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Abstract—The integral transform method with the asymptotic
extraction technique is formulated to evaluate a Sommerfeld type
integral for the analysis microstrip dipole on a uniaxial substrate.
The infinite double integral of the asymptotic part of the impedance
matrix with triangular subdomain basis function with edge condition
can be reduced to a finite one-dimensional integral. This finite one-
dimensional integral can be easily evaluated numerically after the
singular part of the integral is treated analytically. It is demonstrated
the efficiency and accuracy of the proposed method to evaluate the
asymptotic part of impedance matrix.
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1. INTRODUCTION

The Moment Method (MoM) has been successful for the analysis
of usual antennas on anisotropic substrates. Good results can be
given for the analysis of microstrip dipoles and circuits based on
MoM, but suffer from the necessity of extremely accurate evaluations
of the impedance matrix elements. For the accurate and efficient
computation of these impedance matrix elements on an isotropic
dielectric slab, the analytical technique for calculating the asymptotic
part of the impedance matrix element in the spectral domain was
presented in order to improve the computational efficiency of these
matrix elements [7].

In this paper, based on the extract Green’s function for
the uniaxial substrate [9], the integral transform method with
the asymptotic extraction technique is formulated to evaluate a
Sommerfeld type integral with the extension of work in [7]. For the
electrically narrow microstrip line structures on a uniaxial substrate,
the infinite double integral of the asymptotic part of the impedance
matrix element can be transformed into a finite one-dimensional
integral by using the asymptotic Green’s function and the triangular
basis function with edge condition. This finite one-dimensional integral
can be easily evaluated. Similarly, these results can be applied to solve
microstrip dipole problems on a uniaxial substrate.

2. THEORY

In Fig. 1, the geometry of an infinitesimal x̂ directed unit current
element on a uniaxial dielectric substrate is shown, where the unit
infinitesimal current source is located at (x0, y0, d). The dielectric can
be characterized by a permittivity tensor of the form

ε = ε0


 εx 0 0

0 εx 0
0 0 εz


 . (1)

The space above the substrate (z > d) is assumed to be occupied
by an isotropic and homogeneous medium ε0 and µ0 denoting the
permittivity and permeability values, respectively.

In planar structures for the uniaxially anisotropic case, such as
microstrip dipoles and discontinuities in microstrip lines, a typical
moment method impedance matrix element in the spectral domain
may be expressed in the form [9]

Zmn = − 1
4π2

∫ ∞
−∞

∫ ∞
−∞

̃Jm(kx, ky)G̃(kx, ky)
̃J
∗
n(kx, ky) dkxdky (2)
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Figure 1. Geometry of an infinitesimal x̂-directed unit current
element on a uniaxial dielectric substrate.

where ̃Jm is the Fourier transform of the basis function and G̃ is the
dyadic Green’s function in the spectral domain for the structure of
interest.

In this paper, we should define the dyadic Green’s function due
to an infinitesimal current source on a uniaxial dielectric substrate.
Similar to that of [7], only the Zxx

mn matrix of (2) involving the Green’s
function G̃xx needs to be evaluated for the very thin width of the strip.
The Green’s function G̃xx is taken the form of [9]

G̃xx(kx, ky) = −jZ0

k0

[
k2
xk2kb tan(kbd)

β2Tm
+

k2
0k

2
y tan(kad)
β2Te

]
(3)

where

Te = ka + jk2 tan(kad)
Tm = εxk2 + jkb sin(kbd)
k2
a = εxk

2
0 − β2, Im{ka} < 0

k2
b = εxk

2
0 − εxβ

2/εz, Im{kb} < 0
k2

2 = k2
0 − β2, Im{k2} < 0

β2 = k2
x + k2

y,

k0 = ω
√
µ0ε0 = 2π/λ0, ω = 2πf

Z0 =
√

µ0

ε0
(4)

where f and λ0 are the frequency and the free space wavelength,
respectively.
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Employing the asymptotic extraction technique to improve the
computation efficiency, the integral of (2) can be written as

Zxx
mn = − 1

4π2

∫ ∞
−∞

∫ ∞
−∞

J̃xm(kx, ky)[G̃xx(kx, ky)− G̃∞xx(kx, ky)]

· J̃∗xn(kx, ky) dkxdky

− 1
4π2

∫ ∞
−∞

∫ ∞
−∞

J̃xm(kx, ky)G̃∞xx(kx, ky)J̃
∗
xn(kx, ky) dkxdky (5)

The first integral in (5) converges more rapidly to zero than the
double integral of (2). The integrand of the second integral exhibits
slowly convergent and highly oscillatory behavior, which leads to
difficulties when using a direction numerical evaluation. Therefore,
in this paper, emphasis is placed on finding an efficient solution of
the asymptotic part of impedance matrix elements [the second integral
in (5)] by using the integral transform technique. To investigate the
efficient evaluation of the second integral in (5), we investigate the
asymptotic behavior of the Green’s function for a uniaxial substrate,
for large kx and ky, which can be derived easily

G̃∞xx ≈ −j
Z0

k0

[
k2

0

2β
− k2

x

β
(
1 +
√
εxεz

) +
k2
xk

2
0(
√
εx −

√
εz)2

4β(1 +
√
εxεz)β2

]
. (6)

In the next step, the triangular subdomain basis function with
edge condition is used to describe the anticipated currents on the
electrically narrow microstrip lines. The longitudinal current densities
of the triangular basis function with edge condition are denoted by
Jxm(x, y), where Jxm(x, y) is defined as

Jxm(x, y) =
1− |x− xm|

L√
1−

(
2y
W

)2
,

∣∣∣∣2yW
∣∣∣∣ < 1,

∣∣∣∣x− xm
L

∣∣∣∣ < 1 (7)

where W is the width of the strip, and L is the half-length of the basis
function.

The Fourier transforms of these functions can be written as

J̃xm(kx, ky) =
∫ ∞
−∞

∫ ∞
−∞

Jxm(x, y)e−j (kxx+kyy) dx dy

= 2π
W

L

sin2

(
kx

L

2

)
k2
x

e−jxmkx · J0

(
ky

W

2

)
(8)
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where J0 is the zero order Bessel function of the first kind.
Substituting (8) into the second integral of (5), the asymptotic

part of impedance matrix can be expressed as

ZAsy
mn = −j 1

π2

Z0

k0

(
2π

W

L

)2

·
{
−k2

0

2
Iamn +

1
(1 +

√
εxεz)

Ibmn −
k2

0(
√
εx −

√
εz)

4(1 +
√
εxεz)

Icmn

}
(9)

with

Iamn =
∫ ∞
0

∫ ∞
0

cos(xskx)√
k2
x + k2

y

sin4

(
kx

L

2

)
k4
x

[
J0

(
ky

W

2

)]2

dkxdky (10)

Ibmn =
∫ ∞
0

∫ ∞
0

cos(xskx)√
k2
x + k2

y

sin4

(
kx

L

2

)
k2
x

[
J0

(
ky

W

2

)]2

dkxdky (11)

Icmn =
∫ ∞
0

∫ ∞
0

cos(xskx)
(k2
x + k2

y)3/2

sin4

(
kx

L

2

)
k2
x

[
J0

(
ky

W

2

)]2

dkxdky (12)

where xs is defined as |xm − xn|.
The analytical solutions to (10) and (12) have an integrable

singularity at β = 0. The analytical solutions to (10) and (11) have
been addressed by Park and Balanis [7]. The analytical solution to
(12) is the subject in this paper.

3. INTEGRAL TRANSFORM TECHNIQUE

The integrand in (12) is not separable in terms of kx and ky due to
the 1/(k2

x + k2
y)

3/2 term, which prevents it from being reduced to the
product of one-dimensional integral. By using the infinite integral
formula 6.691 of [16] in terms of χ

1
π

∫ ∞
−∞

K0(ky|χ|) sin(kxχ)χdχ =
kx

(k2
x+k2

y)3/2
, if kx, ky are real, ky > 0

(13)
where K0 is the modified Bessel function of the first kind.
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Icmn can be expressed as

Icmn =
1
π

∫ ∞
−∞

{∫ ∞
0

K0(ky|χ|)
[
J0

(
ky

W

2

)]2

dky

×
∫ ∞
0

sin(kxχ) cos(kxxs)
sin4

(
kx

L

3

)
k3
x

dkx


 χdχ. (14)

The three-fold integrations of (14) can be converted into only one-
dimensional integrals in terms of χ if the separate double integrals with
respect to kx and ky in (14) can be solved analytically.

By using formula 6.513.2 of [16], the first integral in (14) with
respect to ky can be expressed explicitly as

∫ ∞
0

K0(ky|χ|)
[
J0

(
ky

W

2

)]2

dky

=
1

2|χ|

[
Γ

(
1
2

)]2

P− 1

2




√
1 +

(
W

|χ|

)2






2

(15)

where P− 1
2

is the spherical Legendre function of the first kind.
For convenience of notation, the function that appears in (15) is

defined as

A(|χ|) =
1
|χ|


P− 1

2




√
1 +

(
W

|χ|

)2






2

(16)

After using formula 3.828.15 of [16], we introduce the following
formula to evaluate the integration of the second integral in (14) with
respect to kx as follows;

τ(x) =
∫ ∞
0

sin3

(
kx

L

2

)
k3
x

cos(kxx) dkx

=




π

8

(
3L2

4
− |x|2

)
, |x| < L

2

π

16

(
3L
2
− |x|

)2

,
L

2
≤ |x| < 3L

2

0 , |x| ≥ 3L
2

(17)
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Substituting (17) into (14), the second integral in (14) with respect to
kx is represented by

�c(χ) =
∫ ∞
0

sin4

(
kx

L

2

)
k3
x

sin(kxχ) cos(kxxs) dkx

=
1
4

[
τ

(
χ + xs −

L

2

)
− τ

(
χ + xs +

L

2

)

+ τ

(
χ− xs −

L

2

)
− τ

(
χ− xs +

L

2

)]
. (18)

With the aid of (14), (15), (17) and (18), the infinite double
integral of (12) can be transformed into a finite one-dimensional
integral as follows

Icmn =
1
8

∫ 2L−xs

−L−xs
A(χ)τ

(
χ + xs −

L

2

)
χ dχ

−1
8

∫ L−xs

−2L−xs
A(χ)τ

(
χ + xs +

L

2

)
χ dχ

+
1
8

∫ 2L+xs

−L+xs
A(χ)τ

(
χ− xs −

L

2

)
χ dχ

−1
8

∫ L+xs

−2L+xs
A(χ)τ

(
χ− xs +

L

2

)
χ dχ (19)

The integral of (19) contains an integrable singularity. After the
singular parts of integral are extracted analytically, the remaining
nonsingular integration can be evaluated using a numerical procedure
because the integral varies smoothly. This smooth behavior allows us
to evaluate the numerical integration more accurately and timely.

4. EVALUATION OF THE INTEGRAL Icmn

Now we examine the finite one-dimensional integral of (19). The
function A(χ) of one-dimensional integrals in (19) is a well-behaved
function except for the singularity region. Within the interval of
integration, the integral in (19) has an integrable singularity χ = 0.
The behavior of A(χ) can be approximated at and near the singularity
χ = 0 by

AAsy(χ) = lim
χ→0

A(χ)

=
(

2
π

)2 (
2
W

) [
1
2

ln( 16 )− 1
2

ln
(

2
|χ|
W

)]2

(20)



134 Li et al.

Since the functions A(χ) and �c(χ) are piecewise continuous, and
the integration regions are determined by xs, we need to consider three
cases for evaluating the integrals in (19), which include 0 ≤ xs < L,
L ≤ xs < 2L, and xs ≥ 2L.

A. 0 ≤ xs < L

In this case, there exists one singularity point within the
integration regions [−L−xs, 2L−xs], [−2L−xs, L−xs], [−L+xs, 2L+
xs], and [−2L + xs, L + xs] at χ = 0, arising from A(χ). Thus, we
subdivide the interval of integration into the three regions to the first
integral in (19): one region at and near the singularity ([−∆χ,∆χ])
and two regions away from the singularity regions ([−L − xs,−∆χ])
and ([∆χ, 2L+xs]). The other three integrals in (19) can be subdivided
with the same method. Away from the singularity regions, a numerical
integration is used because the two functions A(χ) and �c(χ) are well-
behaved and vary slowly. Next, at and near the singularity regions,
A(χ), τ(χ + xs − L

2 ), τ(χ + xs + L
2 ), τ(χ− xs + L

2 ), and τ(χ− xs + L
2 )

are approximated by their respective asymptotic function, and then
the integrations are performed analytically. These lead to integrals of
the form∫ 2L−xs

−L−xs
A(χ) · τ

(
χ + xs −

L

2

)
χdχ

=
∫ −∆χ

−L−xs
A(χ) · τ

(
χ + xs −

L

2

)
χdχ

+
∫ ∆χ

−∆χ
AAsy(χ) · τAsy

(
χ + xs −

L

2

)
χdχ

+
∫ 2L−xs

∆χ
A(χ) · τ

(
χ + xs −

L

2

)
χdχ (21)

If AAsy(χ) and the original functions τ(χ+xs− L
2 ) are used to evaluate

the second integral of (21), a closed-form solution is possible. But it
has an obviously complicated and lengthy form. Therefore, at and near
the singularity region of A(χ), τ(χ+xs− L

2 ) can also be approximated
as a linear function at the local region of interest. In particular,
we are interested in the interval [xs − ∆χ, xs + ∆χ]. In this region,
τAsy(χ + xs − L

2 ) is defined as

τAsy
(
χ + xs −

L

2

)
= lim

χ→0
τ

(
χ + xs −

L

2

)
= a0 · χ + τ

(
χ + xs −

L

2

)
(22)

where a0 = τ ′
(
χ + xs − L

2

)
with respect to χ evaluated at χ = 0.
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Using (20) and (22), the second integral of (21) can be evaluated
in closed-form as follows:∫ ∆χ

−∆χ
AAsy(χ) · τAsy

(
χ + xs −

L

2

)
χdχ

=
(

1
π

)2
[
(∆χ)2

W

]
τ

(
xs −

L

2

) [
1 + 12 ln(2) ln(W ) + 6 ln(2)

+ 2 ln(W ) + 18 ln2(2) + 2 ln2(W )− 12 ln(2) ln(∆χ)− 2 ln(∆χ)

+ 2ln2(∆χ)− 4 ln(∆χ) ln(W )
]

(23)

The function a0 · χ in (22) does not affect the results of the integral
due to its odd property. Other three integrals in (19) can be performed
with the same method.

B. L < xs < 2L

In this case, there exists one singularity point in the integration
regions [−L − xs, 2L − xs] and [−2L + xs, L + xs] at χ = 0, arising
from A(χ). The integral procedure is the same as the previous
case. A(χ) does not have a singularity in the integration regions
[−2L−xs, L−xs] and [−L+xs, 2L+xs]. The integrals of (19) in the
regions [−2L − xs, L − xs] and [−L + xs, 2L + xs] can be evaluated
numerically using their respective functional representations of (19).

C. xs ≥ 2L

In the case of xs > 2L, A(χ) does not have a singularity in the
integration regions. Each integrand of (19) has a zero value as xs
approaches 2L. Hence, the integrals in the regions can be evaluated
numerically using their respective functional representations of (19).

The analytical integration at and near the singularity region is
performed after replacing the original functions A(χ) and �c(χ) by
their respective asymptotic forms defined in (20) and (22); otherwise
the numerical integration is carried out by using the self-adaptive
integration scheme with the original functions A(χ) and �c(χ). Using
the three cases of A, B and C, we can now completely evaluate the
finite one-dimensional integral in (19).

5. COMPUTATIONS AND COMPARISONS

The computing results of the original functions A(χ), τ(χ + xs − L
2 )

for W = L = 1 mm when xs = 0, L/2 have been given in Fig. 2. Also
AAsy(χ) is compared with its asymptotic function defined in (20). As
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Figure 2. The values of A(χ), AAsy(χ), and 10 · τ(χ + xs − L
2 ) at

W = L = 1 mm.

can be seen in Fig. 2, the original function A(χ) is well approximated
by the asymptotic function defined in (20) at and near the singularity
region.

To verify the proposed method, the result that obtained by
the finite one-dimensional integration (19) was compared with the
other by applying double infinite integration (12) and an upper limit
βu = 400 rad/mm. These results evaluated for W = 0.60 mm and
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Figure 3. Comparison between the infinite two-dimensional integral
and the finite one-dimensional method.

L = 3.33 mm, and different values of xs from 0 ≤ xs ≤ 10 are plotted
in Fig. 3, which indicate excellent agreement. In this paper, the
proposed method can also be applied to evaluate the asymptotic part
of impedance matrix, and dramatically reduce the computation time
with improving the accuracy over the conventional method similar to
that in [7].

6. CONCLUSION

Using the integral transform technique, the infinite double integral in
the evaluation of the asymptotic part of the impedance matrix with
triangular subdomain basis functions with edge condition was reduced
to a finite one-dimensional integral for the analysis microstrip dipole
on a uniaxial substrate. This finite one-dimensional integral can be
easily evaluated numerically after the singular part of the integral is
treated analytically. This finite one-dimensional integral significantly
reduces the CPU time over the double integral. It is demonstrated
the efficiency and accuracy of the proposed method to evaluate the
asymptotic part of impedance matrix.
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