Progress In Electromagnetics Research, PIER 40, 91-111, 2003

ELECTROMAGNETIC SCATTERING BY A
MULTILAYER GYROTROPIC BIANISOTROPIC
CIRCULAR CYLINDER

M. Zhang, T. S. Yeo, L. W. Li, and M. S. Leong

Antenna and Scattering Laboratory

Department of Electrical and Computer Engineering
National University of Singapore

10 Kent Ridge Crescent, Singapore 119260

Abstract—In this paper, we investigate the electromagnetic
scattering by a multilayer gyrotropic bianisotropic circular cylinder
in free space. The coupled wave equations of longitudinal field
components in the gyrotropic bianisotropic medium are derived. The
eigenfunction expansion method is used to solve the scattering problem
after uncoupling the coupled wave equations. A 12 x 12 or 16 x 16
linear algebraic equation is solved for two cases: one with the center
being a perfect electric conducting (PEC) cylinder; and one without
the PEC center, respectively. The gyrotropic bianisotropic media
can be degenerated into gyrotropic medium, uniaxial bianisotropic
medium, biisotropic medium and chiral medium etc. Numerical results
presented for the last case was shown to agree exactly with published
results. Numerical results of electromagnetic scattering by gyrotropic
bianisotropic circular cylinders are presented also.
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1. INTRODUCTION

In recent years, increasing interest has been devoted to the basic
electromagnetic problems of interaction between electromagnetic waves
and complex media [1-15]. The complex media include anisotropic
media, chiral media, biisotropic media and bianisotropic media.
A gyrotropic bianisotropic medium (GBM) is characterized by the
constitutive relations as:

D = é-E+¢-H, (1)
B = (- E+j-H, (2)
where the constitutive dyadics &, i, 5 nd C all take the form of
gt —Gc 0
g=19c Gt 0 (3)
0 0 g

In the case of € = eI, i = pl, and € = —C = j& I, (3) is reduced
to that of a chiral medium. The electromagnetic scattering by a
chiral cylinder has been studied in [2, 4-7]. The scattering by a

biisotropic cylinder, with & = eI, no= /LI € =¢I, and ¢ = (I,
was studied in [8] using a contour integral technique. If g. = 0,
the material is a uniaxial bianisotropic medium. The electromagnetic
scattering from a uniaxial bianisotropic cylinder was presented in [9,
10]. Electromagnetic scattering by GBM cylinders of some special
shapes has been analysed using equi-volumetric model [11]. In [12],
the Beltrami fields were applied to establish the volumetric integral
equation for a general bianisotropic medium.

In this paper, we derived the 2-D coupled wave equations of the
longitudinal component of electromagnetic fields (F., H,). After a
de-coupling process, a pair of Helmholtz equations is obtained. The
equations can be solved by the eigenfunction expansion method. By
applying the boundary conditions of continuous tangential electric and
magnetic fields at the boundary of each layer, the unknown coefficients
of expansion eigenfuctions are determined in the recursive form. A
12 x 12 or 16 x 16 matrix equation is solved for two cases: one with
the center being a perfect electric conducting (PEC) cylinder; and one
without the PEC center, respectively. Numerical results, including the
bistatic radar cross section and the near-zone fields, are presented for
several scatterers.
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2. FORMULA

2.1. The Wave Equations

This section presents the derivation of coupled wave equations of F,
and H, in a GBM and transforming the coupled wave equations to a
set of uncoupled wave equations so that eigenfunction expansion can
be applied. We assume all fields are time-harmonic with e/“* time
dependence.

From Maxwell’s equations and constitutive relations of a
homogeneous GBM which is unbounded and source free, we have

VxE = —jw( E+j- H), (4)
VxH = jwé E+¢&-H). (5)

All field vectors and the operator V can be decomposited into
transverse components denoted by subscript ¢ and longitudinal
components denoted by subscript z. Because all fields are uniformed
in the longitudinal direction, % must be zero. After a few simple of
vector operations, (4) and (5) can be written as

=Gt —Ht —Cc —He ]%t Vix B2

e & e & H, _ 1| Vix H.z (6)
Cc Me _Ct —Ht Z X Et jw vth ’

—€ —& & & 5 x H, ViH,;

Inverting the left-hand side of (6), the relationship between the
transverse and longitudinal components of the electromagnetic fields
can be written in matrix form as

Vt X Ez'2
Ee | | Vo Viz Vis Vi Vix H,Z M)
H, Vo1 Vaa Vaz Vo Vb, ’
thz
where V;; is the element of the inverse matrix of the left-hand side of

(6).
Using (4), (5) and (7), the coupled wave equation of E, and H,

in GBM is
i (®)
o |="
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7] = [A]7'[B], (9a)
[A] — l jw(CCVB + MCVQS) -1 jw(gc‘/lzl + Mc‘/24)

jw(ecViz +&cVa3) jw(ecVig +&Vag) +1 |7 (9Db)
B] = «* [ ez = CiCe €z — Geft

§ter — &t &y — Etptz (9c)

Following the works of Bohren [1, 2] and Olyslager [13, 14], the
coupling caused by [T] in the coupled wave equation can be removed
by diagonalizing [T] such that

! T]la] = [ F ] (10)

where [a] is the eigenvector matrix of the matrix [7] while 42 and 2
are the eigenvalues of the matrix [T]. We define (Uy,U_) by

U 1| E.
Bl w

Substituting (10) and (11) into (8) results in a set of uncoupled

equations for U} and U_
U 200 U
2 | U+ T+ + |
][ 2% e

2.2. The Eigenfunction Expansion

In this section, the eigenfunction expansion for a multilayer GBM
cylinder is presented. The geometry of the cylinder is as shown in
Fig. 1, where the constitutive dyadics and the outer radius of layer m
are (€0 pm) etm) cm)y “and p,, with m = 1,2,..., M. vim) and

’y(_m) denote the eigenvalues of matrix [T’ (m)] in layer m. The outer

radius of the PEC center cylinder, if present, is pp. The external
medium is free space, with the constitutive parameters (g, o).

First, consider the fields external to the cylinder. These fields
may be expanded as an infinite sum of cylindrical functions, J,(-) and

H7(l2)(-), where J,,(-) is the nth Bessel function of the first kind and
H,(f)(-) is the nth Hankel function of the second kind.
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(€0, 1o)

TEzor TMz

Figure 1. Geometry of a multilayer GBM cylinder with a PEC center.

In the case of a T'E or T'M polarized plane wave normally incident
from ¢ = 180°, the incident fields may be written as

E = n;(? — Oon)j " In(kop) cos(ng) for TM | 13)
0 for TE
0 for TM
H: = — Z 2 — 00n)j "Jn(kop) cos(ng) for TE (14)
0 for TM
Eé) = 2(2 — (50 ) (n 1)J/ (k()p) COS(n¢) for TE > (15)
n=0
H - — Z (2 = 80)5~ "V I (kop) cos(ng) for TE
o m = 7
0 for TM

(16)

where dg, equals to zero except n is zero, 19 and ko are the wave
impedance and wave number in the free space respectively, and the
prime indicates the derivative with respect to the argument. Since the
constitutive dyadics of the GBM cylinder have non-diagonal elements,
the scattering fields will not be symmetrical about ¢ = 0°. Therefore
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the scattered fields will contain both the terms of cos(n¢) and sin(ne).

o0

EM+ Z H'? (kop) [A M+1) cos(ng) + BM+Y) sm(nqﬁ)} (17)

HO) Z HP (kop) [CL1HD cos(ng) + DMV sin(ng)] . (18)

k
Ed()MJrl) Z]weo H® (kop) [C(M—H) cos(ne)+DM+Y sin(nqﬁ)], (19)
n=0

oo
H;M+1> — Zj ji H, 2 (kop) [A;MH) cos(ng)+BM+1) sin(n¢)] . (20)
n=0 0

where the A%MH) , By(LMH) , ,(LMH) , and DgMH) are unknown
coefficients.
In layer m of the GMB cylinder, the uncoupled fields UJ(rm) and

U™ are expanded as infinite sums of J,(-) and N,(-), where Ny(-) is
the nth Neumann function.

O = 30 {60 [AG costng) + B sinno)|
n=0

N (14"p) [C) cos(ng) + D sin(ng)] | (21)

vt = i {7 p) [BEM cos(ne) + F{™ sin(ne)]
n=0

+Nu(1"™ p) |G cos(ne) + H{™ sin(ng)| |, (22)

where the AT™. B{™. ™, pi™. g™, ™ G and H™
are unknown coefficients. Using (11) and (7), the longitudinal and
transverse tangential components of electromagnetic fields can be
written as

B — fmplm o mym (23)
H™ = ofPu™ + ol U, (24)

(m) _

EM™ =

(m)
m m) N, .
> A =8 0 ) costn)— 5 0 gy
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r (m)
+B™| =5~ 11 (4™ p) sin(ng) + S )MCOS(W)

r (m)

O | g N1 0y o) — g PN ORTP) )

L (m) =
+D4™ | =8y N7 (™ p) sin(ng) + 5 ’”(Z”)cos(n@

[ ) ) iy Tn (1" p) |
+E™| =S5 T (42 p) cos(ng) — 8 = sin(ng)
+E =85y T (3 p) sin(ng) +55™ = cos(ng)

— N - . m Nn (m)
+GU| =S54 N (4™ ) cos(ng) - S )wsm(”@}
)| ) 5 |

(25)

(m) _
H™ =

. (m)
> A =S5 T (14 p) cos(ne) - S >wsm<n¢>]
n=1
+ B =S T (A p) sin(ng) + S5 = cos(ng)

r (m)
o . NNy, .

O] S N (4 cos(ng) — 5 TR OE )

r (m) ]
+D(m) —Sé )’Y(+ )N;L(ysr '0) sm(nqb)—FSé )wcos(nqﬁ)

[ o)) ) om) I (1" p) _
+EM =87 T (v p) cos(ng) — S == sin(ng)
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(m)
m) (m m : m Jn -
+F| =S 7 (4 p) sin(ng) + S )WCOS‘(”@]

(m)
o - N (Y™ p)
+GUM | =S8 N (317 p) cos(ng) — S )n(zp)sm(”@f’)}

(m) _(m) nrr /(M) N . (m)nNn(’)/(_m) p)
+H™ | =88y N (4 ) sin(ng) + S 7cos,(m;s) ,

(26)

where ag;n) is the element of matrix defined in (10), and Si(m),i =

1,2,...,8 are defined as

s s [ v ] [ el ol
R I R
s s ] T v ] el el
(m)  o(m) a (m) (m) (m) (m)

L St S8 i L Vas Vau 1 [ Q1" G2 |

Note that the fields in each layer of the GBM cylinder are expanded

in terms of 8 unknowns, Aﬁf”) to Hfzm). It differs from a chiral medium

[5], where only 4 unknowns are required. This is because the fields in
GBM cylinder are asymmetrical about ¢ = 0°; although the problem
is geometric symmetry.

If the center cylinder is a GBM cylinder, the uncoupled fields

UJ(FO) and U are expanded as infinite sums of J,(-). Therefore the

expansion coefficients C’T(«LO), D,(P)7 G,(lo), and H,(lo) ,in (21) and (22) must
be zero.

2.3. Recursive Relationship of Expansion Coefficients

This section presents the recursive technique for determining the
coefficients of the eigenfunction expansions. These unknowns include

A%m), T(Lm)7 Cr(zm), Dy(lm), T(Lm), Fém), G%m) and Hflm) in each of the M

layers, A,(lMH), ,(LMH) C,gM+1), and D7(1M+1) in free space as well as

A%O), Bg)), E,SO), and Féo) in the case of the center cylinder is also a
GBM cylinder. The unknown coefficients are determined by applying
the boundary conditions of continuous tangential electric and magnetic
fields at the boundary of each layer. The resulting relationship between

)
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the coefficients for layers m and m + 1 can be represented in matrix

form by
Al Al At
o T I R | R
H7(1m+1) H,(lm) H7(Lm+1)
where [yém)] is an 8 x 8 matrix, which is
I e 0 a{™ N+ 0
0 aET)JJ 0 aiy N
~SYUA I S fom =SNG SN o
—SS" gt fom —SUAN I =SSN o — S NG
al™ T+ 0 alT N+ 0
0 agT)J,f 0 agl)]\fn+
—SA L S o =SSN ST RN o
=S¢t fpm =S5 T =SNG o =SNG
a\? - 0 o\ N- 0 ]
0 afy) Iy 0 afy Ny
S S o SN S
ST g SIS g )+
al) J- 0 al? N~ 0
0 ag;)J; 0 agz)Nn*
—SEIN S o —SEOA N SE N pm
=S fom =TI =SNG fom —S{UATNGE |
with JF, J-, J'", and J!” denote Bessel function Jn('ygrm)pm,
I (’y(_m)pm), %, W respectively, and so do
Neumann functions, [ygmﬂ)] = [yémﬂ) (Pm+1 — pm)]-

The recursive relationship between the unknown coefficients for
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layer m and layer 1 can be written as

| = [y [y Y] = x|
H,SM) H7(Ll) H7(Ll)
(28)

where [Y(™], m =1,2,..., M — 1, are defined in (27).
Applying the boundary conditions between the M layer and
exterior free space, a linear algebraic equation can be obtained

T
[[o6"0] = [« 0] [ a@0 o g0 A pli |
T
= [B0)] (29)
where [0] is a 4-element vector, and [b] is a 8-element vector
[ (2—060n)i "Jn(koprr) 0 0 O
(n—1) 7 T for TM
0 0 (2= don)i~ " VT, (kopar) O]
[b] = )
— i—(n=1) j
(00 @=bon)i "V kopar)/m 0
(2 = don)j ™" Jn(kopar)/mo 0 0 0]
and [ngH)] is a 8 x 4 matrix,
[ HP (kopur) 0 0 0 ]
0 H (kopar) 0 0
0 0 o, (kopar) 0
0 0 0 JmoH;,® (kopar)
0 0 H? (kopar) 0
0 0 0 H? (kopar)
1@
jnoHn (k(),OM) 0 0 0
_ 0 ) (kopar) 0 0 |

When the center cylinder is a GBM cylinder, applying boundary
conditions on the interface between layer 1 and center cylinder, we
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obtain

_ (0)
= [ ] T | (30)

E\
£

where [:Uéo)] is a 8 x 4 matrix, defined by [y(()o)] as [xgo)]ij = [y((]o)]il for
i=1,2,...,87=1,2,3,4=1=1,2,5,6. From (28), (29) and (30),

a 16 x 16 matrix equation is obtained

M M
M s [ gy (08
U sl Xl5ts Olsxa —[28) ]
[A<M>”_ g 4(M+1)  p(M+1) 40) gO) FO) p0) }T
n n n n n n n n 16)(1
= [[lsx1 [0lsx1]”- (31)

When the center cylinder is a PEC cylinder, boundary conditions
require that the tangential electric fields to be zero, we obtain

ALY
A | =0 (32)
Y
where [xgl)] is a 4 x 8 matrix, defined by [y%l)} as [xgl)]ij = [ygl)]ij for
i=1,2,3,4j=1,2,...,8
From (28), (29) and (32), a 12 x 12 matrix equation is obtained

[y((]M)]SXS _[x§M+1)]8><4
&)X os [0]8x4
[AQD g AQren L peen]!
" " " n 12x1
= [Blsx1 [0]sx1]” (33)

(31) and (33) define the unknown coefficients required to calculate the
scattered fields and internal fields.

For the 2-D scattering problem, the radar cross section (RCS) is
defined as

tim 2p 2
o = 111 27T .
oo P E2

(34)
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In scattering by a GBM cylinder, cross-polarized scattered field will be
excited due to the non-isotropic nature of its constitutive parameters.
The co-polarized and cross-polarized RCS can be defined and evaluated
as

| 2|

— 3 z
Oco = plEIolo 27rp| iP
2

[ AMHD) cos(ng) + BMHL) sm(ngb)}

. |E§>\2
Ocross — pll)rgo 27p ’El |2
z

2
4ng

0|5 7t [0S cos(n) + DY sin(n)|
0

n=0

for TM, (35)

and

Oco = lim 27p

2

. [H3?
Ocross — pll)ngo 2mp |HZ ‘2

2

Z]” ! [ AM+) cos(nd)) + B(M“) sm(nqﬁ)}

for TE.  (36)

kio

3. NUMERICAL RESULTS

This section presents the numerical results for TM and T E scattering
by five different cylinders in free space. The results include bistatic
RCS and near-zone electric and magnetic fields. The frequency of the
incident wave is taken to be 300 MHz in all cases.

First, the TM (E' = 2e7k0) scattering by a two-layer chiral
cylinder with and without a PEC center cylinder was analysed
and compared with results obtained from [5]. As the constitutive
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™
incident wave

€a=2, ua=1.5 €a=3-j0.001, u4=2-j0.001
£+=-0.001; p,=1.25m PEC core £+~=0.0021; p;=0.75m
P0=0.25m

Figure 2. A two-layer chiral cylinder with a PEC center.

parameters have been defined differently, the following conversion
relation was applied: & = (g4 + pal2)I, i = pal, & = jueéal and
¢ = —jpa€al, where €, i, &, and ( are the parameters taken in this
paper, 4, g and &, are the parameters used in [5].

Fig. 3(a) shows the co-polarized and cross-polarized bistatic RCS
of the chiral cylinder. Fig. 3(b) shows the bistatic RCS of this cylinder
with the PEC center cylinder replaced by the same material as the
inner layer chiral cylinder. The RCS curves are identical as those in
[5] as it can be shown easily that our formulation collapses to that of
[5] in the case of chiral medium.

The second example is the scattering of TM and TFE polarized
incident plane waves by a circular GBM cylinder. The radius of the
cylinder is taken to be 1m, The cylinder is lossy in nature and its
parameters are: ¢ = (2—3j0.5)eg, €, = (3—j1.5)ep, €c = (0.5—750.2)e,
pe = (4 — j0.05)po, p = (2 — j0.0)po, pe = (0.3 — jO.1)po, & =
(1 j0.1)/Zo70, & = (0.8 — j0.2)\ /o, & = (0.5 — j0.1)\/Zo, & =
(—0.1 - j0.9)\/Eoti0, ¢ = (~0.2— j0.8)/Eofio. G = (0.3 — j0.2) /Eorio:
Fig. 4(a) shows the co-polarized and cross-polarized bistatic RCS of
this cylinder for a T'M incident plane wave. The near-zone electric
and magnetic fields along z-axis are shown in Figs. 4(b) and 4(c)
respectively. Fig. 5 shows the co-polarized and cross-polarized bistatic
RCS and near-zone electric and magnetic fields along x-axis of this
cylinder for a T'E incident plane wave.

It is seen from these results that, unlike the case for scattering
by a unaxial bianisotropic circular cylinder in [9] and next example,
the co- and cross-polarization radar cross section of a GEM circular
cylinder is not symmetrical with respect to the scattering angle ¢, due
to the existence of nonzero non-diagonal, elements in the constitutive
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Figure 3. The co-polarized and cross-polarized bistatic RCS of a two-
layer chiral cylinder (a) with and (b) without PEC center cylinder for

a TM incident plane wave.
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1.4 —r
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()

Figure 4. The co-polarized and cross-polarized bistatic RCS (a) and
near-zone electric (b) and magnetic (c) fields of a GBM cylinder for a
TM incident plane wave.

relation, although the problem is geometric symmetry. Also, the
cross-polarized radar cross sections for the TM and T'E cases are not
identical, unlike the chiral medium case [5], due to the irreciprocal
property of the constitutive parameters. Along the —x direction, the
E. and H, components for T'M case and H, and FE, components
for TE case, dominate the electric and magnetic fields, respectively.
The co-polarized components penetrate into, and peaked within, the
cylinder. However, once outside, they decay rapidly. On the other
hand, the cross-polarized components, E, and H, components for T'M-
case and H, and E, components for T'E-case, decay only at a much
slower rate. In all cases, the E, and H, components do not contribute
significantly to the total electromagnetic fields both inside and outside
of the cylinder. It is also observed that after the incident wave enters
into the cylinder, the contribution of all the components due to the
incident wave is increased, especially at around the second interface.
The third example presented here is the T'F scattering of a two-
layer uniaxial bianisotropic cylinder with and without a PEC center
cylinder. The cylinder (Fig. 6) has an outer radius of 1meter (one
wavelength). Fig. 7(a) shows the co-polarized and cross-polarized
bistatic RCS of this cylinder for a TE incident plane wave. Fig. 7(b)
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Figure 5. The co-polarized and cross-polarized bistatic RCS (a) and
near-zone electric (b) and magnetic (c) fields of a GBM cylinder for a
TE incident plane wave.

TE
incident wave

PEC or uniaxial bianisotropic
Po=0.5m

e, =(4-j0.01)g,, €,=(2-)0.015)¢,
M =(2-j0.02)u,, 1,=(5-j0.02)u,
il = (0-3'1.0-5)\/80“01 éz: (O~1'j0-7)\/€0u0

€, =(0.12-j0.6)\/e 1y, £,=(0.8-j0.5)/e1,
p,=1m

e, =(2-j0.06)e,, €,= (2.8-j0.12)¢,
My = (3-j0.Dp,, p,= (3.6-j0.03u,
ét = (0-5'1'0-5)\/80%, éz: (0-4'j0-3)\/80u0

C[ = (0-1'10-5)\180% ' Cz = (0-8 -jO'S)VEOHO
p, =0.75m

Figure 6. A two-layer uniaxial bianisotropic with/without PEC core

cylinder.
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Figure 7. The co-polarized and cross-polarized bistatic RCS of a two-
layer uniaxial bianisotropic cylinder (a) with and (b) without PEC
center cylinder for a TE incident plane wave.
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shows the bistatic RCS of this cylinder with the PEC center cylinder
replaced by the same material as the inner layer uniaxial bianisotropic
cylinder.

4. CONCLUSION

In this paper, we present a general formulation for the solution of
electromagnetic scattering by a multilayer gyrotropic biansotropic
circular cylinder for TM and TFE incident plane waves using the
eigenfunction expansion method. The numerical results including
bistatic co-polarized and cross-polarized RCS and near-zone fields for
three examples are presented. The results for the chiral cylinder agrees
exactly with published results as our formulation collapses to that of
[5] for chiral medium. The radar cross sections and near-field electric
and magnetic fields of a gyrotropic bianisotropic circular cylinder and
a two-layer uniaxial bianisotropic cylinder are also presented.
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