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Abstract—The analytical expressions for the electromagnetic field
generated by a horizontal electric dipole over a dielectric coated perfect
conductor are derived by transformation of integral path. From the
expressions, it can be clearly observed that the excited field consists of
the direct wave, reflected wave, trapped surface wave and lateral wave.
The propagation wave number of trapped surface wave, which depends
on electric parameters and thickness of the dielectric layer, is between
the wave number kg and k1.
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1. INTRODUCTION

The investigation for electromagnetic field of a horizontal dipole over
a dielectric coated a conducting or dielectric medium is a very old
but important topic, which have been intensively studied in the past
[2-14], after the pioneering work of Sommerfeld in 1909 [1]. These
contributions include the theoretical representation of the problem and
their numerical implementations. In the theoretical representations, a
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typical solution was for Hertz potential with an oscillating horizontal
electric dipole on the boundary as the source. The associated
components of the electric and magnetic field are determined by
differentiation.

One of the shortcomings of a solution in terms of the Hertz
potential represented by complex integral transforms are the difficulties
of interpreting them physically. Attempts to eliminate this important
obstacle have been numerous and include a lot of work, especially the
work of Norton in representing the surface-wave term and that of Banos
and Wait and Campbell in developing explicit approximate formulas
for the components of the electromagnetic field. These formulas are
quite simple but are limited to restricted. The restriction was removed
by King [11] who derived six components of the electromagnetic field
at all points in the air, subject only to the condition

: (1a)

k21* < 1. (1b)

k2 < k2 < ’k%

where
ko = w/c=w\/moso, (2a)

kl = 1/81Tk0; k2 == kO\/m’ (2b)

are the wave numbers of half-space of air (region 0, z > 0), dielectric
layer with uniform thickness [ (region 1, —I < z < 0), and a conducting
or dielectric medium (region 2, z < —I[), as illustrated in Figure 1. ¢, is
the relative permittivity, o is the conductivity, and use is made of the
time dependence e~™!. Because kil is too small, the authors didn’t
consider the trapped surface wave along the surface of the dielectric
layer. In some case, however, the necessary restrictions are no longer
satisfied.

It is the purpose of this paper to determine the analytical
expressions of electric field generated by a horizontal electric dipole in
the air over a dielectric coated a perfect conductor without restriction
(1). The extension show that the electromagnetic field produced by a
horizontal electric dipole in the air or on the boundary consists of the
direct wave, reflected wave, trapped surface wave and lateral wave.

2. INTEGRAL EXPRESSIONS OF ELECTRIC FIELD IN
THE AIR

The expressions of three components FEo,(p, ¢, 2), Eou(p, e, z), and
Eo.(p, , z) of the electric field at (p, ¢, z) in the air when a horizontal



EM field produced by electric dipole 141

.

-II— Hega v Ik

//ﬁﬁ%f?f ,-*'}:;:'3:;,{; .-".-"'._.-_

Figure 1. Un
between air an
space.

electric dipole

Fewl o Z

it electric dipole at height d over plane boundary (z = 0)
d a layer of dielectric over a conducting or dielectric half-

is at the height d are readily obtained from formulas in

King [11]. With k2 — oo, they are

EOp(pv @, Z) =

EO(p(pa ®,z )

E(]z(pv ®,z )

Where

FpO(P, = d)}
Foo(p,z —d)

w
47:;6‘02 cos p[Fpo(p, 2 = d) = Fpo(p, 2+d) + Fpi(p, 2+d)]
0

(3)
s 2 S elFeo(p 2 = d) = Foalp,2 +) & Foalpy + )]
| (4)
1ig S #FP0(p.2 = d) = Prolp,2 ) + Paa(p. 2+ d)

(5)

= / { [Jo(Ap) F J2(Ap)] + ;—g[Jo(Ap)iJz(Ap)]}e’%'z‘d'AdA,

Fpo(p, z+ d)
FLpO(pu z+ d)

— /OOO {%[Jo(/\m F J2(Ap)] + Qk—g[Jo()\p) + J2()\p)]} ol g

F.o(p,z —d)

%0 | >d
=+ / Ji(Ap)eolz=d\2 g, { :
0

0<z<d '’
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Fo(p,z+d) = / Jl(/\p)ei’yo(z+d))\2dA7
0

Fpl(,o,z—i—d) = FPQ(p7Z+d) +FP3(pvz+d) (6)
le(pvz_‘_d) = FGDQ(p7Z+d) —|—F¢3(,0,Z+d) (7)
Fa(p,z+d) = / (Q3 4 1)J1(Ap)e0EHD N2 ) (8)
0
Fp2<p7z+d) 1/00 .
== D[Jo(Ap) F Ja(Ap)]eEHDNdx (9
Foalprz+d)[ — 2 Jy 0@+ DIIO) F Ja(An)e (9)
Fp3(p¢z+d) k[% * 1 i
=_-2 Py — D)[Jo(\p) £ Jo(Ap)] €70 xa )
F¢3(p,2+d) 2 0 Y0 ( 3 )[ 0( p) 2( p)]@
(10)
With

=k =22 =01

gy = B tikmtanml -, = i tanl
k3o — ikdy1 tanypl’ 1 — iyo tany;l

Obviously, the first two terms in (3)—(5) are the direct field and the

perfect-image field with a negative image, respectively. They can be

evaluated without approximation with the help of standard formulas.
For convenience, the formula (3) can be represented as follows:

2 3
Eoplp,,2) = Eiy) (p,0,2) + B (p,0,2) + B (p,9,2) - (1)
The exact direct field and perfect-image field component are

v 220 (z—d\}iko 3 3i\]
E(l) _ Who ikor1 (_) (_ - )
0p (P22 2) 4rko osP© r? + kor3 + r1 r 12 kor$

(12a)
. 2 . . T
(2) _ WHo _gikora| 2 21 (ﬂ)(@_i_i>
Eop (0, 9,2) 4rko COS('O{ ¢ Lﬁ% * kors3 + r9 ro 13 kor3 )
(12b)

Where

r = y\/p*+(z—d)? (13a)
ro = \/p*+ (z+d)? (13b)
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with (3), (6), (9) and (10), we obtain

3
ESp. 0. %)

. t l .
=9 s { [ DI 0g) — ey
k3vo — ik3yi tanyil

i tan y1l ;
Ap)]e0EFD G 14
- / L)+ B (14)

Because
1
In0) = 5 [HD ) + HP ()]
H(=2p) = ()" HP (M)
and vp, 71 are even functions with respect to A. (14) becomes
3
E(()p)(p, @, 2)
_ Who COS@{ o7 tan 1l

oo ki Y0 —ikgyitan yil

ztan’Y1l (1) (1) ivo(z+d) }
+/ Ap) + Hs 7 (A YORZTE) N\ 15
" zfyotanfyll[ 0 (Ap) 2 (Ap)e (15)

Of course, the same results can be obtained from (4)—(5)

E()go(pa ®, Z)

_WhHo ikor1 (@_i_ ¢ >_ ikor2 <@_i_ z >}
4k Sty [e 71 T% korif € 9 T% korg’

+EY (p,0,2) (16)

3
E&o)(p,w,Z)
= i { [T
8 o k3v0—ikgyi1tanv1l

ztan'yll (1) (1) ; d
H. o(ztd) \ g\ 17
[ = e () — 1 ) (17)

Wity ikor [P z—=d\ [tk 3 3t >
E — or1 [ 2 i e
0=(p, 2 2) drky 07 {6 (7"1) < Y ) (m r?  kor3

ikors z+d\ (iko 3 3i
- (2) () (- e

e 75 k‘orz

Hg (Ap) = Hy () Drdx

[HY (Ap)+HV(p) e+ N

71 tan y1l

(1) iv0 (2-+d) 2
H;7(\p)e° AdA
—ik‘%vl tan vyl 1 (An)e

)
E® _ “Ho /
0z (p’ P, Z) Ax Cos ¢ . k‘%%

(19)
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3. TRAPPED WAVE AND LATERAL WAVE OF
ELECTRIC FIELD

From (3), (4), (5), (11), (12), (15), (16) and (18), we find that the
key to analyze components of electric field is evaluation of integrals
in (15), (17) and (19). These integrals converge very slowly and
consume quite time when the integrals are calculated along the real
axis, because they are Sommerfeld-type integrals (SI) which involves
a highly oscillatory and slowly decaying kernel, the Bessel function of
the first kind. Therefore, we consider singularity of the integrand then
revised original path in A-plane.

In the following discussion, we suppose kop > 1 due to far distance
between field-point and source-point practically, and ko(z + d) is a
small real number for considering the propagation characteristic of
wave along interface between air and layer of dielectric.

Considering (13), the poles of integrand satisfy the equations

q(A) = kiyo — ikgy tanyl = 0 (20)

and
s(A) =7 —ivtanyl =0 (21)

Suppose that A\ is a real number which satisfies kg <€ A <« Kk
(neglecting the loss of k1), then 7o, 71 are a positive imaginary number
and a positive real number, respectively. Let

k2 k2 _ AQ
FO) = L8 T ) = tan k2 — A2
ik3\/k? — \2
iy/kE — N2
R(\) = —F——
JE =2

We find that if nm < \/k? — k3l < (n + 1), there are (n + 1) roots

of equation (20), i.e., there are (n + 1) poles for the first integrand in
(15). These roots were designated by \f, i =1,2,...,(n+1). At the

same time, we find if nw < \/k3 — k3l < (n+ %)ﬂ, there are n roots of

equation (21), i.e., there are n poles for the second integrand in (15).
These roots were designated by v}, j =1,2,...,n.

When the layer of dielectric coated the perfect conductor is low-
loss, k1 is a complex number with a small positive imaginary part. In
this case, we may seek real number roots of equation (20), (21), and
then find exact roots by using Newton iterative method.
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Figure 2. Poles and branch points of integrand.

Since the poles of (15) are determined, the trapped surface wave
is given by

sur Yo( tan (A7) - Af
E(gi) (P,SD,Z) = _—CO @{Z . )()\*) 1( )

DD (1D (N p) — Hy ()|

tan 1 (vj)l - v}

R

J

ivo(v*)(z+d 1 * 1 *
e DED T (0 p) + HY ><vjp>]} (22)
Where
2
¢\ = _ kA zko)\tan%l+zkzo A 1-sec?yl,
70 mM
A A '
s\ = ——+ 2 tanyil + D0 N1 sec?yl.
770 !

General speaking, the number of poles in (22) is related to
characteristic and thickness of dielectric layer.

There are two branch-points of integrand in (15), which locate at
ko and k1. We make use of the branch cuts integration. The contour of
the integration in the complex A-plane is shown in Fig. 2. The contours
were denoted by I'g and I';. Because the integrand is an even function
with respect to 71, the integrals (15) equal to zero along I';. Therefore,
the only thing we do calculate the integrals along I'y.
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In order to evaluate the integrals along I'g, let
A= ko(1+i7%). (23)

Where 7 is from —oo to 0 in the left of I'g and from 0 to +oco in the
right of I'g, respectively. At the same time, plane angle of 7 is %w in
the right of I'g and —7 in the left of I'g, respectively. Then

2

Hy () ettt (240)
2 . B
Hy () et eorm, (24D)

From (23), (24), we obtain

Yo = 1/ k )\2 ~ ]{706 4 2. T, (25)

0= K-k R (26)
Thus the integrals in (15) along Iy is
Wit 1y0y1 tan 1l ( ) (1) o
B A Ap) e+ xd )
3 coSSO{ rok3v0 —ik? 71tan711[ (Ap)—Hy P)}e
i tany;! (1) ) ' .
+ —  |Hy (A\p)+Hy (A v0(z+d) y 7\
To V1 —Z’Yotanfyll[ o (Ap)+H3 P)}e

2 /1.2 1.2 2_ 1.2
WO _4/@0\/k‘1—k0tan\/k:1—kol 2 i(k0p7%)+ikg2p(zj:pd)2
sr (¥ k? Thop
0p

% 2\
—k T
>< or 5 5 )dr} (27)
iz k k2 — k2
0\/ Ot N
In view of
1 d\?
w+wz+@2~p(1+5(zz )), (25)
We define

] i koK — k2
Ao = (” VL e 2 k2. (20)

NoAN ki
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Formula (27) can be rewritten as follows

I Ho {_4k§\/k%—k§tan\/k%—k§l
Kt

= — COS
Ty 8 v

2 jilkop—F)+itgE (542
wkop

x/_ ( ”ko\/mtn\/mz) or(r+

2k (K7 — K3)\ /KT — K3 tan® \ k3 — k21
_ .

—is . [ 2 gilhor— )it
mkop

*kop(ﬂ#e et J’—)

</ e
—00 o 2 2
T—e ‘7 M ko tan \/k? — k3l
wito 4ko\/k% — k3 tan /K3 — K3l
= ——Ccosy 5
8w kip

ko z+
. <zk—%\/k% — kE tan\/k? — K3l +

6zk0 ro

)

P
2§k — K9)\/RE — RS - tan® yRE — kgze#
k:6

1
—kopt?
L2 . etlkora—7F /OO # dt
wkop —infty t —e'1 - A\g

We readily get, from [15]

2
0 efkopt . ok T
/ — L dt=ime . /27T

oot — €T - Ay
Where

2

F(p

*)'

147

(31)

k d 1/14:2 k2
p*—kopAQ—Lp(ZjL Otaru/k2 K| ., (32)

p
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F(p*) is a Fresnel integral, i.e.,

Fp*) = %(1+i)—/0p \Zﬁdt. (33)

Substituting (30)—(33)into (29), we have

dlor /K2 — K2 tan \/k? — k21
E@" (p,p,2) = w—cow{ -

Op - 87 k2p
ikor .k’O Z‘l‘d
etkorz (zk—%\/k% — k3 x tan\/k? — k2l + T)
+4z'k:§(k:% — k3)\/k} — kR tan® \ [k} — K31
6

\/Z ¢ikors =0 [ )}. (34)

It is easy to get the expression of (17) and (19) by using the same
procedure.

4. DISCUSSION

1. If we consider the case, i.e., k¥ < k¥, kil < 1, the second term
of (34) in this paper is the same as last term of (45) in [11]. As a
matter of fact, because

% kop z+ d . 2 koT‘Q zZ + d + [ ) 2
= — kol | =~ = p2,
p 2 p

with the parameter ¢ = —ikol. The second term of (34) in this

paper is
4i k0l3 elkoT‘2 . e—ip* . F(p*)
V kop

The last term of (45) in [11] is

4]{}05 (TQ) ™ eikorz . e—ip2 F(pQ)
p /) \ kora

Since 9 is close to p actually, two formulas accord with each other
entirely. Similarly, the first term of (34) is the rest of (45) except
the first two terms and the last term.
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2. From the third part, it is observed that the contribution for the
components of electric field is come from branch cut I'g and the
poles A7, v;f besides direct wave and reflected wave. Because

¢110(z+d) i5 3 attenuation factor which is equal to e~ VA" —k3(z+d) op

e VY 2_k3(2+d), the wave along z direction decay with exponential
rule when view-point or field-point is away from interface between
air and layer of dielectric. On the other hand, the wave along
p direction whose propagating factor is e*i? and e'7” varies as
1/./p, that is trapped surface wave. The trapped surface wave can
be excited when the dipole is very close to the interface between
air and layer of dielectric. Once the dipole is far from the interface,
the excited field strengths rapidly decay with exponential rule.

3. The trapped surface wave not only relates with frequency and
electric parameter but also relates with the thickness of dielectric
layer. Figure 3 shows the curves of moving for \j/ko and vj/ko
with thickness of dielectric layer when f = 100 MHz, ¢, is 2.65 and
5, respectively. Thickness of dielectric layer is from 0.15m to 2m.
It can be seen that the trapped surface wave number obviously
differ from ky. Therefore, the trapped surface wave interferes with
the lateral wave on the surface of dielectric layer.

4. When €1, = 1, which lead to k1 = ko, the expressions of (20),
(34) are equal to zero. This reduces to a half-space problem. The
electric field in the air consists of direct wave and reflected wave.
Therefore, the formula (15) is actually an amendatory term for
perfect-image field.

s

Figure 3a. Variation of A]/ky with thickness of dielectric layer
(e, = 2.65).
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Figure 3b. Variation of vf/ky with thickness of dielectric layer
(er = 2.65).
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Figure 3c. Variation of A\j/ko with thickness of dielectric layer
(e, = 5).
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Figure 3d. Variation of v{/ko with thickness of dielectric layer
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5. If substrate is not an ideal conductor, Q3 and Pj is no longer the
simple form. However, we anticipate that the conclusion is still
true though discussion will be very complicated.

5. CONCLUSION

This paper presents new formulas of electric field generated by a
horizontal electric dipole in the air over a dielectric coated a perfect
conductor by using residue theorem and revising integral path. The
result showed that the excited field in the air consists of the direct
wave, reflected wave, trapped surface wave and lateral wave. The
propagation wave number of trapped surface wave, which depends on
electric parameters and thickness of the dielectric layer, is between the
wave number kg and k1.
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