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Abstract—This paper presents an eigenfunction expansion of the
electric-type dyadic Green’s function (DGF) for unbounded gyrotropic
bianisotropic media in terms of cylindrical vector wave functions. The
DGF is obtained based on the well-known Ohm-Rayleigh method
together with dyadic identities formed by the differential, curl and
dot product of the constitutive tensors and the cylindrical vector wave
functions. Utilization of the dyadic identities greatly simplifies the
process of finding the vector expansion coefficients of the DGF for
gyrotropic bianisotropic media. The DGF derived is expressed in
terms of the contribution from the irrotational vector wave functions
and another contribution from the solenoidal vector wave functions,
with the λ-domain integrals removed using the residue theorem. This
result can be used to characterise electromagnetic waves in gyrotropic
bianisotropic media and the idea can be extended to the development
of DGF for some other media.

1 Introduction

2 DGFs for Unbounded Gyrotropic Bianisotropic Media
2.1 General Formulation of Unbounded DGFs
2.2 Analytical Evaluation of the λ Integral
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1. INTRODUCTION

The dyadic Green’s functions (DGFs) technique [1–4] has been widely
used to characterize the electromagnetic waves in various boundary
value problems for more than 20 years. It has long been proven
to be a valuable tool in the representation of electromagnetic fields;
and especially the DGFs necessitate as necessary kernels in the
integral equation techniques including the Method of Moments and
the Boundary Element Method. However, with the growing property
complexity of the material associated with the electromagnetic process,
the representation of DGF for the medium also becomes complicated.
The dyadic Green’s functions of canonical problems may be formulated
in several ways. One of the common approaches is to express the
Green’s functions for defining electromagnetic vector potentials or
fields in terms of the Fourier transform, whereas another approach
is to represent the Green’s functions for defining electromagnetic fields
in terms of coordinates vectors and from a set of appropriate electric
and magnetic vector potentials. Among all the available approaches,
the vector wave function expansion approach is most widely employed
to derive the dyadic Green’s functions [1–3].

In recent years, due to the advances in material science and
technology which have manifested manufacturing of various composite
materials, increasing interest has been devoted to the study of
electromagnetic wave interactions with complex media. These complex
media include chiral [5]; Faraday chiral [6]; uniaxial chiral [7] and
[8]; gyroelectric chiral [9–11]; uniaxial bianisotropic [12] and [13];
transversely bianisotropic uniaxial [14]; biisotropic [15]; and gyrotropic
bianisotropic [16] and [17] materials. A generalization of these
materials mentioned so far would be the gyrotropic bianisotropic
media which have all the constitutive dyadics expressed in coaxially
gyrotropic carrying a total of twelve independent scalars/pseudoscalars
not necessarily constrained by losslessness, reciprocity [2], or
uniformity conditions. This class of materials may be fabricated by
immersing simultaneously various elements as described in [18] into a
host dielectric/ferrite/gyroelectric medium.

Although the DGFs in isotropic media have been well-studied
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in the last three decades, complete formulation of the DGFs in
various media using the eigenfunction expansion technique has not
been achieved so far, especially for the case discussed here. Although
the field representations in terms of cylindrical vector wave functions
have been obtained [13, 19–21], however, the procedure requires
formulation in the Cartesian Fourier domain followed by cumbersome
rectangular-cylindrical coordinates transformation and grouping of
terms. Most importantly, the irrotational Green’s dyadic was missing
in many of the previous representations. Hence, a more rigorous
and direct method is proposed in this paper whereby the DGF
for gyrotropic bianisotropic media (consisting of irrotational and
solenoidal contributions) is obtained. Comparison of the DGF
obtained here gyrotropic bianisotropic media with those available ones
for some special types of media are made after the reduction from the
general form in the present paper shows a good agreement and it is
also revealed that all the other special Green’s dyadics can be easily
obtained by simply reducing the parameter tensors in the constitutive
relations.

2. DGFS FOR UNBOUNDED GYROTROPIC
BIANISOTROPIC MEDIA

A homogeneous gyrotropic bianisotropic medium is characterized by
the following constitutive equations:

D = ε ·E + ξ ·H, (1a)
B = ζ ·E + µ ·H, (1b)

where the constitutive tensors/pseudodyadics ε, µ, ξ and ζ take,
respectively, the form

g =

[ gt −ga 0
ga gt 0
0 0 gz

]
. (2)

It should be mentioned here that ga is in fact an imaginary quantity;
hence it appears as ga and −ga to denote itself and its complex
conjugate, respectively.

Substituting (1) into the source-incorporated Maxwell’s equations
for an electric source J(r′) leads to

∇× [α ·∇×E(r)]− i ω∇×
[
β ·E(r)

]
+i ωγ ·∇×E(r)− ω2δ ·E(r) = i ωJ(r′) (3)
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where and subsequently the following notations are assumed to shorten
the lengthy expressions:

α = µ−1, (4a)
β = µ−1 · ζ, (4b)
γ = ξ · µ−1, (4c)
δ = ε− ξ · µ−1 · ζ. (4d)

2.1. General Formulation of Unbounded DGFs

The electric field can thus be expressed in terms of the DGF and the
current source distribution as

E(r) = iω

∫
V ′
Ge(r, r′) · J(r′) dV ′, (5)

where V ′ denotes the volume occupied by the exciting current source.
Similarly, substituting (5) into (3) leads to

∇×
(
α ·∇×G

)
− i ω∇×

(
β ·G

)
+i ωγ ·∇×G− ω2δ ·G = Iδ(r − r′), (6)

where I denotes the dyadic identity while δ(r−r′) stands for the Dirac
delta function.

According to the well-known Ohm-Rayleigh method, the source
term in (6) can be expanded in terms of the solenoidal and irrotational
cylindrical vector wave functions in cylindrical coordinate system.
Thus, we have

Iδ(r − r′) =
∫ ∞
0

dλ

∫ ∞
−∞

dh
∞∑

n=−∞
[Mn(h, λ)An(h, λ)

+ Nn(h, λ)Bn(h, λ) +Ln(h, λ)Cn(h, λ)] , (7)

where Mn(h, λ) & Nn(h, λ) are the solenoidal, and Ln(h, λ) is the
irrotational, cylindrical vector wave functions while λ and h are the
spectral longitudinal and radial wave numbers, respectively. The
solenoidal and irrotational cylindrical vector wave functions are defined
as [3]

Mn(h, λ) = ∇× [Ψn(h, λ)ẑ] , (8a)

Nn(h, λ) =
1
kλ

∇×Mn(h, λ), (8b)

Ln(h, λ) = ∇ [Ψn(h, λ)] , (8c)
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where kλ =
√
λ2 + h2, and the generating function is given by

Ψn(h, λ) = Jn(λρ)ei(nφ+hz). (9)

The vector expansion coefficients in (7), An(h, λ), Bn(h, λ), and
Cn(h, λ), are to be determined from the orthogonality relationships
among the cylindrical vector wave functions [1].

Therefore, by taking the scalar product of (7) withM−n′(−h′,−λ′),
N−n′(−h′,−λ′) and L−n′(−h′,−λ′) each at a time, the vector expan-
sion coefficients are given by:

An(h, λ) =
1

4π2λ
M ′
−n(−h,−λ), (10a)

Bn(h, λ) =
1

4π2λ
N ′−n(−h,−λ), (10b)

Cn(h, λ) =
λ

4π2(λ2 + h2)
L′−n(−h,−λ), (10c)

where the prime notation of the cylindrical vector wave functions
denotes the expressions at the source point r′.

The dyadic Green’s function can thus be expanded as:

G0(r, r′) =
∫ ∞
0
dλ

∫ ∞
−∞
dh

∞∑
n=−∞

[Mn(h, λ)an(h, λ)

+ Nn(h, λ) bn(h, λ) +Ln(h, λ) cn(h, λ)] , (11)

where the vector expansion coefficients an(h, λ), bn(h, λ) and cn(h, λ)
are obtained by substituting (11) and (7) into (6), which the dyadic
Green’s function must satisfy. Noting the common properties of the
vector wave functions [1]

Mn(h, λ) =
1
kλ

∇×Nn(h, λ), (12a)

Nn(h, λ) =
1
kλ

∇×Mn(h, λ), (12b)

∇×Ln(h, λ) = 0, (12c)

and those uncommon properties of the vector wave functions newly
obtained here

∇×[g ·Mn(h, λ)] = − i h gaMn(h, λ) + kλgtNn(h, λ), (13a)

∇×[g ·Nn(h, λ)] =
1
kλ

(
h2 gt+λ2 gz

)
Mn(h, λ)−i h gaNn(h, λ), (13b)

∇× [g ·Ln(h, λ)] = i h (gz − gt)Mn(h, λ)− kλgaNn(h, λ), (13c)
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g ·Mn(h, λ) = gtMn(h, λ)− i h

kλ
gaNn(h, λ) +

λ2

k2
λ

gaLn(h, λ), (13d)

g ·Nn(h, λ) = − i h

kλ
gaMn(h, λ) +

h2 gt + λ2 gz
k2
λ

Nn(h, λ)

+
i h λ2

k3
λ

(gt − gz)Ln(h, λ), (13e)

g ·Ln(h, λ) = − gaMn(h, λ) +
i h

kλ
(gz − gt)Nn(h, λ)

+
1
k2
λ

(
h2 gz + λ2 gt

)
Ln(h, λ); (13f)

we end up with∫ ∞
0
dλ

∫ ∞
−∞
dh

∞∑
n=−∞

[kλ (∇×α ·Na+ ∇×α ·Mb)

− iω
(
∇× β ·Ma+ ∇× β ·Nb+ ∇× β ·Lc

)
+ iωkλ (γ ·Na+ γ ·Mb)− ω2

(
δ ·Ma+ δ ·Nb+ δ ·Lc

)]
=

∫ ∞
0
dλ

∫ ∞
−∞
dh

∞∑
n=−∞

(MA+NB +LC) (14)

where the notations a, b, c,A,B,C,M ,N and L represent an(h, λ),
bn(h, λ), cn(h, λ), An(h, λ), Bn(h, λ), Cn(h, λ), Mn(h, λ), Nn(h, λ)
and Ln(h, λ) respectively.

Taking the anterior scalar product of (14) with M−n′(−h′,−λ′),
N−n′(−h′,−λ′) and L−n′(−h′,−λ′), respectively, making use of the
identities shown in (13), and performing the integration over the entire
space, we can formulate the equations satisfied by the unknown vectors
and the known scalar and vector parameters in a matrix form as given
below:

[Ω][X] = [Θ], (15)
where [Ω] is a 3 × 3 matrix given by

[Ω] = [Ω1Ω2Ω3] (16)

with

Ω1 =


h2αt + λ2αz − ω h (βa − γa)− ω2δt

−i h kλαa +
i ω

kλ

(
h2γt + λ2γz − k2

λβt + ω h δa
)

−ω hλ
2

k2
λ

(γt − γz)−
ω2λ2

k2
λ

δa

 , (17a)
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Ω2 =



−i h kλαa −
i ω

kλ

(
h2βt + λ2βz − k2

λγt − ω h δa
)

k2
λαt − ω h (βa − γa)−

ω2

k2
λ

(
h2δt + λ2δz

)
i ωλ2

kλ
γa −

i h ω2λ2

kλ3

(δt − δz)


, (17b)

Ω3 =


ω h (βz − βt) + ω2δa

i ω kλβa −
i ω2 h

kλ
(δz − δt)

−ω
2

k2
λ

(
h2δz + λ2δt

)
 ; (17c)

while [X] and [Θ] are two column vectors given, respectively, by

[X] =

 an(h, λ)
bn(h, λ)
cn(h, λ)

 , (18a)

[Θ] =

 An(h, λ)
Bn(h, λ)
Cn(h, λ)

 . (18b)

By solving for the inverse of (16), the vector expansion coefficients for
the DGF can be shown in an explicit form as follows:

an(h, λ) =
1
Γ

[
α1An(h, λ)− β1Bn(h, λ) +

γ1

ω
Cn(h, λ)

]
, (19a)

bn(h, λ) =
1
Γ

[
− α2An(h, λ)− β2Bn(h, λ) +

γ2

ω
Cn(h, λ)

]
, (19b)

cn(h, λ) =
1
Γ

[
α3

ω
An(h, λ)− β3

ω
Bn(h, λ) +

γ3

ω2
Cn(h, λ)

]
, (19c)

where the coefficients α1, α2, α3, β1, β2, β3, γ1, γ2, and γ3 are the
numerators, and the coefficient Γ is the denominator, of the elements
of the inverse of the matrix Ω respectively. Therefore, the unbounded
dyadic Green’s function can be written as

G0(r, r′) =
∫ ∞
0
dλ

∫ ∞
−∞
dh

∞∑
n=−∞

1
4π2Γλ

·{
Mn(h, λ)

[
α1M

′−n(−h,−λ)− β1N
′−n(−h,−λ)

+
γ1λ

2

k2
λω
L′−n(−h,−λ)

]
+Nn(h, λ)

[
− α2M

′−n(−h,−λ)
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−β2N
′−n(−h,−λ) +

γ2λ
2

k2
λω
L′−n(−h,−λ)

]
+Ln(h, λ)

[
α3

ω
M ′−n(−h,−λ)− β3

ω
N ′−n(−h,−λ)

+
γ3λ

2

k2
λω

2
L′−n(−h,−λ)

]}
. (20)

In this way, the dyadic Green’s function for an unbounded gyrotropic
bianisotropic medium is explicitly represented in the form of the
eigenfunction expansion in terms of the cylindrical vector wave
functions, as given in (20).

Eq. (20) is represented in the form of a double integral and a
single summation. It can be further simplified by eliminating one of
the integrals. In order to simplify (20), the residue theorem is needed,
and we must first extract the part in (20) which does not satisfy the
Jordan lemma as was done in [1]. To do so, we write

Ln(h, λ) = Lnt(h, λ) +Lnz(h, λ), (21a)
L′−n(−h,−λ) = L′−nt(−h,−λ) +L′−nz(−h,−λ), (21b)

Nn(h, λ) =Nnt(h, λ) +Nnz(h, λ), (21c)
N ′−n(−h,−λ) =N ′−nt(−h,−λ) +N ′−nz(−h,−λ), (21d)

Lnt(h, λ) = − ikλ
h
Nnt(h, λ), (21e)

L′−nt(−h,−λ) =
ikλ
h
N ′−nt(−h,−λ), (21f)

Lnz(h, λ) =
ihkλ
λ2

Nnz(h, λ), (21g)

L′−nz(−h,−λ) = − ihkλ
λ2

N ′−nz(−h,−λ). (21h)

where the subscripts t and z denote the transverse vector components
and the vector z-components of the two functions Ln(h, λ) and
Nn(h, λ), respectively. The coefficient Γ is re-written in the following
form in order to perform the λ integration:

Γ = k4
λ (−εtµt + ζtξt)

(
λ2 − λ2

1

) (
λ2 − λ2

2

)
(22)

where

λ1 =

√
1

2εtµt − 2ζtξt

[
pλ −

√
p2
λ − qλ

]
, (23a)
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λ2 =

√
1

2εtµt − 2ζtξt

[
pλ +

√
p2
λ − qλ

]
, (23b)

with the coefficients pλ and qλ as shown in Appendix A.
In terms of these functions, (20) can be rewritten in the form

G0(r, r′) =
∫ ∞
0
dλ

∫ ∞
−∞
dh

∞∑
n=−∞

1
4π2λ(λ2 − λ2

1)(λ2 − λ2
2)

[τ1Mn(h, λ)M ′−n(−h,−λ) + τ2Mn(h, λ)
N ′−nt(−h,−λ) + τ3Mn(h, λ)N ′−nz(−h,−λ)
+ τ4Nnt(h, λ)N ′−nt(−h,−λ) + τ5Nnt(h, λ)
M ′−n(−h,−λ) + τ6Nnz(h, λ)N ′−nt(−h,−λ)
+ τ7Nnz(h, λ)M ′−n(−h,−λ) + τ8Nnt(h, λ)
N ′−nz(−h,−λ) + τ9Nnz(h, λ)N ′−nz(−h,−λ)] , (24)

where the coefficients for τ1 to τ9 are as shown in the Appendix A.

2.2. Analytical Evaluation of the λ Integral

Using a similar idea as shown in [1], the irrotational dyadic Green’s
function can be obtained from (7) as

ẑẑδ(r − r′) =
∫ ∞
0

dλ

∫ ∞
−∞

dh
∞∑

n=−∞

1
4π2λ

k2
λ

λ2
Nnz(h, λ)N ′−nz(−h,−λ).

(25)
With some algebraic manipulations, we can split (24) into

G0(r, r′) = −
∫ ∞
0
dλ

∫ ∞
−∞
dh

∞∑
n=−∞

1
4π2λ

k2
λ

ω2εzλ2

·Nnz(h, λ)N ′−nz(−h,−λ)

+
∫ ∞
0
dλ

∫ ∞
−∞
dh

∞∑
n=−∞

1
4π2λ(λ2 − λ2

1)(λ2 − λ2
2)

[τ1Mn(h, λ)M ′−n(−h,−λ) + τ2Mn(h, λ)
N ′−nt(−h,−λ) + τ3Mn(h, λ)N ′−nz(−h,−λ)
+ τ4Nnt(h, λ)N ′−nt(−h,−λ) + τ5Nnt(h, λ)
M ′−n(−h,−λ) + τ6Nnz(h, λ)N ′−nt(−h,−λ)
+ τ7Nnz(h, λ)M ′−n(−h,−λ) + τ8Nnt(h, λ)
N ′−nz(−h,−λ) + τ10Nnz(h, λ)N ′−nz(−h,−λ)] . (26)
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The first integration term in (26) represents the contribution from the
irrotational vector wave functions while the second integration term
stands for the contribution from the solenoidal vector wave functions
and can be evaluated by making use of the residue theorem in λ-
plane. Hence after some mathematical manipulations, we arrive at
the final unbounded dyadic Green’s function for a gyrotropic medium
for ρ >< ρ′:

G0(r, r′)= − 1
ω2εz

ẑẑ δ(r−r′)± i

4π

∫ ∞
−∞
dh
∞∑

n=−∞

1
2(λ2

1 − λ2
2)

2∑
j=1

(−1)j+1

λ2
j

×
{
M (1)

n (h, λj)P ′−n(−h,−λj)+Q(1)
n (h, λj)M ′

−n(−h,−λj)
Mn(h,−λj)P ′(1)−n (−h, λj) +Qn(h,−λj)M

′(1)
−n (−h, λj)

+U (1)
n (h, λj)N ′−nt(−h,−λj) + V (1)

n (h, λj)N ′−nz(−h,−λj)
+Un(h,−λj)N ′(1)−nt(−h, λj) + V n(h,−λj)N ′(1)−nz(−h, λj)

}
,

(27)

where the superscript (1) of the vector wave functions denotes the first-
kind cylindrical Hankel function H(1)

n (λρ). The vector wave functions
P ′−n,−h(−λj), Qn,h(λj), Un,h(λj) and V n,h(λj) are given respectively
by

P ′−n,(−h,−λj) = τ1M
′
−n(−h,−λj) + τ2N

′
−nt(−h,−λj)

+ τ3N
′
−nz(−h,−λj), (28a)

Qn(h, λj) = τ5Nnt(h, λj) + τ7Nnz(h, λj), (28b)
Un(h, λj) = τ4Nnt(h, λj) + τ6Nnz(h, λj), (28c)
V n(h, λj) = τ8Nnt(h, λj) + τ10Nnz(h, λj). (28d)

The DGF obtained above could be used to derive the DGF of other
types of media. However, certain conditions have to be satisfied before
(27) could be used directly, i.e., (i) the constitutive dyadics of the
media must have similar structure to that shown in (2), and (ii) since
the residue theorem is applied to the DGF with four pole locations in
the complex λ-plane, the media under consideration must also have
four poles. This can be checked by ensuring p2

λ �= qλ.
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3. CONCLUSION

This paper presents a complete and straightforward eigenfunction
expansion of dyadic Green’s function for an unbounded gyrotropic
bianisotropic medium. The unbounded dyadic Green’s function
in the gyrotropic bianisotropic medium is obtained based on the
Ohm-Rayleigh method, together with some newly developed tensor
relationships as shown in (13) which greatly simplifies the formulation.
Especially, the irrotational part of the dyadic Green’s function is
extracted theoretically and rigorously from the residual integral
involving pole points. The results obtained here can be used to obtain
the scattering dyadics for a cylindrical layered structure based on the
method of scattering superposition. The idea presented here can also
be used to obtain more general results for other media in the near
future.

APPENDIX A. COEFFICIENTS FOR INTERMEDIATE
RESULTS

pλ = h2(− εzµt − εtµz + ζzξt + ζtξz) + h
[
εtζzµa + εaζzµt + εtζaµz

− εaζtµz − εtµzξa − 2ζaζzξt + εaµzξt + εz(− ζtµa + ζaµt

− µtξa + µaξt)− (εtµa + εaµt − 2ζtξa)ξz
]
ω +

{
εa

2µtµz

+ εt
2µtµz − εzζtµaξa + εzζaµtξa + ζa

2ζzξt + ζt
2ζzξt − εzζaµaξt

− εzζtµtξt + ζt(ξa2 + ξt
2)ξz + εa(ζtζzµa − ζaζzµt − ζtµzξa

− ζaµzξt − µtξaξz + µaξtξz)− εt
[
ζtζzµt − εz(µa2 + µt

2)

+ ζa(ζzµa − µzξa) + ζtµzξt + µaξaξz + µtξtξz
]}
ω2, (A1a)

qλ = 4(εtµt − ζtξt)(εzµz − ζzξz)
{
h4 + 2h3(− ζa + ξa)ω + h2(ζa2

+ ζt
2 + 2εaµa − 2εtµt − 4ζaξa + ξa

2 + ξt
2)ω2 − 2h

[
− ξa(ζa2

+ ζt
2 − ζaξa) + ζaξt

2 + εt(ζtµa − ζaµt + µtξa − µaξt) + εa(ζaµa

+ ζtµt − µaξa − µtξt)
]
ω3 +

[
εa

2(µa2 + µt
2) + εt

2(µa2 + µt
2)

− 2εa(ζaµaξa + ζtµtξa − ζtµaξt + ζaµtξt)− 2εt(ζtµaξa − ζaµtξa
+ ζaµaξt + ζtµtξt) + (ζa2 + ζt

2)(ξa2 + ξt
2)

]
ω4

}
, (A1b)
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τ1 =
1

εtµt − ζtξt
{
λ2µz(εtµt − ζtξt) + h2µt(εzµz − ζzξz) + h(ζtµa

− ζaµt + µtξa − µaξt)(εzµz − ζzξz)ω −
[
εt(µa2 + µt

2)

− ζtµaξa + ζaµtξa − ζaµaξt − ζtµtξt
]
(εzµz − ζzξz)ω2

}
, (A1c)

τ2 =
1

h(εtµt − ζtξt)ω
{
ikλ

[
hλ2(ζzµt − ζtµz) + λ2(ζtζzµa − ζaζzµt

+ εaµtµz − ζtµzξa)ω + h2µa(− εzµz + ζzξz)ω + h(ζaµa + ζtµt

− µaξa − µtξt)(εzµz − ζzξz)ω2 −
[
εa(µa2 + µt

2)− ζaµaξa
− ζtµtξa + ζtµaξt − ζaµtξt

]
(εzµz − ζzξz)ω3

]}
, (A1d)

τ3 = − ikλ
(εtµt − ζtξt)ω

{
h2(ζzµt − ζtµz) + h(ζtζzµa − ζaζzµt

+ εtµaµz + εaµtµz + ζzµtξa − 2ζtµzξa − ζzµaξt)ω −
[
(ζaζz

− εaµz)(µtξa − µaξt) + ζt(− ζzµaξa + µzξa
2 − ζzµtξt + µzξt

2)

+ εt
(
ζz(µa2 + µt

2)− µz(µaξa + µtξt)
)]
ω2

}
, (A1e)

τ4 = − k2
λ

h2(εtµt − ζtξt)ω2

{
λ4µt − (εzµz − ζzξz)ω2

[
h2µt + h(ζtµa

− ζaµt + µtξa − µaξt)ω + (− εt(µa2 + µt
2) + ζtµaξa

− ζaµtξa + ζaµaξt + ζtµtξt)ω2
]
+ λ2

[
h2µz + h(− ζzµa

− ζaµz + µzξa + µaξz)ω + (ζtζzµt − εz(µa2 + µt
2)− εtµtµz

+ ζa(ζzµa − µzξa) + µaξaξz + µtξtξz)ω2
]}
, (A1f)

τ5 = − ikλ
h(εtµt − ζtξt)ω

{
− hλ2(µzξt − µtξz) +

[
h2µa(εzµz − ζzξz)

+ λ2(− εaµtµz + ζaµzξt + µtξaξz − µaξtξz)
]
ω + h(− ζaµa

− ζtµt + µaξa + µtξt)(εzµz − ζzξz)ω2 +
[
εa(µa2 + µt

2)

− ζaµaξa − ζtµtξa + ζtµaξt − ζaµtξt
]
(εzµz − ζzξz)ω3

}
, (A1g)
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τ6 =
k2
λ

h(εtµt − ζtξt)ω2

{
hλ2µt+h3µz+λ2(ζtµa−ζaµt)ω+h2(− 2ζaµz

+ µzξa + µaξz)ω + h
[
µz(ζa2 + ζt

2 + εaµa − εtµt − 2ζaξa)

− (ζaµa + ζtµt − µaξa − µtξt)ξz
]
ω2 +

[
(− εaζaµa − εtζtµa

+ εtζaµt − εaζtµt)µz + (ζa2 + ζt
2)µzξa +

(
εa(µa2 + µt

2)

− ζaµaξa − ζtµtξa + ζtµaξt − ζaµtξt
)
ξz

]
ω3

}
, (A1h)

τ7 = − ikλ
(εtµt − ζtξt)ω

{
h2(µzξt − µtξz) + h

[
εtµaµz + εaµtµz

− 2ζaµzξt + (− ζtµa + ζaµt − µtξa + µaξt)ξz
]
ω +

[
εa(ζtµa

− ζaµt)µz − εt(ζaµa + ζtµt)µz + (ζa2 + ζt
2)µzξt + εt(µa2

+ µt
2)ξz − (ζtµaξa − ζaµtξa + ζaµaξt + ζtµtξt)ξz

]
ω2

}
, (A1i)

τ8 =
k2
λ

h(εtµt − ζtξt)ω2

{
hλ2µt + h3µz − h2(ζzµa + µz(ζa − 2ξa))ω

+ λ2(µtξa − µaξt)ω + h(ζaζzµa + ζtζzµt + εaµaµz − εtµtµz
− ζzµaξa − 2ζaµzξa + µzξa

2 − ζzµtξt + µzξt
2)ω2 −

[
(− ζtζz

+ εtµz)(µtξa − µaξt) + ζa(− ζzµaξa + µzξa
2 − ζzµtξt

+ µzξt
2) + εa(ζz(µa2 + µt

2)− µz(µaξa + µtξt))
]
ω3

}
, (A1j)

τ9 =
k2
λ

λ2(εtµt − ζtξt)ω2

{
− h4µz + 2h3µz(ζa − ξa)ω − hλ2(ζtµa

− ζaµt + µtξa − µaξt)ω + λ2(εt(µa2 + µt
2)− ζtµaξa

+ ζaµtξa − ζaµaξt − ζtµtξt)ω2 + 2hµz
[
− ξa(ζa2 + ζt

2

− ζaξa) + ζaξt
2 + εt(ζtµa − ζaµt + µtξa − µaξt) + εa(ζaµa

+ ζtµt − µaξa − µtξt)
]
ω3 − µz

[
εa

2(µa2 + µt
2) + εt

2(µa2

+ µt
2)− 2εa(ζaµaξa + ζtµtξa − ζtµaξt + ζaµtξt)

− 2εt(ζtµaξa − ζaµtξa + ζaµaξt + ζtµtξt) + (ζa2

+ ζt
2)(ξa2 + ξt

2)
]
ω4 + h2

(
− λ2µt − µz(ζa2 + ζt

2

+ 2εaµa − 2εtµt − 4ζaξa + ξa
2 + ξt

2)ω2)
}
, (A1k)
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τ10 =
k2
λ

εzλ2(εtµt − ζtξt)ω2

{
εtλ

4µt + h2εtλ
2µz − h2ζzλ

2ξt − ζtλ4ξt

− h4ζzξz − h2ζtλ
2ξz + h

[
− λ2[εt

(
ζzµa + µz(ζa − ξa)

)
− 2ζaζzξt + εa(ζzµt − ζtµz + µzξt)] +

(
2h2ζz(ζa − ξa)

+ λ2(εtµa + εaµt − 2ζtξa)
)
ξz

]
ω − λ2

(
εa

2µtµz + εt
2µtµz

+ (ζa2 + ζt
2)ζzξt + εa(ζtζzµa − ζaζzµt − ζtµzξa − ζaµzξt)

− εt(ζaζzµa + ζtζzµt − ζaµzξa + ζtµzξt)
)

+ [h2ζz(ζa2 + ζt
2

+ 2εaµa − 2εtµt − 4ζaξa + ξa
2 + ξt

2) + λ2
(
− εaµtξa + ζtξa

2

+ εaµaξt + ζtξt
2 − εt(µaξa + µtξt)

)
]ξz

]
ω2 + 2hζz

(
− ξa(ζa2

+ ζt
2 − ζaξa) + ζaξt

2 + εt(ζtµa − ζaµt + µtξa − µaξt)
+ εa(ζaµa + ζtµt − µaξa − µtξt)

)
ξzω

3 − ζz
(
εa

2(µa2 + µt
2)

+ εt
2(µa2 + µt

2)− 2εa(ζaµaξa + ζtµtξa − ζtµaξt
+ ζaµtξt)− 2εt(ζtµaξa − ζaµtξa + ζaµaξt

+ ζtµtξt) + (ζa2 + ζt
2)(ξa2 + ξt

2)
)
ξzω

4
]}
. (A1l)
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