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Abstract—In this paper, we investigate the electromagnetic
scattering by a multilayer gyrotropic bianisotropic circular cylinder
in free space. The coupled wave equations of longitudinal field
components in the gyrotropic bianisotropic medium are derived. The
eigenfunction expansion method is used to solve the scattering problem
after uncoupling the coupled wave equations. A 12 × 12 or 16 × 16
linear algebraic equation is solved for two cases: one with the center
being a perfect electric conducting (PEC) cylinder; and one without
the PEC center, respectively. The gyrotropic bianisotropic media
can be degenerated into gyrotropic medium, uniaxial bianisotropic
medium, biisotropic medium and chiral medium etc. Numerical results
presented for the last case was shown to agree exactly with published
results. Numerical results of electromagnetic scattering by gyrotropic
bianisotropic circular cylinders are presented also.
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1. INTRODUCTION

In recent years, increasing interest has been devoted to the basic
electromagnetic problems of interaction between electromagnetic waves
and complex media [1–15]. The complex media include anisotropic
media, chiral media, biisotropic media and bianisotropic media.
A gyrotropic bianisotropic medium (GBM) is characterized by the
constitutive relations as:

�D = ε̃ · �E + ξ̃ · �H, (1)
�B = ζ̃ · �E + µ̃ · �H, (2)

where the constitutive dyadics ε̃, µ̃, ξ̃, and ζ̃ all take the form of

g̃ =


 gt −gc 0

gc gt 0
0 0 gz


 (3)

In the case of ε̃ = εĨ, µ̃ = µĨ, and ξ̃ = −ζ̃ = jξcĨ, (3) is reduced
to that of a chiral medium. The electromagnetic scattering by a
chiral cylinder has been studied in [2, 4–7]. The scattering by a
biisotropic cylinder, with ε̃ = εĨ, µ̃ = µĨ, ξ̃ = ξĨ, and ζ̃ = ζĨ,
was studied in [8] using a contour integral technique. If gc = 0,
the material is a uniaxial bianisotropic medium. The electromagnetic
scattering from a uniaxial bianisotropic cylinder was presented in [9,
10]. Electromagnetic scattering by GBM cylinders of some special
shapes has been analysed using equi-volumetric model [11]. In [12],
the Beltrami fields were applied to establish the volumetric integral
equation for a general bianisotropic medium.

In this paper, we derived the 2-D coupled wave equations of the
longitudinal component of electromagnetic fields (Ez, Hz). After a
de-coupling process, a pair of Helmholtz equations is obtained. The
equations can be solved by the eigenfunction expansion method. By
applying the boundary conditions of continuous tangential electric and
magnetic fields at the boundary of each layer, the unknown coefficients
of expansion eigenfuctions are determined in the recursive form. A
12 × 12 or 16 × 16 matrix equation is solved for two cases: one with
the center being a perfect electric conducting (PEC) cylinder; and one
without the PEC center, respectively. Numerical results, including the
bistatic radar cross section and the near-zone fields, are presented for
several scatterers.
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2. FORMULA

2.1. The Wave Equations

This section presents the derivation of coupled wave equations of Ez
and Hz in a GBM and transforming the coupled wave equations to a
set of uncoupled wave equations so that eigenfunction expansion can
be applied. We assume all fields are time-harmonic with ejωt time
dependence.

From Maxwell’s equations and constitutive relations of a
homogeneous GBM which is unbounded and source free, we have

∇× �E = −jω(ζ̃ · �E + µ̃ · �H), (4)

∇× �H = jω(ε̃ · �E + ξ̃ · �H). (5)

All field vectors and the operator ∇ can be decomposited into
transverse components denoted by subscript t and longitudinal
components denoted by subscript z. Because all fields are uniformed
in the longitudinal direction, ∂

∂z must be zero. After a few simple of
vector operations, (4) and (5) can be written as



−ζt −µt −ζc −µc
εt ξt εc ξc
ζc µc −ζt −µt
−εc −ξc εt ξt







�Et
�Ht

ẑ × �Et

ẑ × �Ht


 =

1
jω



∇t × Ez ẑ

∇t ×Hz ẑ

∇tEz
∇tHz


 . (6)

Inverting the left-hand side of (6), the relationship between the
transverse and longitudinal components of the electromagnetic fields
can be written in matrix form as

[
�Et
�Ht

]
=

[
V11 V12 V13 V14

V21 V22 V23 V24

] 

∇t × Ez ẑ

∇t ×Hz ẑ

∇tEz
∇tHz


 , (7)

where Vij is the element of the inverse matrix of the left-hand side of
(6).

Using (4), (5) and (7), the coupled wave equation of Ez and Hz

in GBM is

∇2
t

[
Ez
Hz

]
+ [T ]

[
Ez
Hz

]
= 0, (8)
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where

[T ] = [A]−1[B], (9a)

[A] =

[
jω(ζcV13 + µcV23)− 1 jω(ζcV14 + µcV24)
jω(εcV13 + ξcV23) jω(εcV14 + ξcV24) + 1

]
, (9b)

[B] = ω2

[
µtεz − ζtζz µtξz − ζtµz
ξtεz − εtζz ξtξz − εtµz

]
, (9c)

Following the works of Bohren [1, 2] and Olyslager [13, 14], the
coupling caused by [T ] in the coupled wave equation can be removed
by diagonalizing [T ] such that

[a]−1[T ][a] =

[
γ2

+ 0
0 γ2

−

]
(10)

where [a] is the eigenvector matrix of the matrix [T ] while γ2
+ and γ2

−
are the eigenvalues of the matrix [T ]. We define (U+, U−) by[

U+

U−

]
= [a]−1

[
Ez
Hz

]
. (11)

Substituting (10) and (11) into (8) results in a set of uncoupled
equations for U+ and U−

∇2
t

[
U+

U−

]
+

[
γ2

+ 0
0 γ2

−

] [
U+

U−

]
= 0. (12)

2.2. The Eigenfunction Expansion

In this section, the eigenfunction expansion for a multilayer GBM
cylinder is presented. The geometry of the cylinder is as shown in
Fig. 1, where the constitutive dyadics and the outer radius of layer m
are (ε̃(m), µ̃(m), ξ̃(m), ζ̃(m)), and ρm with m = 1, 2, . . . , M . γ

(m)
+ and

γ
(m)
− denote the eigenvalues of matrix [T (m)] in layer m. The outer

radius of the PEC center cylinder, if present, is ρ0. The external
medium is free space, with the constitutive parameters (ε0, µ0).

First, consider the fields external to the cylinder. These fields
may be expanded as an infinite sum of cylindrical functions, Jn(·) and
H

(2)
n (·), where Jn(·) is the nth Bessel function of the first kind and

H
(2)
n (·) is the nth Hankel function of the second kind.
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Figure 1. Geometry of a multilayer GBM cylinder with a PEC center.

In the case of a TE or TM polarized plane wave normally incident
from φ = 180◦, the incident fields may be written as

Ei
z =




∞∑
n=0

(2− δ0n)j−nJn(k0ρ) cos(nφ) for TM

0 for TE

, (13)

H i
z =




0 for TM
1
η0

∞∑
n=0

(2− δ0n)j−nJn(k0ρ) cos(nφ) for TE , (14)

Ei
φ =




0 for TM
∞∑
n=0

(2− δ0n)j−(n−1)J ′n(k0ρ) cos(nφ) for TE , (15)

H i
φ =




1
η0

∞∑
n=0

(2− δ0n)j−(n+1)J ′n(k0ρ) cos(nφ) for TE

0 for TM

,

(16)

where δ0n equals to zero except n is zero, η0 and k0 are the wave
impedance and wave number in the free space respectively, and the
prime indicates the derivative with respect to the argument. Since the
constitutive dyadics of the GBM cylinder have non-diagonal elements,
the scattering fields will not be symmetrical about φ = 0◦. Therefore
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the scattered fields will contain both the terms of cos(nφ) and sin(nφ).

E(M+1)
z =

∞∑
n=0

H(2)
n (k0ρ)

[
A(M+1)
n cos(nφ) + B(M+1)

n sin(nφ)
]
, (17)

H(M+1)
z =

∞∑
n=0

H(2)
n (k0ρ)

[
C(M+1)
n cos(nφ) + D(M+1)

n sin(nφ)
]
, (18)

E
(M+1)
φ =

∞∑
n=0

−k0

jωε0
H
′(2)
n (k0ρ)

[
C(M+1)
n cos(nφ)+D(M+1)

n sin(nφ)
]
, (19)

H
(M+1)
φ =

∞∑
n=0

k0

jωµ0
H
′(2)
n (k0ρ)

[
A(M+1)
n cos(nφ)+B(M+1)

n sin(nφ)
]
. (20)

where the A
(M+1)
n , B

(M+1)
n , C

(M+1)
n , and D

(M+1)
n are unknown

coefficients.
In layer m of the GMB cylinder, the uncoupled fields U

(m)
+ and

U
(m)
− are expanded as infinite sums of Jn(·) and Nn(·), where Nn(·) is

the nth Neumann function.

U
(m)
+ =

∞∑
n=0

{
Jn(γ

(m)
+ ρ)

[
A(m)
n cos(nφ) + B(m)

n sin(nφ)
]

+Nn(γ
(m)
+ ρ)

[
C(m)
n cos(nφ) + D(m)

n sin(nφ)
]}

, (21)

U
(m)
− =

∞∑
n=0

{
Jn(γ

(m)
− ρ)

[
E(m)
n cos(nφ) + F (m)

n sin(nφ)
]

+Nn(γ
(m)
− ρ)

[
G(m)
n cos(nφ) + H(m)

n sin(nφ)
]}

, (22)

where the A
(m)
n , B

(m)
n , C

(m)
n , D

(m)
n , E

(m)
n , F

(m)
n , G

(m)
n and H

(m)
n

are unknown coefficients. Using (11) and (7), the longitudinal and
transverse tangential components of electromagnetic fields can be
written as

E(m)
z = a

(m)
11 U

(m)
+ + a

(m)
12 U

(m)
− , (23)

H(m)
z = a

(m)
21 U

(m)
+ + a

(m)
22 U

(m)
− , (24)

E
(m)
φ =

∞∑
n=1

A(m)
n


−S(m)

1 γ
(m)
+ J ′n(γ

(m)
+ ρ) cos(nφ)−S(m)

2

nJn(γ
(m)
+ ρ)
ρ

sin(nφ)



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+B(m)
n


−S(m)

1 γ
(m)
+ J ′n(γ

(m)
+ ρ) sin(nφ)+S

(m)
2

nJn(γ
(m)
+ ρ)
ρ

cos(nφ)




+C(m)
n


−S(m)

1 γ
(m)
+ N ′n(γ

(m)
+ ρ) cos(nφ)−S(m)

2

nNn(γ
(m)
+ ρ)

ρ
sin(nφ)




+D(m)
n


−S(m)

1 γ
(m)
+ N ′n(γ

(m)
+ ρ) sin(nφ)+S

(m)
2

nNn(γ
(m)
+ ρ)

ρ
cos(nφ)




+E(m)
n


−S(m)

3 γ
(m)
− J ′n(γ

(m)
− ρ) cos(nφ)−S(m)

4

nJn(γ
(m)
− ρ)
ρ

sin(nφ)




+F (m)
n


−S(m)

3 γ
(m)
− J ′n(γ

(m)
− ρ) sin(nφ)+S

(m)
4

nJn(γ
(m)
− ρ)
ρ

cos(nφ)




+G(m)
n


−S(m)

3 γ
(m)
− N ′n(γ

(m)
− ρ) cos(nφ)−S(m)

4

nNn(γ
(m)
− ρ)

ρ
sin(nφ)




+H(m)
n


−S(m)

3 γ
(m)
− N ′n(γ

(m)
− ρ) sin(nφ)+S

(m)
4

nNn(γ
(m)
− ρ)

ρ
cos(nφ)


 ,

(25)

H
(m)
φ =

∞∑
n=1

A(m)
n


−S(m)

5 γ
(m)
+ J ′n(γ

(m)
+ ρ) cos(nφ)−S(m)

6

nJn(γ
(m)
+ ρ)
ρ

sin(nφ)




+B(m)
n


−S(m)

5 γ
(m)
+ J ′n(γ

(m)
+ ρ) sin(nφ)+S

(m)
6

nJn(γ
(m)
+ ρ)
ρ

cos(nφ)




+C(m)
n


−S(m)

5 γ
(m)
+ N ′n(γ

(m)
+ ρ) cos(nφ)−S(m)

6

nNn(γ
(m)
+ ρ)

ρ
sin(nφ)




+D(m)
n


−S(m)

5 γ
(m)
+ N ′n(γ

(m)
+ ρ) sin(nφ)+S

(m)
6

nNn(γ
(m)
+ ρ)

ρ
cos(nφ)




+E(m)
n


−S(m)

7 γ
(m)
− J ′n(γ

(m)
− ρ) cos(nφ)−S(m)

8

nJn(γ
(m)
− ρ)
ρ

sin(nφ)



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+F (m)
n


−S(m)

7 γ
(m)
− J ′n(γ

(m)
− ρ) sin(nφ)+S

(m)
8

nJn(γ
(m)
− ρ)
ρ

cos(nφ)




+G(m)
n


−S(m)

7 γ
(m)
− N ′n(γ

(m)
− ρ) cos(nφ)−S(m)

8

nNn(γ
(m)
− ρ)

ρ
sin(nφ)




+H(m)
n


−S(m)

7 γ
(m)
− N ′n(γ

(m)
− ρ) sin(nφ)+S

(m)
8

nNn(γ
(m)
− ρ)

ρ
cos(nφ)


 ,

(26)

where a
(m)
ij is the element of matrix defined in (10), and S

(m)
i , i =

1, 2, . . . , 8 are defined as
 S

(m)
1 S

(m)
3

S
(m)
5 S

(m)
7


 =


 V

(m)
11 V

(m)
12

V
(m)
21 V

(m)
22





 a

(m)
11 a

(m)
12

a
(m)
21 a

(m)
22




and


 S

(m)
2 S

(m)
4

S
(m)
6 S

(m)
8


 =


 V

(m)
13 V

(m)
14

V
(m)
23 V

(m)
24





 a

(m)
11 a

(m)
12

a
(m)
21 a

(m)
22


 .

Note that the fields in each layer of the GBM cylinder are expanded
in terms of 8 unknowns, A(m)

n to H
(m)
n . It differs from a chiral medium

[5], where only 4 unknowns are required. This is because the fields in
GBM cylinder are asymmetrical about φ = 0◦, although the problem
is geometric symmetry.

If the center cylinder is a GBM cylinder, the uncoupled fields
U

(0)
+ and U

(0)
− are expanded as infinite sums of Jn(·). Therefore the

expansion coefficients C(0)
n , D

(0)
n , G

(0)
n , and H

(0)
n , in (21) and (22) must

be zero.

2.3. Recursive Relationship of Expansion Coefficients

This section presents the recursive technique for determining the
coefficients of the eigenfunction expansions. These unknowns include
A

(m)
n , B

(m)
n , C

(m)
n , D

(m)
n , E

(m)
n , F

(m)
n , G

(m)
n and H

(m)
n in each of the M

layers, A(M+1)
n , B

(M+1)
n , C

(M+1)
n , and D

(M+1)
n in free space as well as

A
(0)
n , B

(0)
n , E

(0)
n , and F

(0)
n in the case of the center cylinder is also a

GBM cylinder. The unknown coefficients are determined by applying
the boundary conditions of continuous tangential electric and magnetic
fields at the boundary of each layer. The resulting relationship between
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the coefficients for layers m and m + 1 can be represented in matrix
form by


A
(m+1)
n
...

H
(m+1)
n


 =

[
y

(m+1)
1

]−1 [
y

(m)
0

]



A
(m)
n
...

H
(m)
n


 =

[
Y (m)

]



A
(m+1)
n
...

H
(m+1)
n


 ,(27)

where [y(m)
0 ] is an 8× 8 matrix, which is




a
(m)
11 J+

n 0 a
(m)
11 N+

n 0

0 a
(m)
11 J+

n 0 a
(m)
11 N+

n

−S(m)
1 γ

(m)
+ J ′n

+ S
(m)
2 nJ+

n /ρm −S(m)
1 γ

(m)
+ N ′n

+ S
(m)
2 nN+

n /ρm

−S(m)
2 nJ+

n /ρm −S(m)
1 γ

(m)
+ J ′n

+ −S(m)
2 nN+

n /ρm −S(m)
1 γ

(m)
+ N ′n

+

a
(m)
21 J+

n 0 a
(m)
21 N+

n 0

0 a
(m)
21 J+

n 0 a
(m)
21 N+

n

−S(m)
5 γ

(m)
+ J ′n

+ S
(m)
6 nJ+

n /ρm −S(m)
5 γ

(m)
+ N ′n

+ S
(m)
6 nN+

n /ρm

−S(m)
6 nJ+

n /ρm −S(m)
5 γ

(m)
+ J ′n

+ −S(m)
6 nN+

n /ρm −S(m)
5 γ

(m)
+ N ′n

+

a
(m)
12 J−n 0 a

(m)
12 N−n 0

0 a
(m)
12 J−n 0 a

(m)
12 N−n

−S(m)
3 γ

(m)
− J ′n

− S
(m)
4 nJ−n /ρm −S(m)

3 γ
(m)
− N ′n

− S
(m)
4 nN−n /ρm

−S(m)
4 nJ−n /ρm −S(m)

3 γ
(m)
+ J ′n

+ −S(m)
4 nN−n /ρm −S(m)

3 γ
(m)
+ N ′n

+

a
(m)
22 J−n 0 a

(m)
22 N−n 0

0 a
(m)
22 J−n 0 a

(m)
22 N−n

−S(m)
7 γ

(m)
− J ′n

− S
(m)
8 nJ−n /ρm −S(m)

7 γ
(m)
− N ′n

− S
(m)
8 nN−n /ρm

−S(m)
8 nJ−n /ρm −S(m)

7 γ
(m)
+ J ′n

+ −S(m)
8 nN−n /ρm −S(m)

7 γ
(m)
+ N ′n

+




with J+
n , J

−
n , J

′
n
+, and J ′n

− denote Bessel function Jn(γ
(m)
+ ρm,

Jn(γ
(m)
− ρm),

∂Jn(γ
(m)
+ ρm)

∂(γ
(m)
+ ρm)

, and
∂Jn(γ

(m)
− ρm)

∂(γ
(m)
− ρm)

respectively, and so do

Neumann functions, [y(m+1)
1 ] = [y(m+1)

0 (ρm+1 → ρm)].
The recursive relationship between the unknown coefficients for
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layer m and layer 1 can be written as


A
(M)
n
...

H
(M)
n


 =

[
Y (M−1)

] [
Y (M−2)

]
. . .

[
Y (1)

]



A
(1)
n
...

H
(1)
n


 = [X]




A
(1)
n
...

H
(1)
n


 ,

(28)
where [Y (m)], m = 1, 2, . . . ,M − 1, are defined in (27).

Applying the boundary conditions between the M layer and
exterior free space, a linear algebraic equation can be obtained
[ [
y

(M)
0

]
−

[
x

(M+1)
1

] ] [
A

(M)
n . . . H

(M)
n A

(M+1)
n . . . D

(M+1)
N

]T
=

[
[b][0]

]T
, (29)

where [0] is a 4-element vector, and [b] is a 8-element vector

[b] =




[
(2− δ0n)j−nJn(k0ρM ) 0 0 0

0 0 (2− δ0n)j−(n−1)J ′n(k0ρM ) 0
]T for TM

[
0 0 (2− δ0n)j−(n−1)J ′n(k0ρM )/η0 0

(2− δ0n)j−nJn(k0ρM )/η0 0 0 0
]T for TE

,

and [x(M+1)
1 ] is a 8× 4 matrix,



H
(2)
n (k0ρM ) 0 0 0

0 H
(2)
n (k0ρM ) 0 0

0 0 jη0H
′
n
(2)(k0ρM ) 0

0 0 0 jη0H
′
n
(2)(k0ρM )

0 0 H
(2)
n (k0ρM ) 0

0 0 0 H
(2)
n (k0ρM )

1
jη0

H ′n
(2)(k0ρM ) 0 0 0

0 1
jη0

H ′n
(2)(k0ρM ) 0 0




.

When the center cylinder is a GBM cylinder, applying boundary
conditions on the interface between layer 1 and center cylinder, we



Electromagnetic scattering 101

obtain



A

(1)
n
...

H
(1)
n


 =

[
y

(1)
1

]−1 [
x

(0)
0

]



A
(0)
n

B
(0)
n

E
(0)
n

F
(0)
n


 , (30)

where [x(0)
0 ] is a 8 × 4 matrix, defined by [y(0)

0 ] as [x(0)
0 ]ij = [y(0)

0 ]il for
i = 1, 2, . . . , 8; j = 1, 2, 3, 4 ⇒ l = 1, 2, 5, 6. From (28), (29) and (30),
a 16× 16 matrix equation is obtained

 [y(M)
0 ]8×8 −[x(M+1)

1 ]8×4 [0]8×4

[y(1)
1 ]8×8[X]−1

8×8 [0]8×4 −[x(0)
0 ]8×4


 ·

[
A(M)
n . . . H(M)

n A(M+1)
n . . . D(M+1)

n A(0)
n B(0)

n E(0)
n F (0)

n

]T
16×1

= [[b]8×1 [0]8×1]
T . (31)

When the center cylinder is a PEC cylinder, boundary conditions
require that the tangential electric fields to be zero, we obtain

[
x

(1)
1

]


A

(1)
n
...

H
(1)
n


 = 0, (32)

where [x(1)
1 ] is a 4× 8 matrix, defined by [y(1)

1 ] as [x(1)
1 ]ij = [y(1)

1 ]ij for
i = 1, 2, 3, 4; j = 1, 2, . . . , 8.

From (28), (29) and (32), a 12× 12 matrix equation is obtained
 [y(M)

0 ]8×8 −[x(M+1)
1 ]8×4

[x(1)
1 ]4×8[X]−1

8×8 [0]8×4


 ·

[
A(M)
n . . . H(M)

n A(M+1)
n . . . D(M+1)

n

]T
12×1

= [[b]8×1 [0]8×1]
T . (33)

(31) and (33) define the unknown coefficients required to calculate the
scattered fields and internal fields.

For the 2-D scattering problem, the radar cross section (RCS) is
defined as

σ = lim
ρ→∞ 2πρ

|Es|2
|Ei|2 . (34)
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In scattering by a GBM cylinder, cross-polarized scattered field will be
excited due to the non-isotropic nature of its constitutive parameters.
The co-polarized and cross-polarized RCS can be defined and evaluated
as

σco = lim
ρ→∞ 2πρ

|Es
z |2

|Ei
z|2

=
4
k0

∣∣∣∣∣
∞∑
n=0

jn
[
A(M+1)
n cos(nφ) + B(M+1)

n sin(nφ)
]∣∣∣∣∣

2

σcross = lim
ρ→∞ 2πρ

|Es
φ|2
|Ei

z|2

=
4η2

0

k0

∣∣∣∣∣
∞∑
n=0

jn−1
[
C(M+1)
n cos(nφ) + D(M+1)

n sin(nφ)
]∣∣∣∣∣

2

for TM, (35)

and

σco = lim
ρ→∞ 2πρ

|Hs
z |2

|H i
z|2

=
4η2

0

k0

∣∣∣∣∣
∞∑
n=0

jn
[
C(M+1)
n cos(nφ) + D(M+1)

n sin(nφ)
]∣∣∣∣∣

2

σcross = lim
ρ→∞ 2πρ

|Hs
φ|2

|H i
z|2

=
4
k0

∣∣∣∣∣
∞∑
n=0

jn−1
[
A(M+1)
n cos(nφ) + B(M+1)

n sin(nφ)
]∣∣∣∣∣

2

for TE. (36)

3. NUMERICAL RESULTS

This section presents the numerical results for TM and TE scattering
by five different cylinders in free space. The results include bistatic
RCS and near-zone electric and magnetic fields. The frequency of the
incident wave is taken to be 300 MHz in all cases.

First, the TM ( �Ei = ẑe−jk0x) scattering by a two-layer chiral
cylinder with and without a PEC center cylinder was analysed
and compared with results obtained from [5]. As the constitutive
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Figure 2. A two-layer chiral cylinder with a PEC center.

parameters have been defined differently, the following conversion
relation was applied: ε̃ = (εa + µaξ

2
a)Ĩ, µ̃ = µaĨ, ξ̃ = jµaξaĨ and

ζ̃ = −jµaξaĨ, where ε̃, µ̃, ξ̃, and ζ̃ are the parameters taken in this
paper, εa, µa and ξa are the parameters used in [5].

Fig. 3(a) shows the co-polarized and cross-polarized bistatic RCS
of the chiral cylinder. Fig. 3(b) shows the bistatic RCS of this cylinder
with the PEC center cylinder replaced by the same material as the
inner layer chiral cylinder. The RCS curves are identical as those in
[5] as it can be shown easily that our formulation collapses to that of
[5] in the case of chiral medium.

The second example is the scattering of TM and TE polarized
incident plane waves by a circular GBM cylinder. The radius of the
cylinder is taken to be 1 m, The cylinder is lossy in nature and its
parameters are: εt = (2−j0.5)ε0, εz = (3−j1.5)ε0, εc = (0.5−j0.2)ε0,
µt = (4 − j0.05)µ0, µz = (2 − j0.1)µ0, µc = (0.3 − j0.1)µ0, ξt =
(1− j0.1)

√
ε0µ0, ξz = (0.8− j0.2)

√
ε0µ0, ξc = (0.5− j0.1)

√
ε0µ0, ζt =

(−0.1− j0.9)
√
ε0µ0, ζz = (−0.2− j0.8)

√
ε0µ0, ζc = (0.3− j0.2)

√
ε0µ0.

Fig. 4(a) shows the co-polarized and cross-polarized bistatic RCS of
this cylinder for a TM incident plane wave. The near-zone electric
and magnetic fields along x-axis are shown in Figs. 4(b) and 4(c)
respectively. Fig. 5 shows the co-polarized and cross-polarized bistatic
RCS and near-zone electric and magnetic fields along x-axis of this
cylinder for a TE incident plane wave.

It is seen from these results that, unlike the case for scattering
by a unaxial bianisotropic circular cylinder in [9] and next example,
the co- and cross-polarization radar cross section of a GEM circular
cylinder is not symmetrical with respect to the scattering angle φ, due
to the existence of nonzero non-diagonal, elements in the constitutive
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Figure 3. The co-polarized and cross-polarized bistatic RCS of a two-
layer chiral cylinder (a) with and (b) without PEC center cylinder for
a TM incident plane wave.
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Figure 4. The co-polarized and cross-polarized bistatic RCS (a) and
near-zone electric (b) and magnetic (c) fields of a GBM cylinder for a
TM incident plane wave.

relation, although the problem is geometric symmetry. Also, the
cross-polarized radar cross sections for the TM and TE cases are not
identical, unlike the chiral medium case [5], due to the irreciprocal
property of the constitutive parameters. Along the −x direction, the
Ez and Hy components for TM case and Hz and Ey components
for TE case, dominate the electric and magnetic fields, respectively.
The co-polarized components penetrate into, and peaked within, the
cylinder. However, once outside, they decay rapidly. On the other
hand, the cross-polarized components, Ey and Hz components for TM -
case and Hy and Ez components for TE-case, decay only at a much
slower rate. In all cases, the Ex and Hx components do not contribute
significantly to the total electromagnetic fields both inside and outside
of the cylinder. It is also observed that after the incident wave enters
into the cylinder, the contribution of all the components due to the
incident wave is increased, especially at around the second interface.

The third example presented here is the TE scattering of a two-
layer uniaxial bianisotropic cylinder with and without a PEC center
cylinder. The cylinder (Fig. 6) has an outer radius of 1 meter (one
wavelength). Fig. 7(a) shows the co-polarized and cross-polarized
bistatic RCS of this cylinder for a TE incident plane wave. Fig. 7(b)
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Figure 5. The co-polarized and cross-polarized bistatic RCS (a) and
near-zone electric (b) and magnetic (c) fields of a GBM cylinder for a
TE incident plane wave.

m

jj

jj

jj

jj

zt

zt

zt

zt

75.0

)8.08.0(,)5.01.0(

)3.04.0(,)5.05.0(

)03.06.3(,)1.03(

)12.08.2(,)06.02(

1

0000

0000

00

00

=

-=-=

-=-=

-=-=

-=-=

ρ
µεζµεζ

µεξµεξ

µµµµ
εεεε

 

PEC or uniaxial bianisotropic 

0=0.5m 

TE 
incident wave 

x 

y 

 

m

jj

jj

jj

jj

zt

zt

zt

zt

1

)5.08.0(,)6.012.0(

)7.01.0(,)5.03.0(

)02.05(,)02.02(

)015.02(,)01.04(

2

0000

0000

00

00

=

-=-=

-=-=

-=-=

-=-=

ρ
µεζµεζ

µεξµεξ

µµµµ
εεεε

 

ρ

ϕ

Figure 6. A two-layer uniaxial bianisotropic with/without PEC core
cylinder.



Electromagnetic scattering 109

0 60 120 180 240 300 360
-40

-30

-20

-10

0

10

20

30

R
C

S
 (

dB
m

)

φ (degrees)

 Co-polarized
 Cross-polarized

(a)

0 30 60 90 120 150 180 210 240 270 300 330 360
-30

-20

-10

0

10

20

R
C

S
 (

dB
m

)

φ (degrees)

 Co-polarized
 Cross-polarized

(b)

Figure 7. The co-polarized and cross-polarized bistatic RCS of a two-
layer uniaxial bianisotropic cylinder (a) with and (b) without PEC
center cylinder for a TE incident plane wave.
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shows the bistatic RCS of this cylinder with the PEC center cylinder
replaced by the same material as the inner layer uniaxial bianisotropic
cylinder.

4. CONCLUSION

In this paper, we present a general formulation for the solution of
electromagnetic scattering by a multilayer gyrotropic biansotropic
circular cylinder for TM and TE incident plane waves using the
eigenfunction expansion method. The numerical results including
bistatic co-polarized and cross-polarized RCS and near-zone fields for
three examples are presented. The results for the chiral cylinder agrees
exactly with published results as our formulation collapses to that of
[5] for chiral medium. The radar cross sections and near-field electric
and magnetic fields of a gyrotropic bianisotropic circular cylinder and
a two-layer uniaxial bianisotropic cylinder are also presented.
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