -G (o, d) (12)
and B(®)(a) can be solved uniquely to give
d

MO@BY @) = @)= [11a,0)+e g a,)
0

. [sm[K(}?—t)] + ;7—; cos|[K(d —t)]|dt  (13a)
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with
MO (a) = cos|Kd] - ”—;K sin[K d] (13b)
1

Replacing (13a) into (11) we get

d
6 = T {PF)(a) [ 7Ot + g, )
0

e +%COS[K<d—t)@ dt}
+1/y[f(e)( £) + g (a,t)| sin[K (y — 1))t (14
= a,t) +e*g' (a, t)| sin[K(y — t)]dt (14)
0

Although the left-hand side of (14) is regular in the upper half-plane
Sm(a) > Im(—k), the regularity of the right-hand side is violated by
the presence of simple poles occurring at the zeros of M()(a), namely
at a = +a, satisfying

MO (+af)=0 , Sm(aS)>Smk) , m=1,2,---  (15)

These poles can be eliminated by imposing that their residues are zero.
This gives

sin[Kgd) [, ot

P(af,) = T r (1 5K

Ve [ Fo(a,) + €°nlgf (af,)| (162)
e . sin[Ke,d] [ n ..o
POag) = Sy ey

v [ Fo(—at,) +e7nlgl (—as)|  (16b)

where K¢, V5, £ (£al,) and gt (+af,) specify

K¢ = K(+af,) (16¢)
Ve = d+?—;sin2[f(;d] (16d)

d (e) e
/ l f o (Fa, t) ] cos| K t]dt. (16e)
0
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Consider now the waveguide region 0 < y < d, x € {(—00,0) U (¢, 00)}
where the total field can be expressed in terms of Fourier Cosine series
as

u(@y) = 3 aj cos| cylem P w <0 (17a)

uf(x,y) = Z ¢ cos[elyl e a0 (17h)

with
cos[€Sd] + l;gg sin[€d] =0 , n=1,2,--- (17¢)
i
and
B = R (€)? . Sm(B5) > Smik) (17d)
From the continuity relations (2i-1) and (9b,c) we get
0 e
Sous (0.y) —iauf) (0,y) = fOay)  0<y<d  (18w)
0 @

— i (y) e (L) = gay) , 0<y<d  (18b)

Owing to (16e), £ (a,y) and ¢{®)(a,y) can be expanded into Fourier
Cosine series as follows:

o =SS g
Substituting (17a,b) and (19) into (18a,b) we obtain
Z I8 () cos[ Ko y] = —i i ay (B +a)cosléry] , 0<y<d (20)
and -
Z go, () cos[K 1 y] = —i i b (By —a)cosléry] , 0<y<d (21)
n=1

The multiplication of both sides of (20) and (21) by cos[Kfy| and
integration from y = 0 to y = d gives

20 ,

fje(oz) = —= A;yj(ﬁ; +o)a;, , j=1,2,--- (22a)
J n=1

g;(a) = __Z n] Be_a ’ ]:1727 (22b)

]nl
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with A7  being defined by

Ae ‘:7714’772 K;f'rc;,
W @ (K

Consider the continuity relation (2h) which reads, in the Fourier
transform domain

sin[ K} d] sin[¢], d] (22¢)

2 (e) _ Ale) _ 2k sin ¢g e tkdsindo il(a—kcos o)
Fl (a7d) Gl (a’d) N 1+77181n¢004—k5(308¢)0[ 1]
(23)
Taking into account (5a), (7a) and (14) one obtains
ey (@) e 0 iat f+(e)
ZkMT@PI (OZ)—F_ (Oé,d)—e F+ (Oé,d)
2k sin ¢ e~tkdsin o (a—kcos¢g) 1]
1+ n1sin¢g a — k cos ¢g
d
1 (e) ial (e)
e /[f (a,t) + €' g\ (e, t)] cos[ K t]dt (24)
M(e) (a) J

Substituting (19) in (24) and evaluating the resultant integral, one
obtains the following modified Wiener-Hopf equation of the third kind

. X(a) e (e ial (e
ik o) P{a) — F9(a,d) — ¢ F) (a, d)

2ksin¢0 e—ikdsin¢0 [ il(a—k cos ¢o)

1 + m1 sin ¢g o — k cos ¢ — 1
— KS’L i Kzzd e ial e
A e ORR A (25)
with '
N©(a) = e K@dpre) () (25b)

Although this modified Wiener-Hopf equation is valid for Sm(—k) <
Sm(a) < Jm(k), for the sake of analytical convenience, we shall
restrict the strip of regularity to Sm(k cos ¢p) < Sm(a) < Sm(k).

The first step in solving (25a) is to factorize the kernel function
x(@)/N©)(a) in the Wiener-Hopf sense, that is,

(26)
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Here Nf)(a), X+(a) and Nﬁe)(a), X—(«) are the split functions,
regular and free of zeros in the half-planes Sm(a) > Sm(—k) and

Sm(a) < Im(k) respectively. The explicit expression of Nf) (o) can
be obtained by following the procedure outlined in [7]:

Nie)(a) = [Cos[kzd] - % Sin[k‘d]} 1/2 exp {% In (a —ZLK)}

xexp{%i (1—C+1n (i—g) —Hg)}

1 () (29

m=1 m

N9a) = N(-a) (27b)

In (27a) C is the Euler’s constant given by C = 0.57721... As to the
split functions x4 (), they can be expressed explicitly in terms of the
Maluizhinets function [8] as follows:

X+ (K cos ¢)
28/2 %Sin ¢ {Mw@m/? - ¢AZ;()7?/4£3(W/2 —$+0) }2
X { [1 + V2 cos (Wﬂ
[r e (Wﬂ }_1 (28a)
with 1
sinf = p (28b)
and

Now, let us multiply both sides of (25a) by N® (a)/x— () to get

©) (©

N . N

ik X?_)(a) Pl(e) (o) — ;@F(e)m’ d) — eme;@
N+€ (a) X- (a) X— (a)

2k sin ¢ e~ ik(dsin ¢o+£ cos ¢o)

X Fie)(a, d) +

1+ n1sin¢g a — kcos ¢g
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= K& sin[Kgd]| .

2 o o7 o)
B 2ksingy e thdsindo Nie)(a)
1+ msingga— k:cosgbo X—
Ke sin| Ke d]

+Z ]fe()

X- () (29)

The first and the second terms appearing at the left-hand side of
(29) are evidently regular in the upper and lower spectral half-planes,
respectively, whereas the other terms in the remaining part of the
equation have singularities in both spectral half-planes. Hence, one
has necessarily to apply the Wiener-Hopf decomposition procedure to
these terms. A decomposition of the first term at the right-hand side
of (29) can readily be achieved by isolating its pole at o = k cos ¢p and
yields:

2ksingy e thdsindo N °) (@)

1+n1s1n¢oa—k:cosd>0 X—(a)
2ksin gy e tkdsindo N© (@) N®© (k cos ¢)
1+msingga—kcosgg | x—(a) X—(k cos ¢p)

_ 2ksin ¢y e—ikdsingo (©) (k cos ¢p)
1+ msingg a — kcospg x—(kcospp)

(30)

A similar decomposition for the second term at the right-hand side can

be written by isolating the poles at o = —a,,, that is
Z K¢ sin[K¢ d] (o )Nf)(oz)
= o2 = (a5,)?] X (a)
_ 3 Kasinlfd | N9(@) f(e) | N(af) fr(—ap)
2 Tata | x(@ a—ag | xelag) 205,

> K¢ sin[K¢d] N 6) c(—af,

m=1

31
atof, X+<asn> “2an, (31

As to the third term at the left-hand side of (29) which involves also the
unknown function F_E_e)(a, d), only a formal decomposition is possible.
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Indeed, in accordance with a very well-known general procedure,

, N(e)(a) . 2k sin ¢
tod 2 — (e) 0
e — | F Oé,d + —

XJa)[+( ) 1+ misingo
e~ tk(dsin go+£ cos ¢o) N i K¢, Sin[K%d]
a — kcos ¢g

m=1

(e) iTl
_ 1 NT(T) ey €
27 / xX—(T) u (T)T - adT

£y

fa? — a5

(e il

LN
2m£/ e e B (32a)

where £ and £~ stand for the integration lines shown in Fig. 3, while
U (a) stands for

2k sin ¢g e—tk(dsin ¢o+L cos ¢o)

(e) — g
Ue) + (a’d>+1+msin¢o a — kcos ¢g

+ Z o ST0 Ke)df 42.(0) (321)

By substituting (30), (31) and (32a) in (29), and after some simple
manipulations, one obtains

. 1 N(e) il
;X @) p@y o LN (D ©

N(e)( ) 27?2'£+ xX—(7) T—
1

2k sin ¢ —ikdsingo  y(©) (k cos ¢)
14+m sind)o a — kcos gy x—(kcos )
. Z Ky sinlfSsd] N ) fin (o)
o+ Oy X+(am) 2am
N(e) . 1 N(e)
. — (a) F(E) (OZ, d) - / — (7—) U(e) (7_)
(@) mi | )
eiTE B 2k sin (Z)O e—ikd sin ¢g
——— 14+ nm1sin¢g o — kcos ¢g

) [N(_e)(a) Nﬁe’(kcosqﬁo)] innsin[Kfnd]

a+ag,

x—(@)  x_(keoseo) | 2
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Vo) falo) | N(og) fr(ah)

x-(a) a—at  xy(ag,) 2ag,

(33)

This equation is now ready to apply the well-known Liouville
theorem. Indeed, all functions at the left-hand side are regular in
the upper spectral half-plane Sm(a) > Sm(kcosgg), while those
at the right-hand side are regular in the lower spectral half-plane
Sm(a) < Sm(k). Therefore, by analytical continuation principle, they
define an entire function. By using the following order relations

9 (e

S 0.0), L) =06 L pm0 ()

a Up

with p being the distance from the edges to the observation point, and
by virtue of (34a), it can be shown that F (e)(a, d) behaves like

F{(a,d) = O ((xa)"1/?) (34b)

as |a] — oo in their respective regions of regularity. Now, by taking
into account (34b) and the fact that

(e)
)
o oW (35)

it can be shown that the entire function is merely zero. Hence, one has

N%) o, 1 (N9 e
oy P = %/ i V)

 2ksingy N'(kcosgg) e~ikdsingn
1+ msingg x—(kcosgg) a— kcos gy
_Z K¢, sin[KE,d] N. e( e fe(—=as)
atap,  x+(af) 205,

(36a)

where

2k sin ¢g ¢~ thdsin ¢o

1+ n1sin¢g a — k cos ¢g

L¥(a) = .d) —

6

(
+ 3 Ch T ) (36)
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An integral equation similar to (36a), with the roles of U(®)(a) and
L(e)( ) interchanged can be obtained by multiplying both sides of

25a) by e meN X . The result is:
+

MU(E)(Q)
X+(a)
B 1 NJ(FG)(T) 7@ et 2k sin ¢ Nj(f)(k Ccos ¢y)
B 7277”'[& X+(7) (T)T—a T T singo o (kcos go)
ittt & I sinl Ky N (o) gho)
a — kcos ¢ = a—ag,  x4(ag)  2af,

In obtaining this integral equation, the integration line £ is replaced
by Lt as shown in Fig.3, and the residue contribution related to the
pole 7 = k cos ¢ has been taken into account.

The coupled integral equations given in (36a) and (37) can be
solved by using an iterative procedure. When k¢ (slit width) is large,
the free terms lying at the right-hand side of (36a) and (37) give the
first order solutions. Second order solutions can then be obtained by
replacing the unknown functions appearing in the integrands by their
first order approximations. Thus, one can write

L (@) = L) (@) + L{;) (@) (38a)
U (a) ~ U[(e})( )+U[(2})(a) (38D)
with
© (@) = — xX—(a) 2k sin ¢q Nfe)(k; cos ¢g) e~ ikdsingo
(1] N@(a) 1+ msingg x—(kcosgg) a— kcos gy
s (e e e e
K¢, sin[Kf,d] Ny (as) fo(—as)
U©(a) = X+@) | 2ksind N (k cos ) e k(dsindo-+Leos o)
1] NJ(re)(a) 1+ nsingg x4+ (kcos o) a — kcos ¢g

>

(39b)

. K¢ sin[Ke,d] N\ (ag,) g&,(af,)
a—ab,  x+(ag,) 2ag,
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and
L) = ]jgffcz)f<e><a> (100)
e o x+@) o
() = —5=J9) (40b)
G N ()

where I®)(a) and J(®)(a) stand for

1 N( )(7_) () i‘r@

(e) _ NZ(T) et
I'“(a) i e [1]( ) adT (41a)
-
(€) —i7l
1 N{(7) e
(6) g - JF (6)
7e) 2m‘[ X+ (7) Ly (T)T_adT (41b)
L

Consider first the integral in (41a) and rearrange it as follows:

19(a) = I () + 1} (0) (42a)
with
I(e)( ) k sin ¢067ik(d sin ¢o+£ cos ¢o) N_(f) (k CcOS ¢0)
T im(1 + 11 sin ¢o) X+ (k cos ¢o)
NO@) xilr) e dr
. 42b
/ Nf) X (7) = keosdo) (r—a) 2P
() _ 1 K¢, sin[KE d] N. 6)(am) ¢ e
12 (OZ) - 27TZ e 205% X+(ae ) gm(am)
NEe) (1) x+(7) it dr
. 42
oo cnraea

According to Jordan’s Lemma, the integration line £~ in (42b) can
be deformed onto the branch-cut C;" + C; lying in the upper spectral
half-plane. The resulting integral can be written in the following form:

I e)(a) _ k sin ¢0 ( )(k Ccos ¢0) k(dsin ¢o+£ cos ¢o)
1 im(1 4 n1singg) x4 (kcos ) a — kcos ¢g
Ti(r) (1 1 5
— 1T d 4
" <T—Oé T—kcos¢0)e T (43a)

VT —k
of
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with
2
B 2ik X4 (T)M©) (1)
T (1) = _m Nf) () ] (43Db)

Changing the variable of integration from 7 to t via
T—k:te”/z, t>0,
(43a) reduces to

k sin ¢q ( (K cos g ) e~ k(dsin o+ cos o) gikt
m(l + 7151 o) X+(k cos ¢) a — kcos ¢

OOT+ k + it) 1 1 —tt
— 44
XO/ (it)1/2 (t—i(k—a) t—ik(l—cosqﬁo))e dt (44)

When k¢ is large (wide slit), the main contribution to this integral
comes from the end point ¢ = 0. Hence, one may replace 7, (k +it) by
7T+ (k) and take 7 (k) outside of the integral. The resulting integral
can be expressed in terms of the modified Fresnel integral

[e.o]

F(z) = —2i\/ze @ / e dt (45a)
Nz
satisfying the equality

T 1 et m F(izl)
O/H_Z\/Edt_\/; - (45D)
to give
ikl ( ) 2 :
(e) _ —1;37r/4\/7 2 € X+ (k sin ¢
I = k
1 (O[) e T \/@ |:N_(,_e)(k) 1 + m sin ¢0
Nie) (k coS ¢0) y e—ik(dsin do+L cos ¢o)
X+ (k cos ¢p) a — kcos ¢g
Flke(1 —a/k)]  F[kl(1 — cos ¢p)]
: - (46)
k— k(1 — cos ¢p)
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Similarly, one obtains for Iée)(oz), the following result:

W~ € e [ | Pk ab)
2 Ver - VEE | N9 () k—a

. f K&, sin[Ke,d] N\ (ag,) ¢&,(a2,)
k— a¢

m=1 — Ym X—i—(afn) 2afn

(47)

The integral in (41b) can now be evaluated in a similar way to (41a)
and by rearranging it one gets

TO(@) = J{ () + S () (48a)

Now, deforming the contour £T in (41b) onto the branch cut Cy +Cy
lying in the lower spectral half-plane, the resulting branch cut integrals
can be evaluated asymptotically in a way similar to that described
above and one obtains

2

ikl :
(e) _ _7;37r/4\/7 12 € X+ (k) sin ¢o
Jy () e - NG N_(f)(k?) 1 + )y sin ¢

NE@) (k oS ¢0) y e—ikdsin b0
X—(kcosgy) o — kcosg

Flk(1+ a/k)]  FkE(1 + cos ¢o)]
' { k+ o k(1 + cos ¢p) ] (48b)
2
19y = e xR | PR+ o/R)]
: Var VR (NI | T kta
S K sinlKid N (ag,) fo(—as,) .
mz::l k— x+(ag,)  2af, (48c)

Since I (6)( and .J(©) () are now determined, the approximate solution
of the MWHE in (25a) reads:

(e) )
Pla) = ;{JL(( D @)+ 1) + L)
] (6) « e e e
ree = S 50 + @) + O >}} (490)
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where we define f/[(le})( ) and U(?)( ) as

L@ = “= @ (490)
c N” @) (e
i@ = 2= S (49¢)

The expression of Pl(e) (o) in (49a) involves the unknown constants
ff(—a$) and g5(af) which are related to Pl(e)(iaj) through (16a,b).
Using the expressions of f7(+af) and gf(+a5) in terms of af and b5,

fje(iaj) - ——ZA (ﬁeia) at , j=1,2,- (50a)
]n 1

g;(iag) - ——Z nj(ﬁe:Fa) €. j=1,2,-- (50b)
Jn 1

n (49a) and (16a,b) yields the following infinite systems of linear

algebraic equations for a$ and b5:

iamg( §)- ZbeBe( S=c(a5) . =12 (5la)
n=1
iamg (—a;)—zb;;zg; (—af)=c®(=a5) , j=1,2,--- (51b)
n=1 n=1

with

e e -Sin[K?d] 77% e\2 e e e

An(af) = ZK;[ *Q(Kj) AL (By + af)

(85 — ag) N (ag,)
vaas,  x+(ag,)

{ ) 1Nl o

+ Z AL o K, sin[ K7 d]

+e
k x(a e-) af +ag, X—(af) v2r Vkt

X+ (k) FW(l +aj/k)] 1
' [ N§>(k) k+ aj] k- af, (51¢)
sin[K$d
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e _ e €/ e
4 Z A¢ K¢ SIII Ke d]( n am) N+ (am)

e Vi, X+(0f,)

{lem;z N )<ij) 1 Nf)(a;) eim/4 ikt

X-(a5) of —og, x+(af) V2r vkl

Xt (k) | FlktQ —aj/k)] 1 (51d)
N@w) k—aj  k-oah
o ( ) ) e 2k sin ¢
D) = e e s
£)<k COS ¢0) efik’dsin(]ﬁo
X—(kcos¢g) af —kcos gy
sl € e i
et NZ7(af) ), e 2k sin ¢g
TR () D
( ) —ik(d sin ¢po+£ cos ¢o)
. (k:cosqbo) (516)
X+(k‘ cosgg)  af —kcosg

4. ODD EXCITATION

The solution for odd excitation is similar to that of even excitation.
Indeed, by assuming a representation similar to (la) with the
superscript (e) being replaced by (0); it can be seen that all the
boundary and continuity relations in (2a-1) remain valid for the odd
excitation case also, except (2d—f) which are to be changed as

W(2,00=0 , 2<0 (52a)
uW(@,00=0 , 0<a</ (52b)
W (2,00=0 |, z>¢ (52¢)

In this case the Wiener-Hopf equation reads
X(@) S0,y g0 it (o)
kN(O)(a) P (a) = FX7 (o, d) — " F7 (o, d)

2k sin ¢ e~ thdsingo [eiﬁ(a—kcosqﬁo) —1]
1+ ny sin ¢ a — k cos ¢g
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> o () + € h @) (53a)
with
NO(q) = ik {sin[Kd] + Z—;Kcos[m]] (53b)
Ko, = B (ag)? (550)
0 2 1 0
{gg ] = @0/ [ g(o)g)) ]sm[Kﬁ@t]dt
V0 =d+ D cos?[K° d] (53d)

where of, are the roots of

m

sin[Kd] + n_l::K cos[Kd|=0 , a=a,, , Sm(ay,) > Sm(k) (53e)
i

The application of the Wiener-Hopf procedure to (53a) yields the
following pair of coupled Wiener-Hopf equations:

NO@) ey L[N0 g @
X_(a)L (@) = 27rz'/ X_(T)U (T)T—adT

_ 2k sin ¢ NEO)(k:cOS ¢0) y e—thkdsin ¢o
1+ mn1singg x—(kcos o) a — kcos ¢g
Ky, cos[Kgd] N (a2,) fo(—as,)

o4
! Z otaq, xilop) 205, O
(0) (o) —iTl
N+ (Oé) U(o) (Oé) _i N+ (T) L(o) (7_) € dr
X+() 271'1£+ X+(7) T«
2k sin ¢ N-(t,-O) (k oS ¢0) y e—tk(dsin ¢o+L cos ¢o)
1+ msingg x+(kcosgp) a — kcos ¢
(0)( o0
o o N o o
_ Z K COS K d] + (am) gm(am) (54b)
ool xilo%) 200,
with

2k sin ¢O e~ tkdsin ¢o

() — p _
L¥(a) (o) 1+ m1 sin ¢ a — k cos ¢
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K2, cos[K?,d|

_ —fo 54c

mZ_lW e ) (54c)

: —ik(dsin ¢o+£ cos ¢o)
(0) _ F(D) 2k sin ¢0 e
U (a) + (O‘vd)+1+msin¢0 a — kcos ¢

KO cos| K" d

Z ]go (@) (54d)

ag,)?] "

NJ(FO) (o) and NSO)(a) are the split functions resulting from the Wiener-
Hopf factorization of (53b) as

N©(a) = N (a)N(a) (55a)

The explicit expressions of Nio)(a) are [7]

NJ(ro)(a) - Vatk [sm}[ﬁkﬂ N n_li S[k:d]} 1/2 o {ﬁln (a +ZK>}

ceon {2 (1-cm(2) 4i5))

N9 = N9(-a) (55¢)

By applying the iterative procedure, the solution of the coupled integral
equations can be obtained as follows:

£ () = L (o) + L5 (0) (562)
U(a) = U (a) + U (a) (56b)
with
L(O)(a) _ x-(a) 2k sin ¢g NEO)(k cos ¢p) e—tkdsin ¢o
. N N@(a) 1+ msingg x—(kcosgg) a— kcosgpg
0)
Ky cos[Kd] N7 (o) fn(=ar)
U(O)(a) = X""(a) 2k sin ¢0 N( (k COs ¢0) k(dsin ¢o+£ cos ¢o)
(1] Nio)(a) 1+ m1 sin ¢g X+(k cos ¢p) a — kcos ¢g
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d
o oa—ag x4(ap) 209, (56)

OOKOCOSKd () °) g° (af
3 K | N <m>gm<m>]

L@ = X9 [100) + 1 )] (56¢)

Ui@) = X*(O‘)) ERORF L) (561

2
sin gbo
1+ m sin gbo

IO)(a) _ 6—i3W/4\/§k2 e xq (k)
: ™ VR NO(k)
)X

Nio)(k Cos o e—tk(dsin ¢o+{ cos ¢o)

. X+ (k cos ¢p) a — kcos ¢
Flké(1 —a/k)]  F[kl(1 — cos ¢p)]

{ k— « B k(1 — cos ¢p) ]

eirr/4 ekt Xt (k)
Var VR | N (k)

(56g)

Flke(1 — a/k)]

O)
Z [0 =
2 ( ) L

i K2, cos[Kg,d] N\ (a8,) g% (ag,)
k—ag  xi(ag) 204,

m=1
2

Nay = e-itna,[2 2 € | X4 (k)
o) = {N@(m
N (kcosgg) e ikdsindo
X~ (k cos o) " —kcos oo
. [F[M(l +a/k)]  F[k(1 + cos qﬁo)]]
k+a k(1 + cos ¢p)

(56h)

sin gf)o
1+ 1 sin ¢

(561)

’ Flkl(1+ a/k))
k+ «

V2r o VR | N (k)

i K2, sin[K2,d] N\ (a8,) fo,(—as,)
m=1 k— am, X+ (Oé?n) 20&%

i /4 ikl
JQO)(Q) — € k € [ X+(k)

(56])
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The approximate solution of the MWHE in (53a) is given as

0 (4 )
P = {3 0 0+ )
) e )
+€MW [79(@) + 7 (0) + T (@ >}} (57a)

where we define I}[(f})( ) and U, [(ﬁ)( ) as

) N (g
Lie) = = ((a))Lfff(a) (57b)
) 0,

09w = 2By (570)

Using the expressions of f7(+a$) and g7(af) in terms of af and b7,

2i & .

ff(+af) = —EZAfm(ﬂgia;)ag , j=1,2,--- (58a)
J n=1

o (o} 2Z = 0] [0] (o] (o} .

gj(:l:aj) = _; An,](ﬁn:':a])bn ) .7:1727 (58b)
J n=1

in (57a) yields the following infinite systems of linear algebraic

equations for af and b?:

Z aZAg(a?) + Z bleZ(a?) = Co(a?) , j=1,2,--- (59a)
Z a%AZ(—a;?) + Z bng;(—a;?) = C"(—oz?) , 7=1,2,--- (59b)
with

An(af)

COS[KJQd] 771
K7 k2

(K >] A% (B2 +a2)
(82— a2,) N\ (a2,)

v, X+ (o)

{ N(O)( o) 1 m"ZN( )( Q) in/4 ikt

+ Z A K5, cos[ K, d]

kox+(af) of +ag, xX-(ef) V2r vkl
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Flki(1+a%/k 1
() | P i) 1 00
N(k) k+af k—a2,
or o cos[K9d] ;.o n? AC (0 o
Bn(%> = que 7 [ ké( 7) ] n,j(ﬁn - 04]‘)
o o ()¢ 0
(671 — am) N+ (am)
+ AD K5, cos[K,
Z md vimom,  X+(ap,)
L iage G
k —(a?) af —ap,
k Flki(1 —al/k 1
et | rr g 1 o)
N(k) k—af k— a9,
N (a2 i N (k
C;)L(Oé?) _ l + (aoj) I%O) (Od_?) + 2k Sln‘éo — ( COS (;50)
ik x+(a9) 1+ msingg x—(kcos o)
—ikd sin ¢o azl N( 0) 2k si
. S + ( ) JI(O) (O[?)ﬂ‘ kSID.QSO
ag — kcos ¢ ik x—(« ) 14 m singyg
NiO) (k cos ¢0) k(dsin ¢o-+£€ cos ¢p) (59 )
X+(kcosgg) g —kcosdo ¢
where oro . .
AY, = m + n K376, COSJKJ‘ d] ioz[gnd] (591)
’ ik (&7)7 — (K3)
and
B =\k*= (&) . Sm(B;) > Sm(k) (59g)
with &2 being the roots of
sin[e0d] — 7,7—;5;; cos[€2d] =0 , n=1,2, - (59h)
i

Note that in the series terms of A, (—a$), By («f) and A7 (—a9), By (ag)

given in (51c,d) and (59¢,d) there occurs an 1ndeterm1nate form 8 for
m = j which should be removed by using .’Hospital’s rule.
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5. ANALYSIS OF THE DIFFRACTED FIELD

The scattered field in the region y > d for even and odd excitations
can be obtained by taking the inverse Fourier transforms

(e) — ) (e iK(a)(y—d) ,—iax
(z,9) 27r K @ P (a)e e da  (60)

(0) _ (04) 0) 1K (a)(y—d) —iax
uy (z,y) = 5 kK(a)P (a)e e "“da  (61)

Here L is a straight line parallel to the real a-axis lying in the strip
Sm(kcos ¢p) < Sm(a) < ISm(k). By using (49a) and (57a), (60a,b)
can be put into the following form
(e,0) (e,0) (e,0)
uy U (z,y) = uyy (@) gy (2,Y) (62)
The asymptotic evaluation of the integrals in (60a) and (60b) through
the saddle point technique enables us to write for the diffracted field

(e) (0)
z,y)+u; (x,

with

(6)( 5) e~ BT/4 gtke gin ¢ Nie)(k‘ cos @)
U =

A V2r Vkpl+msing x—(kcoso)

><[I{e)(—kcos¢)+12(€)(—kcosqb)—kf/fle})(—kcosqb)] (64)

e e3[4 gikr sin N kcosvy

ul(rs) = + (kcosy)

V21 Vkrl+msing x4 (kcos)
% [Jl(e)(—k:cos ¢)+J2(6)(—k cos¢)+(~][(f])(—k cos ?,Z))} (65)
g g N (eoss)
V2r VEpl+msing x—(kcos¢)
x[ll(o)(—kcosqﬁ)—l—lé (— kcos¢)+L[1])( k‘COSCb)} (66)
gy = Tl siny N (kcost)
M2 () = e e T msind xs (kcos )
x[Jl(O)(—kcosw)—i-Jg( (— kCOSw)‘i'U[(l])( kcosw)} (67)

ul)(p,0) =
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Figure 4. Diffracted field for different positive values of 7;.

where (p, ¢) and (r,1)) are the cylindrical polar coordinates defined by

x = pcos¢p y—d=psing¢
r—¥{ = rcosy y—d=rsiny

6. NUMERICAL RESULTS

In this section some numerical results displaying the effects of various
parameters such as the surface impedances of the plates, slit width
and the separation distance between the parallel-plates are presented.
From Fig. 4 and Fig. 5 we can see that the diffracted field amplitude
decreases with the increasing values of |n1].

Fig. 6 and Fig. 7 display the effects of 12 to the diffracted field.
It is observed that the diffracted field amplitude is insensitive to the
variation of 7y for angles of incidence near 7/2, as expected

In Fig. 8 we see that the diffracted field amplitude becomes
more oscillating when the slit width [ increases. Finally, Fig. 9 show
the variation of the diffracted field amplitude with respect to the
observation angle for different values of the distance d, separating the
parallel-plates.
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30 T

n2=02i § nl=-025i
7 0= 22 ;
W o dn ; . ml=-05i
= n20 f
20 —| kd . =075

DIFFRACTED WAVE (20log|uil|)

20 —

\ T 1T 7 ] \
0 30 50 20 120 150 180
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Figure 5. Diffracted field for different negative values of ;.

DIFFRACTED WAVE (20log|ul])

0 30 60 90 120 150 180
OBSERVATION ANGLE (in degrees)

Figure 6. Diffracted field for different positive values of 7y for angle
of incidence /2.
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=025 - m2=0Zi
H0=r/10
e 72=0.3
fd =ni20

_e_._ 12=08;
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T T T \ [T
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Figure 7. Diffracted field for different negative values of 7y for angle
of incidence 7/10.

30
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o 30 60 30 120 150 180
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Figure 8. Diffracted field for different values of kl.
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71=025

72=0.2 kd ="
d0=rf10 T ka0
W=e ke =20
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|
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N \ \ \
0] 30 60 S0 120 150 180
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Figure 9. Diffracted field for different values of kl.

7. CONCLUDING REMARKS

In this work the diffraction of F-polarized plane waves by a tandem
impedance slit waveguide is investigated rigorously by using the Fourier
transform technique in conjunction with the mode-matching method.
The approximate scattered field expressions (61c—f) are uniformly valid
for all angles of incidence and observation except for the grazing
incidence.

By applying the duality principle, the results related to the
H-polarized incident plane wave can be obtained from (6lc—f) on
replacing 712 by 1/ 2.

For the special case Z; + Z2 = 0 we get

ol = By, , K: =€, m=1,2,---
so that (20) and (21) are identically satisfied for
fo=—tan, (B +a) . gh = —ibG (8, — a)
This gives

f(—an) =0, g5, (as) =0
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implying the series contributions to the total diffracted field in (61c,d)
be zero. Similar considerations are also valid for the odd excitation
case.

For ¢/ — oo, it can be checked easily that the solution of the
Wiener-Hopf equations in (49a) and (57a) reduce to the results related
to a parallel plate impedance waveguide (see [6] formulas (29a) and
(37) for zero plate thickness).

Furthermore for d — 0, n; — 0 we have

Nie)(a)%l , Nio)(a)ﬂo , Xi(a)—)1/1ia/kj

and the expression of the total diffracted field from the origin reduces
to

e™/% /T ¥ cos go\/1 + cos @ etkP

wip9) = V2or Cos ¢y + cos ¢ Vkp
_|_£efikf cos ¢o \/1 — COS ¢0\/1 + cos (;5
m oS ¢ + cos ¢
[ FlEC(L = cos o)) Flk((1+cosg)]] e™ e (©8)
1 —cos o 1+cosd | VElVEp

which is nothing but the well-known result for a slit in a perfectly
conducting plane [9].

REFERENCES

1. Alldredge, L. R., “Diffraction of microwaves by tandem slits,” IRE
Trans. on Antennas and Propagat., Vol. AP-4, 640-649, Oct. 1956.

2. Levine, H. and J. Schwinger, “On the theory of electromagnetic
wave diffraction by an aperture in an infinite plane conducting
screen,” Comm. on Pure and Appl. Math., Vol. 3, 355-391,
December 1950.

3. Kashyap, S. C. and M. A. K. Hamid, “Diffraction characteristics
of a slit in a thick conducting screen,” IEEE Trans. on Antennas
and Propagat., Vol. AP-19, No. 4, 499-507, July 1971.

4. Yoshidomi, K. and K. Aoki, “Scattering of an E-polarized plane
wave by two parallel rectangular impedance cylinders,” Radio Sci.,
Vol. 23, 471480, 1988.

5. Biiyiikaksoy, A. and B. Polat, “Diffraction of acoustic waves by a

semi-infinite cylindrical impedance pipe of certain wall thickness,”
J. Engng. Math., Vol. 33, 333-352, 1998.



Plane wave diffraction by tandem impedance slits 61

6. Biiyiikaksoy, A. and B. Polat, “Plane wave diffraction by a thick
walled impedance waveguide,” IEEE Trans. on Antennas and
Propagation, Vol. 46, 1692-1699, 1998.

7. Mittra, R. and S. W. Lee, Analytical Techniques in the Theory of
Guided Waves, The Macmillan Company, New York, 1971.

8. Senior, T. B. A., “Half-plane edge diffraction,” Radio Sci., Vol. 10,
645-650, 1975.

9. Karp, S. N. and A. Russek, “Diffraction by a wide slit,” J. Appl.
Phys., Vol. 37, 886-894, 1956.



