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Abstract—A fast and efficient method for analyzing an inset dielectric
guide is presented using the Fourier transform technique with a
modified perfectly matched boundary. In order to deal with an open
region, a novel idea, modified perfectly matched boundary condition
(PMB), has been proposed. By introducing the modified PMB, the
numerical integral has been avoided and the accuracy of the numerical
solution has been improved. Moreover, the singular behavior of the
fields at metal edge is taken into account in the analysis. The numerical
examples are shown that the convergence of the solution is very fast
and the relative error less than 0.07% is attained even if only the first
term is considered in the field expansion of the guide. The numerical
results of the propagation constants for single- and double-layered inset
dielectric guides agree well with those of literatures.
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1. INTRODUCTION

An inset dielectric guide consisting of a rectangular groove filled
with a dielectric medium is a low-loss transmission line in microwave
and millimeter wave range [1–4]. Due to the low-cost and easy
fabrication, the inset dielectric guide is expected as a promising devise
for millimeter-wave integrated circuits and surface wave antennas
with a low cross-polarization [5, 6]. During the past decade, the
modal properties of the guide are extensively investigated by using
the effective dielectric constant method [7], the transverse resonance
diffraction method [6, 8–10], and mode matching method [11]. The
effective dielectric constant method utilizes the transverse resonance
condition for an equivalent structure with an effective dielectric
constant. The transverse resonance diffraction method derives an
integral equation for the aperture field of the groove, which is solved by
using the Galerkin’s method taking into account the field singularity
at the metal edge. In the mode-matching method, the parallel metal
walls is assumed at some distance away from the groove in the lateral
direction and the fields in the cover region are approximated in terms
of discrete parallel-plate waveguide modes.

In this paper, we propose an efficient method for analyzing an
inset dielectric guide using the Fourier transform technique combined
with a modified perfectly matched boundary(PMB). In this approach,
the semi-infinite region over the guide is divided into two sub-regions,
and a virtual boundary of perfectly electric conductor (PEC) or
perfectly magnetic conductor (PMC) is assumed in the upper sub-
region. Under the assumed boundary, the fields in each sub-region
are represented by the Fourier integral and matched to those inside
the guide expressed in terms of normal modes. Since the original
semi-infinite region is replaced by the bounded region, and this mode-
matching procedure is performed using a simple residual calculus, then
an infinite set of linear equations is obtained. In order to obtain a
fast convergence of the solution, the tangential components of the
electric fields on the aperture are expanded in terms of the Gegenbauer
polynomials multiplied by weighted functions [2], which satisfy the
field singularity at the metal edge. This enables us to transform
the original set of linear equations into a new set of equations with
very fast convergence. Moreover since the components of electric field
is independently expanded, this method is easily applied to complex
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edges. It is shown that the convergence of our numerical results is very
fast and the relative error is one quarter or less of those obtained by the
transverse resonance diffraction method [2] under the same condition.
The numerical results for single- and double-layered inset dielectric
guides agree well with those of literatures [2, 8, 10]

2. MODIFIED PERFECTLY MATCHED BOUNDARY
CONDITION

When open-waveguide structures are concerned, we experience
inevitably a common troublesome related to the fields representation in
the open region. The fields in the open region are expressed in terms of
the continuous Fourier spectrum. This requires a numerical integration
in spectral domain to obtain the solutions. One possible way to avoid
such a numerical integration is to assume a fictitious PEC or PMC
boundary at a fixed distance away from the open-waveguide. In this
paper, we propose a novel idea for the perfectly matched boundary to
deal with the open region. The similar idea has been proposed by Shen
and Macphie [12] for analyzing a monopole antenna fed by coaxial lines.
However their PMB model is not suitable for the eigenvalue problems
of open-waveguides. To apply the idea of PMB to the eigenvalue
problems, we shall propose a modified PMB by introducing a buffer
region, in which the fields satisfying PEC couple with those of PMC
fields under a prescribed condition. The boundary conditions of the
fields of modified PMB can be written on the boundary y = ya of the
buffer layer as follows:

Exe,ze(x, ya, z) + Exm,zm(x, ya, z)
2

= EI
x,z(x, ya, z) (1)

Hxe,ze(x, ya, z) +Hxm,zm(x, ya, z)
2

= H I
x,z(x, ya, z) (2)

with the additional constraints which are given by any two of four
equations as

Exe,ze(x, ya, z) = Exm,zm(x, ya, z) (3)
Hxe,ze(x, ya, z) = Hxm,zm(x, ya, z). (4)

Note that two equations chosen from (3) and (4) are necessary to
determine the fields uniquely, because the left hand sides of (1) and (2)
contain four unknowns and the right hand sides contain two unknowns.
It is noted that the sum of the reflected fields from the PEC and PMC
walls becomes zero for any frequency and any polarization, when the
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incident fields are same for the both walls located at the same position.
These conditions are expressed by the following four equations:

E+
xe,ze(x, ya, z) = E+

xm,zm(x, ya, z) (5)

H+
xe,ze(x, ya, z) = H+

xm,zm(x, ya, z). (6)

The superscript + denotes the fields propagating in the plus y-direction
with the y dependence of e−jηy, where Im (η) ≤ 0. If the equations (5)
and (6) were applied instead of (3) and (4) as the additional constraints,
we can obtain an ideal PMB which yields the fields exactly same as
those of the original open-structure without PEC and PMC. However
the process of such exact formulation reduces the problem again to the
original one including the continuous spectrum. On the other hand, we
note that the guided waves are evanescent in the y-direction in the open
region, i.e., the amplitudes of the reflected waves (E−,H−) from the
PEC or PMC boundary are much less than those of the corresponding
incident waves (E+,H+). Then the incident fields given by (5) and (6)
are well approximated by the total fields (E+ +E−,H+ +H−) which
are defined by (3) and (4). The detail proof is shown in the Appendix.
The introduction of this approximation leads to the modified PMB. It is
shown that the solutions obtained by the modified PMB converge very
fast and the accuracy is superior to the conventional PEC boundary
or PMC boundary.

3. FORMULATION

The cross section of an inset dielectric guide is shown in Figure 1,
where a boundary of perfectly electric conductor or perfectly magnetic
conductor is a virtual boundary introduced for the convenience of
analysis. The cross sectional area is divided into three regions I, II, and
III′. The strip region II is an additional buffer to improve calculating
accuracy. The region III′ is the upper semi-infinite (y > d) free-space of
the original guide without PEC and PMC boundaries, and the region
III denotes the free-space within d ≤ y ≤ c bounded by the virtual PEC
and PMC boundaries. The electromagnetic fields in the region I are
derived from the electric and magnetic Hertzian vectors expressed as

Πh
I (x, y, z) =

ŷe−jβz

k1k0Z0

∞∑
m=0

Ahm
sinαm(y + b)

sin(αmb)
cos τm(x+ a) (7)

Πe
I (x, y, z) =

ŷe−jβz

k2
1

∞∑
m=1

Aem
cosαm(y + b)

sin(αmb)
sin τm(x+ a) (8)
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Figure 1. Cross section of a single-layered inset dielectric waveguide
with a virtual boundary.

where k0 = ω
√
ε0µ0, k1 = k0

√
εr, τm = mπ

2a , αm =
√
k2

1 − β2 − τ2
m,

Z0 =
√
µ0/ε0 is the intrinsic impedance in free space, β is the

propagation constant of the guided mode, and Ahm and Aem are
unknown coefficients. We note that the electric field denoted by eqns.
(7) and (8) satisfies the boundary conditions on the walls at x = ±a,
and y = −b. The fields in the region II can be expressed by the Fourier
integrals as follows:

Πh
II(x, y, z) =

ŷ

k2
0Z0

1
2π

∫ ∞
−∞
e−j(ξx+βz)

[
Ah(ξ)sinη(y−d)+Bh(ξ)sin(ηy)

]
dξ

(9)

Πe
II(x, y, z) =

ŷ

k2
0

1
2π

∫ ∞
−∞

e−j(ξx+βz)[Ae(ξ) cos η(y−d)+Be(ξ)cos(ηy)] dξ

(10)

where η =
√
k2

0 − β2 − ξ2, Ah(ξ) to Be(ξ) are unknown spectral
functions, and an infinitesimal small loss has been assumed in the
wavenumber k0 of free space, which is finally reduced to zero. The
field components in the region III are derived from the Hertzian vectors
expressed by Fourier integrals as

Πh
IIIe(x, y, z) =

ŷ

k2
0Z0

1
2π

∫ ∞
−∞

Ch(ξ) sin η(y − c)e−j(ξx+βz)dξ (11)
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Πe
IIIe(x, y, z) =

ŷ

k2
0

1
2π

∫ ∞
−∞

Ce(ξ) cos η(y − c)e−j(ξx+βz)dξ (12)

Πh
IIIm(x, y, z) =

ŷ

k2
0Z0

1
2π

∫ ∞
−∞

Dh(ξ) cos η(y − c)e−j(ξx+βz)dξ (13)

Πe
IIIm(x, y, z) =

ŷ

k2
0

1
2π

∫ ∞
−∞

De(ξ) sin η(y − c)e−j(ξx+βz)dξ (14)

where η =
√
k2

0 − β2 − ξ2 and Ch(ξ) to De(ξ) are unknown spectral
functions. The fields (EIIIe,H IIIe) satisfy the PEC boundary conditions
at y = c, and the fields (EIIIm,H IIIm) satisfy the PMC boundary
conditions at y = c. The tangential components of electric and
magnetic fields derived from (7)–(14) should be continuous across the
boundaries y = 0, and the fields on the plane y = d satisfy the modified
PMB condition as described in (1)–(4), here we choose equation (3) to
be the additional constraint equations.

EII
x,z(x, 0, z) =

{
EI
x,z(x, 0, z) |x| < a

0 otherwise (15)

H II
x,z(x, 0, z) = H I

x,z(x, 0, z) |x| < a (16)

EIIIe
x,z(x, d, z) = EIIIm

x,z (x, d, z) = EII
x,z(x, d, z) (17)

2H II
x,z(x, d, z) = H IIIe

x,z(x, d, z) +H IIIm
x,z (x, d, z) (18)

The boundary condition for the electric fields at y = d are first applied.
The electric fields derived from (9)–(14) are substituted into (17), and
Fourier transforms are calculated, then we obtain

Ce(ξ) =
sin(ηd)

sin η(d− c)B
e(ξ)

Ch(ξ) =
sin(ηd)

sin η(d− c)B
h(ξ)

(19)


De(ξ) = − sin(ηd)

cos η(d− c)B
e(ξ)

Dh(ξ) =
sin(ηd)

cos η(d− c)B
h(ξ).

(20)

Using (19) and (20) into (11)–(14), the magnetic fields on the plane
y = d can be derived from (9)–(14) that contain only the unknown
functions of Be(ξ) and Bh(ξ). Substituting these results into the
relationship (18), and taking Fourier transform with respect to x, then
we have

Bh(ξ) = ΘAh(ξ), Be(ξ) = ΘAe(ξ) (21)
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where Θ = sin 2η(d− c)/sin η(2c− d). From (7) and (8) the tangential
components of the electric fields on the aperture can be derived as
follows:

EI
z(x, 0, z) = j

∞∑
m=0

[
τm
k1
Ahm +

βαm
k2

1

Aem

]
sin τm(x+ a)e−jβz (22)

EI
x(x, 0, z) =

∞∑
m=0

[
β

k1
Ahm −

τmαm
k2

1

Aem

]
cos τm(x+ a)e−jβz. (23)

In the same way, the electric fields in the region II can be derived from
(9) and (10).

EII
z (x, 0, z) = − 1

2π

∫ ∞
−∞

[
jηβ

k2
0

Ae(ξ)− ξ

k0
Ah(ξ)

]
sin(ηd)ej(ξx+βz)dξ (24)

EII
x(x, 0, z) = − 1

2π

∫ ∞
−∞

[
jξη

k2
0

Ae(ξ)+
β

k0
Ah(ξ)

]
sin(ηd)e−j(ξx+βz)dξ (25)

Substituting (22)–(25) into the boundary condition (15), and then
taking Fourier transforms about x, this leads to a set of equations
which relate the spectral functions Ah,e(ξ) to the expansion coefficients
Aem and Ahm as follows:

Ah(ξ) =
k0(ξẼz − βẼx)

(k2
0 − η2) sin(ηd)

(26)

Ae(ξ) =
jk2

0(ξẼx + βẼz)
η(k2

0 − η2) sin(ηd)
(27)

where

Ẽx =
∞∑
ν=0

[
τναν
k2

0

Aeν −
β

k0
Ahν

]
jξUν(ξ) (28)

Ẽz =
∞∑
ν=0

[
τν
k0
Ahν +

βαν
k2

0

Aeν

]
jτνUν(ξ) (29)

Uν(ξ) =
(−1)νejξa − e−jξa

ξ2 − τ2
ν

. (30)

Substituting (21), (26) and (27) into (9) and (10) of the Hertzian
vectors in region II, then the magnetic fields H II

x,z(x, 0, z) derived from
(26) and (27) are expressed in terms of the expansion coefficients Aem
and Ahm. The results are substituted into the boundary conditions (16)
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for the magnetic fields together with the corresponding expressions of
H I
x,z(x, 0, z) derived from (7) and (8). Then we integrate (16) from

x = −a to x = a after multiplying both sides by the trigonometric
functions sin τn(x+a) or cos τn(x+a), where n is nonnegative integers.
This leads a set of linear equations for the expansion coefficients Ahm
and Aem as follows:

a

[
τnαn
k1k0

Ahn +
β

k0
Aen

]
cot(αnb)

=
∞∑
m=0

[−τmαm
k2

1

Aem +
β

k1
Ahm

]
τnβI1(m,n)

−
∞∑
m=0

[
βαm
k2

1

Aem +
τm
k1
Ahm

]
τmτnI2(m,n)

for n = 1, 2, · · · (31)

a(1 + δn0)
[−βαn
k1k0

Ahn +
τn
k0
Aen

]
cot(αnb)

=
∞∑
m=0

[−τmαm
k2

1

Aem +
β

k1
Ahm

]
(k2

0 − β2)I1(m,n)

−
∞∑
m=0

[
βαm
k2

1

Aem +
τm
k1
Ahm

]
βτmI1(m,n)

for n = 0, 1, 2, · · · (32)

where

I1(m,n) =
∫ ∞
−∞

ξ2Um(ξ)Un(−ξ)
2πk0η sin(ηd)

[cos(ηd) + Θ] dξ (33)

I2(m,n) =
∫ ∞
−∞

(k2
0 − ξ2)Um(ξ)Un(−ξ)

2πk0η sin(ηd)
[cos(ηd) + Θ] dξ. (34)

We can see that the integrands of (33) and (34) become one-valued
functions under introducing the modified PMB. Therefore the integrals
in (33) and (34) can be evaluated by the residual calculus, and then
I1(m,n) and I2(m,n) are expressed in terms of the series with very
fast convergence [15]. Since these integrals are zero when m+n is odd
number, the system of linear equations can be decomposed into two
independent sets. One corresponds the set of equations with the even
number ofm and n, and another one corresponds to those with the odd
number of m and n. If the number of mode expansion is truncated by
m = n = N , the set is finally rendered into a matrix equation for Ahm
and Aem. Then the propagation constant β can be determined from
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the requirement that a nontrivial solution of the matrix equation is
obtained. In order to accelerate the convergence of solutions, we take
into account the singular behavior of all the components of the electric
field at the metal edge. The tangential components of the electric field
Et vary as ρ−1/3 at a 90◦ metallic edge and the normal component of
the electric field varies as ρ2/3 [13]. Then we expand the electric fields
EI
z,x(x, 0, z) as follows:

EI
z(x, 0, z) =

[
1−

(
x

a

)2
]2/3 ∞∑

l=0

BlC
7/6
l

(
x

a

)
e−jβz (35)

EI
x(x, 0, z) =

[
1−

(
x

a

)2
]−1/3 ∞∑

l=0

DlC
1/6
l

(
x

a

)
e−jβz (36)

where the functions of C7/6
l

(
x
a

)
and C

1/6
l

(
x
a

)
are the Gegenbauer

polynomials, Bl and Dl are unknown coefficients. This method can
be easily applied to another more complex edge by considering the
singular behavior of the each component independently. From table of
integrals [14] the integrals are found.∫ 1

0

(
1− t2

)ν− 1
2 Cν2n+1(t) sin atdt = (−1)nπ

Γ(2n+ 2ν + 1)J2n+ν+1(a)
(2n+ 1)!Γ(ν)(2a)ν[

Re ν > −1
2
, a > 0

]
(37)∫ 1

0

(
1− t2

)ν− 1
2 Cν2n(t) cos atdt = (−1)nπ

Γ(2n+ 2ν)J2n+ν(a)
(2n)!Γ(ν)(2a)ν[

Re ν > −1
2
, a > 0

]
(38)

Substituting (35) and (36) into (22) and (23), respectively, and using
the orthogonality of the trigonometric functions together with (37) and
(38), we have

Ahµ =
2(−1)[

µ
2
]k1

τ2
µ − β2

×


β
∞∑

l=0,2,

DlX1(l, µ)− jτµ
∞∑

l=1,3,

BlX2(l, µ) µ
�
= even

β
∞∑

l=1,3,

(−Dl)X1(l, µ)−jτµ
∞∑

l=0,2,

BlX2(l, µ) µ
�
= odd

(39)
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Aeµ = − 2(−1)[
µ
2
]k2

1

αµ
(
τ2
µ − β2

)

×


τµ

∞∑
l=0,2,

DlX1(l, µ) + jβ
∞∑

l=1,3,

BlX2(l, µ) µ
�
= even

τµ

∞∑
l=1,3,

(−Dl)X1(l, µ)+jβ
∞∑

l=0,2,

BlX2(l, µ) µ
�
= odd

(40)

where

X1(l, µ) =
(−1)[

l
2
]πΓ(l + 1

3)Jl+ 1
6
(µπ2 )

l!Γ(1
6)(µπ)

1
6 (1 + δµ0)

(41)

X2(l, µ) =
(−1)[

l
2
]πΓ(l + 7

3)Jl+ 7
6
(µπ2 )

l!Γ(7
6)(µπ)

7
6

. (42)

Substituting (39) and (40) for even µ into (31) and (32), a new set of
linear equations in terms of the coefficients Bm and Dm is derived for
the even modes as follows:

−
[
j(−1)n[k2

1 − τ2
2n]

k0α2n

∞∑
m=1

BmX2(2m−1, 2n)

+
(−1)nτ2nβ
k0α2n

∞∑
m=0

DmX1(2m, 2n)

]
a cot(α2nb)

=
∞∑
m=0

Dmτ2nβ
∞∑
ν=0

(−1)νX1(2m, 2ν)I1(2m, 2n)

+j
∞∑
m=1

Bmτ2n

∞∑
ν=1

(−1)νX2(2m−1, 2ν)τ2νI2(2m, 2n)

for n = 1, 2, · · · (43)[
−j (−1)n[k2

1 − β2]
k0α2n

∞∑
m=0

DmX1(2m, 2n)

+
(−1)nβτ2n
k0α2n

∞∑
m=1

BmX2(2m−1, 2n)

]
a(1 + δn0) cot(α2nb)

= j
∞∑
m=0

(k2
0 − β2)Dm

∞∑
ν=0

(−1)νX1(2m, 2ν)I1(2m, 2n)
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−
∞∑
m=1

βBm

∞∑
ν=1

(−1)ντ2νX2(2m−1, 2ν)I1(2m, 2n)

for n = 0, 1, 2, · · · (44)

When the number of expansion coefficients is truncated bym = n = N ,
the linear system (39) and (40) is finally rendered into a matrix
equation for Bm and Dm. Then the propagation constant β of even
modes can be determined from the requirement that a nontrivial
solution of the matrix equation is obtained. In the same way, the
matrix equation for the odd modes is derived by substituting (39) and
(40) for odd µ to (31) and (32).

Table 1. Convergence of the normalized propagation constant β/k0

of the dominant mode of an inset dielectric guide as the function of
location c/λ of assuming PEC and PMC boundaries with different
width d/λ of the buffer region.

d/λ c/λ 0.3 0.5 0.7 1.0 2.0

0.05
Re(β/k0) 1.20764267 1.20805813 1.20806855 1.20806848 1.20806660
Im(β/k0) -0.0001312 -0.0001307 -0.0001306 -0.0001306 -0.0001306

0.15
Re(β/k0) 1.20696546 1.20804213 1.20806817 1.20806855 1.20806672
Im(β/k0) -0.0001318 -0.0001307 -0.0001306 -0.0001306 -0.0001306

Frequency=8GHz, 2a=10.16 mm, b=15.24 mm, εr=(2.08 -j0.000416) N=2

4. NUMERICAL RESULTS

The proposed method has been applied to the analysis of an inset
dielectric guide with a single-layered or double-layered dielectric. We
first consider the single-layered inset dielectric guide. The convergence
of the normalized propagation constant β/k0 of the fundamental mode
is shown in Table 1 as the function of location of assumed PEC
and PMC boundaries with different width of the buffer region for
2a = 10.16 mm, b = 15.24 mm, εr = 2.08− j0.000416, and f = 8 GHz.
The truncation number of mode expansion is chosen to be N = 2. It is
seen that the relative errors in the propagation constant are less than
0.0002% when the width d/λ of buffer region and the location c/λ of
PEC and PMC boundaries are greater than 0.05 and 0.7, respectively.
From this results the virtual boundary may be regarded as a perfectly
matched boundary. The propagation constants β of the fundamental
mode for various frequencies are shown in Table 2 as the function of the
mode truncation number N and compared with those obtained by the
TRD method [2] and the measured data [8]. The buffer width and the
location of the PEC (or PMC) boundary is assumed at d/λ = 0.05 and
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Table 2. Convergence of the propagation constant β (m−1) as the
function of mode truncation number N, where d/λ = 0.05, c/λ = 0.75
and the values of other parameters are the same as those given in Table
1.

f (GHz)

Present Method TRD Ref.[2] Meas.

N=0 N=1 N=2 N=3 N=4 (M=1) (M=3) Ref.[8]

7
Re(β) 170.8203 170.9221 170.9394 170.9448 170.9470 171.43 170.95 170.056

Im(β) -0.01845 -0.01838 -0.01838 -0.01838 -0.01838 -0.0185 -0.0183

8
Re(β) 202.4725 202.5331 202.5487 202.5538 202.5560 203.07 202.57 202.008

Im(β) -0.02200 -0.02191 -0.02190 -0.02190 -0.02190 -0.0220 -0.0219

9
Re(β) 234.0830 234.1036 234.1171 234.1218 234.1239 234.64 234.13 232.297

Im(β) -0.02550 -0.02541 -0.02540 -0.02540 -0.02540 -0.0255 -0.0254

10
Re(β) 265.6665 265.6511 265.6624 265.6667 265.6686 266.17 265.68 264.138

Im(β) -0.02896 -0.02887 -0.02887 -0.02886 -0.02886 -0.0289 -0.0289

11
Re(β) 297.2214 297.1757 297.1849 297.1887 297.1904 297.68 297.20 293.914

Im(β) -0.03238 -0.03229 -0.03229 -0.03228 -0.03228 -0.0323 -0.0323

12
Re(β) 328.7404 328.6703 328.6775 328.6809 328.6824 329.14 328.69 325.806

Im(β) -0.03574 -0.03567 -0.03566 -0.03566 -0.03566 -0.0357 -0.0356

13
Re(β) 360.2155 360.1267 360.1321 360.1351 360.1365 360.57 360.15 357.388

Im(β) -0.03906 -0.03899 -0.03898 -0.03898 -0.03898 -0.0390 -0.0390

c/λ = 0.75, respectively, and the values of other parameters are the
same as those given in Table 1. The results of the present method are
in very good agreement with those of TRD method and the measured
data. It is note that the relative errors by the present method are
less than 0.07% even if only one expansion coefficient with N = 0 is
considered.

Figure 2 shows the convergence of the propagation constant
of dominant mode as functions of the location c/λ of PEC and
PMC boundaries. The curves a, b and c were obtained by the
present perfectly matched boundary with the buffer width d/λ =
0.05, 0.15, 0.25. The curves d and e were obtained by PEC boundary
and PMC boundary, respectively, without the buffer region. We can see
that the convergence is much faster in the perfectly matched boundary
than in the PEC or PMC boundary. It is worth emphasizing that the
calculation of the integrals of (33) and (34) becomes easier as the value
d/λ decreases. This results confirm the effectiveness of the perfectly
matched boundary.

Table 3 shows the convergence of the propagation constant β of
the dominant mode of an inset dielectric guide for different widths d/λ
of the buffer region. When the buffer width is zero, the propagation
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Table 3. Convergence of the propagation constant β (m−1) of the
dominant mode of an inset dielectric guide for different widths d/λ of
the buffer region. The values of other parameters are the same as those
given in Table 1.

d/λ N = 0 N = 1 N = 2 N = 3 N = 4

0
Re(β) 217.871466 217.871440 217.871439 217.871439 217.871439
Im(β) -0.02359913 -0.02359917 -0.02359917 -0.02359917 -0.02359917

0.05
Re(β) 218.281513 218.3217184 218.336326 218.341254 218.343365
Im(β) -0.02374682 -0.02366141 -0.02365620 -0.02365503 -0.02365459

f=8.5 GHz, c/λ = 0.75

1.10

1.18

1.26

1.2075

1.208

1.2085

β β

0 0.25 0.5 0.75 1

λ

k0 k0

e

a
b c

d
d

a
b c

e

The location c of PEC (PMC) boundary/

Figure 2. Convergence of the propagation constant of dominant mode
as functions of the location c/λ of virtual boundaries. The curves a, b
and c are obtained by the present matched boundary with the buffer
width d/λ = 0.05, 0.15 and 0.25, respectively. The curves d and e are
obtained by PEC boundary and PMC boundary, respectively, without
buffer region.

constant does not change with the increase of mode truncation number
N . When the buffer region d/λ = 0.05 is introduced, on the other
hand, the propagation constant converges appropriately as the mode
truncation number increases. This comparison demonstrates that the
insertion of finite buffer region is very important in the analysis of an



156 Jia, Yasumoto, and Yoshitomi

Table 4. Convergence of the propagation constant β (m−1) calculated
from the different linear systems, where d/λ = 0.05, c/λ = 0.75, f =
8.5 GHz, and the values of other parameters are the same as those
given in Table 1.

Eqs. (43) and (44)

N = 0 N = 1 N = 2 N = 3 N = 4

Re(β) 218.281513 218.3217184 218.336326 218.341254 218.343365
Im(β) -0.02374682 -0.02366141 -0.02365620 -0.02365503 -0.02365459

Eqs. (31) and (32)

N = 0 N = 10 N = 20 N = 30 N = 40

Re(β) 217.871550 218.3049011 218.327717 218.334994 218.338435
Im(β) -0.02359921 -0.02364815 -0.02365146 -0.02365248 -0.02365296

β
k0

1.4

1.3

1.2

1.1

1
0 10 20 30 40

Frequency (GHz)

Figure 3. The normalized propagation constants β/k0 of several
lowest modes for a single-layered dielectric guide obtained for c/λ =
0.7, d/λ = 0.05 and N = 0. The lines are the results by the present
method, the solid lines indicate the even modes, and the dash lines
indicate the odd modes. The diamond symbols are the results by TRD
approach [2], and the cross symbols are the measured data [8].

inset guide using the perfectly matched boundary. Table 4 shows the
convergence of the propagation constant β calculated from the different
linear systems. It is seen that the convergence behavior is noticeably
improved by introducing the edge condition into the expansion of the
aperture fields (35) and (36).

Figure 3 shows the dispersion curves of several lowest even modes
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r2 =2.04 ε
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Figure 4a. The normalized propagation constants β/k0 of several
lowest modes for a single-layered dielectric guide obtained for c/λ =
0.7, d/λ = 0.05 and N = 0.

εr1

εr2

x

y

-a a

-b

-h

c

d
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Figure 4b. Cross section of a double-layered inset dielectric guide.

and odd modes in x-band for the single-layered inset dielectric guide
with the same configuration parameters given in Table 1. The PEC
and PMC boundaries are assumed at c/λ = 0.7, the buffer width
is d/λ = 0.05, and only one expansion coefficient with N = 0 is
considered on the aperture. The present results are in close agreement
with those of TRD method [2] and the measured data [8]. Figure 4(a)
shows the dispersion curves of the fundamental mode of two double-
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layered inset dielectric guides, whose geometry is shown in Figure 4(b),
with c/λ = 0.7, d/λ = 0.5 and N = 0. We can see again that the
present results are in close agreement with those of literatures [2, 8, 10].

5. CONCLUSION

A fast and efficient method for the analysis of inset dielectric guides has
been presented using the Fourier transform technique with a modified
perfectly matched boundary. In this approach, a novel idea, modified
perfectly matched boundary, has been proposed in order to deal with
the open region. This modified PMB avoids the numerical integral,
then the accuracy of the numerical solution has been improved and the
computer time has been reduced. Moreover, the singular behavior of
the fields at metal edge is taken into account in the analysis. It is shown
that the convergence of the solution is very fast and relative error less
than 0.07% is attained even if only the first term is considered in the
field expansion of the guide. The numerical result of the propagation
constants for single- and double-layered inset dielectric guide agree well
with those of literatures.

x

y

by

a y

I

II
II’

εr

Figure 5. Cross section of a waveguide.

APPENDIX A. PROOF OF THE MODIFIED PMB
CONDITION

The cross section of an open-waveguide is shown in Figure 5, where
PEC (or PMC) located at the plane y = yb is a virtual boundary. The
cross sectional area is divided into two regions I and II′. The region
II′ denotes the upper semi-infinite (y > ya) free-space of the original
guide without PEC and PMC boundaries, and the region II denotes
the free-space within ya ≤ y ≤ yb bounded by the virtual PEC and
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PMC boundaries. The original fields in the region II′ can be expressed
by the electric and magnetic Hertzian vectors as follows:

Πe(x, y, z) =
ŷ

2π

∫ ∞
−∞

Ae(ξ)e−j(ξx+ηy+βz)dξ (A1)

Πh(x, y, z) =
ŷ

2π

∫ ∞
−∞

Ah(ξ)e−j(ξx+ηy+βz)dξ (A2)

where η =
√
k2

0 − ξ2 − β2, k0 = ω
√
µ0ε0 is the wave number and β is

the propagation constant of a waveguide mode. The spectral functions
Ah(ξ) and Ae(ξ) can be expressed by the tangential components of the
electric fields on the plane of y = ya.

Ae(ξ) = − e
j(ηya+βz)

η(ξ2 + β2)

[
ξẼx(x, ya, z) + βẼz(x, ya, z)

]
(A3)

Ah(ξ) =
ej(ηya+βz)

k0Z0(ξ2 + β2)

[
βẼx(x, ya, z)− ξẼz(x, ya, z)

]
(A4)

where

Ẽ =
∫ ∞
−∞

Eejξxdx (A5)

and Z0 =
√
µ0/ε0 is the intrinsic impedance in free space. Substituting

(A3) and (A4) into (A1) and (A2), we have

Πe(x, y, z) =
ŷ

2π

∫ ∞
−∞
− e

jη(ya−y)

η(ξ2+ β2)

[
ξẼx(x, ya, z)+βẼz(x, ya, z)

]
e−jξxdξ

(A6)

Πh(x, y, z) =
ŷ

2π

∫ ∞
−∞

ejη(ya−y)

k0Z0(ξ2+β2)

[
βẼx(x, ya, z)−ξẼz(x, ya,z)

]
e−jξxdξ

(A7)

From (A6) and (A7), the tangential components of magnetic fields can
be derived as follows:

Hx(x, ya, z) =
∫ ∞
−∞

e−jξx
βξẼx(x, ya, z) + (k2

0 − ξ2)Ẽz(x, ya, z)
2πZ0k0η

dξ (A8)

Hz(x, ya, z) =−
∫ ∞
−∞

e−jξx
(k2

0−β2)Ẽx(x, ya, z)+βξẼz(x, ya, z)
2πZ0k0η

dξ (A9)

Up to now, we have obtained the exact expression of the tangential
components of magnetic fields on the boundary plane y = ya for the
original problem.
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In the same way, the fields in the region II with PEC located at
the plane y = yb can be expressed by the Hertzian vectors, which
can be written in terms of the tangential components of electric fields
[Exe(x, ya, z), Eze(x, ya, z)] on the plane y = ya.

Πe
e(x, y, z) =

ŷ

2π

∫ ∞
−∞

−j
η(ξ2 + β2)

cos η(y − yb)
sin η(ya − yb)

×
[
ξẼxe(x, ya, z) + βẼze(x, ya, z)

]
e−jξxdξ (A10)

Πh
e (x, y, z) =

ŷ

2π

∫ ∞
−∞

sin η(y − yb)
k0Z0(ξ2 + β2) sin η(ya − yb)

×
[
βẼxe(x, ya, z)− ξẼze(x, ya, z)

]
e−jξxdξ (A11)

The tangential components of magnetic fields on the boundary plane
y = ya can be derived from (A10) and (A11).

Hxe(x, ya, z) =
∫ ∞
−∞

e−jξxj cot η(ya − yb)

×βξẼxe(x, ya, z) + (k2
0 − ξ2)ξẼze(x, ya, z)

2πZ0k0η
dξ (A12)

Hze(x, ya, z) = −
∫ ∞
−∞

e−jξxj cot η(ya − yb)

×(k2
0 − β2)Ẽxe(x, ya, z) + βξẼze(x, ya, z)

2πZ0k0η
dξ (A13)

If assume |β| > k0 and Exe,ze(x, ya, z) = Ex,z(x, ya, z), by comparing
(A8) and (A9) with (A12) and (A13), respectively. Since

j cot η(ya − yb) =
1

1− α
|α|<1⇐⇒ 1 + α+O(α2), (A14)

we have

Hxe,ze(x, ya, z) = Hx,z(x, ya, z) +O(α) (A15)

where

α =
2ej2η(ya−yb)

1 + ej2η(ya−yb)
. (A16)

When |β| > k0, we have Im (η) < 0, for ∀ξ ∈ R and |α| <
1, limyb−ya→∞ α = 0. From uniqueness theorem, we conclude that the
fields in the region I with the virtual PEC boundary differs from those
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of the original problem without PEC, and the difference is dependent
on α. The reason is that the boundary values on the plane y = ya
with PEC approximate to the original boundary values without PEC,
as shown in (A15), and the errors of the approximate values are in
proportion to α. For PMC case, we have

Πe
m(x, y, z) =

ŷ

2π

∫ ∞
−∞

j

η(ξ2 + β2)
sin η(y − yb)
cos η(ya − yb)

×
[
ξẼxm(x, ya, z) + βẼzm(x, ya, z)

]
e−jξxdξ (A17)

Πh
m(x, y, z) =

ŷ

2π

∫ ∞
−∞

cos η(y − yb)
k0Z0(ξ2 + β2) cos η(ya − yb)

×
[
βẼxm(x, ya, z)− ξẼzm(x, ya, z)

]
e−jξxdξ (A18)

Hxm(x, ya, z) = −
∫ ∞
−∞

e−jξxj tan η(ya − yb)

×βξẼxm(x, ya, z) + (k2
0 − ξ2)Ẽzm(x, ya, z)

2πZ0k0η
dξ (A19)

Hzm(x, ya, z) =
∫ ∞
−∞

e−jξxj tan η(ya − yb)

×(k2
0 − β2)Ẽxm(x, ya, z) + βξẼzm(x, ya, z)

2πZ0k0η
dξ (A20)

Assuming |β| > k0, Exm,zm(x, ya, z) =Ex,z(x, ya, z), and comparing
(A8) and (A9) with (A19) and (A20), respectively, we obtain the
same conclusion with the PEC case. On the other hand, if assuming
Exe,ze(x, ya, z) = Exm,zm(x, ya, z) = Ex,z(x, ya, z), which corresponds
to (1) and (3), and considering

1
2

[j cot η(ya − yb)− j tan η(ya − yb)]

=
1
2

[
1

1− α + 1− α
]
|α|<1⇐⇒ 1 +

α2

2
+O(α3), (A21)

we have

Hxe,ze(x, ya, z) +Hxm,zm(x, ya, z)
2

= Hx,z(x, ya, z) +O(α2/2). (A22)

Comparing (A22) with (A15), we can see that the values of the
tangential components of magnetic fields is much closer to those of
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the original structure by the modified PMB than by only PEC and by
only PMC. This means that the accuracy of the obtained solution is
much higher with the modified PMB, whose boundary conditions are
the continuous conditions (1) and (2) with the additional constraints
(3), than with the only PEC (and with only PMC). For the rest
three choices of the additional constraints, the same conclusions can
be proved too in the same way.
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