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Abstract—A new procedure for fast computing mixed potential
spatial domain Green’s functions for cylindrically stratified media is
developed in this paper. Based on the fundamental behaviour of
electric field Green’s functions, spectral domain Green’s functions
for mixed potential integral equation (MPIE) are formulated by
decomposing electric field Green’s functions into appropriate forms.
The spatial domain mixed potential Green’s functions are obtained
by using inverse Fourier transform applied to the spectral domain
Green’s functions. The summations of infinite cylindrical harmonics
are accelerated by subtracting a term to resolve the problem of
the series’ slow convergence and by using the Shank’s transform.
The Sommerfeld integrals are efficiently evaluated using the discrete
complex image method (DCIM) and the generalized pencil of function
(GPOF) technique.

† Also with High Performance Computation for Engineered Systems (HPCES) Programme
Singapore-MIT Alliance (SMA), Kent Ridge, Singapore 119260



182 Sun et al.

1 Introduction

2 Theory and Formulation
2.1 ẑ-Oriented Electrical Dipole
2.2 φ̂-Oriented Electrical Dipole
2.3 ρ̂-Oriented Electrical Dipole

3 Numerical Results and Discussion

4 Conclusion

References

1. INTRODUCTION

Multilayered cylindrical structures are often used as physical
models in many practical applications. Such examples include
typical conducting and dielectric cylindrical waveguides, cylindrically-
rectangular and wraparound microstrip and patch antennas and their
arrays. Numerical modeling of such structures can be efficiently and
rigorously performed by employing the method of moments (MoM)
although other techniques such as finite element method and finite-
difference methods (in both time-domain and frequency-domain) can
also be our choices. It is well-known that the MoM procedure for such
a problem can be applied either in the spatial domain or in the spectral
domain. Although the spectral domain analysis is more suitable and
quite efficient for planar structures where the Fourier transform and
inverse transform are applied to simplify the problem, the spatial
domain analysis is still considered to be more general because it can
be easily applied to objects of arbitrary shape and particularly when
the Fourier transform cannot be directly applied to formulate and
simplify the Green’s functions. When the spatial domain Green’s
functions are used in the numerical MoM procedure, matrix filling
is, however, very time consuming sometimes because the Sommerfeld
integrals (SIs) are usually involved and numerical evaluation of these
integrals is not actually very easy and fast. Therefore, the closed
form solution‡ to the Green’s functions becomes necessary. The
discrete complex image method (DCIM) for this kind of solutions
was proposed in [1–3] for the planarly layered media [4] and then
some other important developments of the DCIM were proposed in
[5–9]. For cylindrically multilayered media, several important works
‡ More precisely, the closed form should be referred to as fast computational form. It is
because the so-called closed form Green’s function is not analytical and it still requires
numerical evaluation to obtain the final solution.
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appeared in [10–13]. The closed form Green’s functions for electric
field integral equations (EFIE) in spatial domain are recently reported
in [14, 15], where the fast computational solutions to the spatial domain
Green’s function components due to ẑ-, φ̂- and ρ̂-oriented electrical and
magnetic sources embedded in an arbitrary cylindrically multilayered
medium are obtained by using the generalized pencil of function
(GPOF) method [16].

However, numerical difficulties such as convergence problem arise
if we try to obtain spatial domain electric field Green’s functions at
ρ = ρ′, or the source point and the observation point are located on one
cylindrical surface. A thorough numerical investigation shows that no
reasonable solution is available if we just follow the procedure proposed
in [14, 15] without considering the behaviors of Green’s functions at
ρ = ρ′, which is essential and necessary for analyzing cylindrical
microstrip structure. To overcome the convergence problem, some
researchers computed the mutual impedance of two current sources
[17], which are defined as piece-wise sinusoid along the direction of the
current and constant along the direction perpendicular to the current.
This special choice of current modes is to guarantee the convergence
of the spectral domain solution and can be the basis function in
many cases. What we want to compute is the Green’s function itself
and it can be applied to the MoM with different choices of basis
functions. The Green’s functions usually take two forms. One is the
electric field Green’s function that is special for EFIE, and the other is
mixed potential Green’s function that is special for mixed potential
integral equation (MPIE). The MPIE is better for analyzing large
microstrip structure mounted on layered media, if we can efficiently
calculate spatial domain Green’s function for the layered media. Some
researchers have studied the mixed potential Green’s functions for
cylindrical microstrip structures [18, 19], where the microstrip is on the
surface of one-layer of substrate. However, multiple layered structures
are often encountered in practice, such as a radiating patch with one
layer of substrate and one layer of superstate. This motivates the
present work in the paper. The mixed potential Green’s functions
and its numerical behavior are investigated in Section 2. In Section
3, some numerical examples of the spatial domain Green’s functions
are presented for a specific cylindrically multilayered medium. The
approximate Green’s functions are obtained and compared with the
exact solutions obtained by the direct numerical integrals.
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Figure 1. cylindrically multilayered medium.

2. THEORY AND FORMULATION

Consider a cylindrically stratified medium as shown in Fig. 1, in the
case of a source point in region j and a field point in region i (where the
j and i in the subscript position of the formulation denote the index
of the region, while j in other position in the formulation represents
the complex number j =

√
−1), the dyadic Green’s functions can be

written [10] as follows:

G(r, r′) =
j

8π

∞∑
m=−∞

∫ ∞

−∞
dkz

1
(kjkiρ)2

·Diµ

·F n(ρ, ρ′)fn(z, φ; z′, φ′) ·
←
Djε −

ρ̂ρ̂

k2
j

δ(r − r′) (1)

in which fn(z, φ; z′, φ′) = ejn(φ−φ′)+jkz(z−z′) while

F n(ρ, ρ′) =

[
f11 f12

f21 f22

]

=


[
H

(1)
n (kiρρ)I + Jn(kiρρ)R̃i,i+1

]
Ã, ρ ≥ ρ′[

Jn(kiρρ)I +H
(1)
n (kiρρ)R̃i,i−1

]
Ã, ρ < ρ′

(2)

and Ã denotes a 2×2 amplitude matrix for the standing and outgoing
waves, defined

Ã = M̃ i · T̃ ji · M̃ j ·B. (3)
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In Eq. (3), M̃ i and M̃ j represent the generalized multi-reflection
matrices in layer i and layer j, respectively, T̃ ji denotes the generalized
transmission matrix from layer j to layer i, as defined in [10], and
matrix B is defined by

B =


[
Jn(kjρρ

′)I +H
(1)
n (kjρρ

′)R̃j,j−1

]
, ρ ≥ ρ′[

H
(1)
n (kjρρ

′)I + Jn(kjρρ
′)R̃j,j+1

]
, ρ < ρ′

(4)

where
Diµ = [∇×∇× ẑ, jωµi∇× ẑ]

and ←
Djε =

[
∇′ ×∇′ × ẑ′,−jωεj∇× ẑ′

]t · α̂
operate on the primed coordinates to its left, α̂ denotes the direction of
the source, R̃j,j−1 and R̃j,j+1 stand for the reflection matrices. Based
on above expressions, we can obtain the spectral Green’s functions
subsequently [15].

2.1. ẑ-Oriented Electrical Dipole

G̃En
zz = − 1

8πεjω
· k2

jρf11 (5a)

G̃En
φz =

1
8πεjωk2

iρ

· k2
jρ

(
−kzn

ρ
f11 − jωµi

∂f21

∂ρ

)
(5b)

G̃En
ρz =

1
8πεjωk2

iρ

· k2
jρ

(
−jkz

∂f11

∂ρ
+
nωµi

ρ
f21

)
. (5c)

2.2. φ̂-Oriented Electrical Dipole

G̃En
zφ = − 1

8πεjω
·
(
jωεj

∂f12

∂ρ′
+
kzn

ρ′
f11

)
(6a)

G̃En
φφ = − 1

8πεjωk2
iρ

·
[
kzn

ρ′

(
kzn

ρ
f11 + jωµi

∂f21

∂ρ

)

− jωεj

(
kzn

ρ

∂f12

∂ρ′
+ jωµi

∂2f22

∂ρ∂ρ′

)]
(6b)

G̃En
ρφ = − 1

8πεjω
·
[
jkz

(
jωεj

∂2f12

∂ρ∂ρ′
− kzn

ρ′
∂f11

∂ρ

)

− nωµi

ρ

(
jωεj

∂f22

∂ρ′
− kzn

ρ′
f21

)]
. (6c)
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2.3. ρ̂-Oriented Electrical Dipole

G̃En
zρ =

1
8πεjω

·
(
jkz

∂f11

∂ρ′
+
nωεj
ρ′

f12

)
(7a)

G̃En
φρ =

1
8πεjωk2

iρ

·
[
kzn

ρ

(
jkz

∂f11

∂ρ′
+
nωεj
ρ′

f12

)

+ jωµj

(
jkz

∂2f21

∂ρ∂ρ′
+
nωεj
ρ′

∂f22

∂ρ

)]
(7b)

G̃En
ρρ =

1
8πεjωk2

iρ

·
[
jkz

ρ

(
−jkz

∂2f11

∂ρ∂ρ′
− nωεj

ρ′
∂f12

∂ρ

)

+
ωnµi

ρ

(
jkz

∂f21

∂ρ′
+
nωεj
ρ′

f22

)]
. (7c)

In this paper, we assume the current to be Jρ = 0. The two
dimensional consideration comes from the fact that most practical
circuits or antennas are conformed to the multilayered cylindrical
structure. The mixed potential Green’s function will be derived from
the electric field Green’s functions in (5)–(7). The electric field due to
the current can be expressed in a mixed potential form as follows:

E = −jωA−∇φ (8)

where
A =

∫∫
s
GA · J(r′)ds′. (9)

The electric scalar potential is related the vector potential by Lorentz
gauge. To deduce the scalar potential Green’s function, one must
transform the divergence operator to act on the current density. A
general form of φ is postulated [20] as

φ =
∫∫

s
∇′ ·Gφ · J(r′)ds′. (10)

Assume that G̃E , G̃A, G̃φ are the spectral domain counterparts
of GE , GA, Gφ, respectively. Then, we have

G̃E = −jωG̃A −∇∇′ · (G̃φ) (11)

where

G̃E =


G̃E

ρρ G̃E
ρφ G̃E

ρz

G̃E
φρ G̃E

φφ G̃E
φz

G̃E
zρ G̃E

zφ G̃E
zz

 (12a)
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G̃A =


G̃A

ρρ G̃A
ρφ G̃A

ρz

G̃A
φρ G̃A

φφ G̃A
φz

G̃A
zρ G̃A

zφ G̃A
zz

 (12b)

G̃φ =


G̃φ

ρρ 0 0

0 G̃φ
φφ 0

0 0 G̃φ
zz

 . (12c)

By using dyadic identities, ∇∇′ · (G̃φ) can be expanded as

∇∇′ · (G̃φ) = ρ̂

 1
ρ′
∂2G̃φ

ρρ

∂ρ
+
∂2G̃φ

ρρ

∂ρ∂ρ′
− 1
ρ′
∂2G̃φ

φφ

∂ρ

 ρ̂

+
1
ρ′
∂2G̃φ

φφ

∂ρ∂φ′
φ̂ +

∂2G̃φ
zz

∂ρ∂z′
ẑ


+

1
ρ
φ̂

 1
ρ′
∂G̃φ

ρρ

∂φ
+
∂2G̃φ

ρρ

∂φ∂ρ′
− 1
ρ′
∂G̃φ

φφ

∂φ
− 1
ρ′
∂G̃φ

φφ

∂φ′

 ρ̂

+

 1
ρ′
∂2G̃φ

φφ

∂φ∂φ′
+
G̃φ

ρρ

ρ′
+
∂G̃φ

ρρ

∂ρ′
− 1
ρ′
G̃φ

φφ

φ̂ +
∂2G̃φ

zz

∂φ∂z′
ẑ


+ẑ

∂2G̃φ
ρρ

∂z∂ρ′
+

1
ρ′
G̃φ

ρρ

∂z
− 1
ρ′
G̃φ

φφ

∂z

 ρ̂

+
1
ρ′
∂2G̃φ

φφ

∂ρ∂φ′
φ̂ +

∂2G̃φ
zz

∂z∂z′
ẑ

 . (13)

From Eqs. (8)–(13), the tangential electric field components can be
written as follows:[

Ẽφ

Ẽz

]
=

[
G̃E

φρ G̃E
φφ G̃E

φz

G̃E
zρ G̃E

zφ G̃E
zz

]
·

Jρ

Jφ

Jz


=−jω

[
G̃A

φρ G̃A
φφ G̃A

φz

G̃A
zρ G̃A

zφ G̃A
zz

]
·

Jρ

Jφ

Jz

− [∇∇′ · (G̃φ)]t ·

Jρ

Jφ

Jz

 (14)
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in which ∇∇′ · (G̃φ)t denotes the tangential component of ∇∇′ · (G̃φ),
and is given by

∇∇′ · (G̃φ)t =
1
ρ
φ̂

 1
ρ′
∂G̃φ

ρρ

∂φ
+
∂2G̃φ

ρρ

∂φ∂ρ′
− 1
ρ′
∂G̃φ

φφ

∂φ
− 1
ρ′
∂G̃φ

φφ

∂φ′

 ρ̂

+

 1
ρ′
∂2G̃φ

φφ

∂φ∂φ′
+
G̃φ

ρρ

ρ′
+
∂G̃φ

ρρ

∂ρ′
− 1
ρ′
G̃φ

φφ

φ̂

+
∂2G̃φ

zz

∂φ∂z′
ẑ

]
+ ẑ

∂2G̃φ
ρρ

∂z∂ρ′
+

1
ρ′
G̃φ

ρρ

∂z
− 1
ρ′
G̃φ

φφ

∂z

 ρ̂

+
1
ρ′
∂2G̃φ

φφ

∂z∂φ′
φ̂ +

∂2G̃φ
zz

∂z∂z′
ẑ

 . (15)

If the patch was conformed to a cylinder, it is reasonable to postulate
that current component Jρ = 0. Without losing of any generality, we
assume that G̃φ

ρρ = 0 and, G̃φ
φφ = G̃φ

zz = G̃φ.
Therefore, (15) and (14) can be further reduced to[

Ẽφ

Ẽz

]
Jρ=0

=

[
G̃E

φφ G̃E
φz

G̃E
zφ G̃E

zz

]
·
[
Jφ

Jz

]

=−jω
[
G̃A

φφ G̃A
φz

G̃A
zφ G̃A

zz

]
·
[
Jφ

Jz

]
−∇∇′ · (G̃φ)t ·

[
Jφ

Jz

]
(16)

where

∇∇′ · (G̃φ)t =
1
ρ
φ̂

[(
1
ρ′
∂2G̃φ

∂φ∂φ′
− 1
ρ′
G̃φ

)
φ̂ +

∂2G̃φ

∂φ∂z′
ẑ

]

+ẑ

(
1
ρ′
∂2G̃φ

∂z∂φ′
φ̂ +

∂2G̃φ

∂z∂z′
ẑ

)
. (17)

By comparing it with G̃En
zz , G̃

En
zφ , G̃

En
φz , G̃

En
φφ in Eqs. (5)–(7) and

from Eq. (16), it can be obtained that

G̃En
zz = −jωG̃A

zz − k2
zG̃

φ (18a)

G̃En
zφ = −jωG̃A

zφ −
kzn

ρ
G̃φ (18b)
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G̃En
φz = −jωG̃A

φz −
kzn

ρ′
G̃φ (18c)

G̃En
φφ = −jωG̃A

φφ −
n2 − 1
ρρ′

G̃φ. (18d)

Since G̃En
zφ = G̃En

φz when ρ = ρ′, and by letting G̃A
zφ = G̃A

φz = 0, then
(18b) and (18c) can be used to uniquely determine G̃φ as follows:

G̃φ = − 1
8πεjω

·
(
f11 +

jρωµi

kzn

∂f21

∂ρ

)
. (19)

Substituting G̃φ into (18a) and (18d), and solving for G̃A
zz and

G̃A
φφ, then we have

G̃A
zz = − j

8πεjω2
·
(
k2

i f11 +
jρωµikz

n

∂f21

∂ρ

)
. (20a)

G̃A
φφ = − j

8πεjω2k2
iρ

·
{
k2

j

(
n2f11

ρρ′
+
jωµin

ρ′kz

∂f21

∂ρ

)

− jωεj

(
kzn

ρ

∂f12

∂ρ′
+ jωµi

∂2f22

∂ρ∂ρ′

)}

+
1

8πεjω2
·
(
f11 +

jρωµi

kzn

∂f21

∂ρ

)
. (20b)

The inverse Fourier transform can be written in a general form as
follows:

G(r, r′) =
∞∑

n=−∞

∫ ∞

−∞
ejn(φ−φ′)+jkz(z−z′)G̃(n, kz)dkz (21)

where G̃(n, kz) denotes dyadic components or dyads in (19), (20a) and
(20b).

This type of Sommerfeld integrals is very time consuming to
evaluate, if a direct numerical integration is utilized. But it can be
efficiently evaluated using the DCIM and the GPOF technique. In
order to do so, an infinite number of cylindrical harmonic has to be
summed up carefully by taking into the account the slow convergence
behavior of the series of cylindrical harmonics. This process is much
different from that either using MPIE for the planar layered media or
EFIE for multilayered cylindrical media when ρ �= ρ′.

In this connection, we will discuss in detail how to truncate
efficiently the summation of infinite number of cylindrical harmonics.
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Numerical investigation shows that the condition ρ = ρ′ will lead the
summation of cylindrical harmonics in (19), (20a) and (20b) to be
slowly convergent or even divergent. For further convenient analysis,
the expression of f11 is given as an example:

f11 =
{[
H(1)

n (kiρρ) + Jn(kiρρ)Ri,i+1(1, 1)
]
Mi(1, 1)

+Jn(kiρρ)Ri,i+1(1, 2)Mi(2, 1)
}

·
[
Jn(kiρρ

′) +H(1)
n (kiρρ

′)Ri,i−1(1, 1)
]

+
{[
H(1)

n (kiρρ) + Jn(kiρρ)Ri,i+1(1, 1)
]
Mi(1, 2)

+Jn(kiρρ)Ri,i+1(1, 2)Mi(2, 2)
} [

H(1)
n (kiρρ

′)Ri,i−1(1, 1)
]

(22)

where Ri,i+1(p, q), Ri,i−1(p, q), and Mi(p, q) with (p = 1, 2; and
q = 1, 2) are elements of matrix R̃i,i+1, R̃i,i−1 and M̃ i, respectively.
Numerical analysis shows that the real parts of M1(1, 1) and M1(2, 2)
approach 1, and the imaginary parts of M1(1, 1) and M1(2, 2) approach
0 when n or kz becomes large. And both the real part and imaginary
part of M1(1, 2) and M1(2, 1) approach 0 when n or kz becomes large.
The physical significance is that TE and TM modes are weakly coupled
each other when n or kz becomes large. In other words, f11 implicitly
contains a component [H(1)

n (kiρρ)Jn(kiρρ
′)]. Consider the summation

of harmonics as follows:

S(m) =
m∑

n=−m

H(1)
n (kiρρ)Jn(kiρρ

′)ejn(φ−φ′). (23)

The property of convergence with respect to total number of
summation m is shown in Fig. 2 for a set of specific value. It can
be seen that S(m) is slowly convergent with index m. Fortunately,
the following additional theorem obviates the brutal force evaluation
of S(m):

H
(1)
0 (kiρ|ρ− ρ′|) =

∞∑
n=−∞

H(1)
n (kiρρ)Jn(kiρρ

′)ejn(φ−φ′). (24)

This fact reminds us to rearrange f11 as follows,

f11 =
{[
H(1)

n (kiρρ) + Jn(kiρρ)Ri,i+1(1, 1)
]
Mi(1, 1)

+Jn(kiρρ)Ri,i+1(1, 2)Mi(2, 1)
}
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Figure 2. Slowly convergent behavior of summation |S(m)| when
ρ = ρ′ = 0.051, φ − φ′ = π/6, εri = 2.3, µri = 1, f = 6.8 GHz,
kz = 500 which is one sampling point located on the Sommerfeld
integral path.

·
[
Jn(kiρρ

′) +H(1)
n (kiρρ

′)Ri,i−1(1, 1)
]

+
{[
H(1)

n (kiρρ) + Jn(kiρρ)Ri,i+1(1, 1)
]
Mi(1, 2)

+Jn(kiρρ)Ri,i+1(1, 2)Mi(2, 2)
} [

H(1)
n (kiρρ

′)Ri,i−1(1, 1)
]

−H(1)
n (kiρρ)Jn(kiρρ

′) +H(1)
n (kiρρ)Jn(kiρρ

′)

= f ′11 +H(1)
n (kiρρ)Jn(kiρρ

′) (25a)

Numerical investigation shows that
∑
f ′11e

jn(φ−φ′) converges much
faster than

∑
f11e

jn(φ−φ′) when ρ = ρ′. The similar arrangement can
be applied to f22 while we keep f12 and f21 as their original forms,
since they do not implicitly contain [H(1)

n (kiρρ)Jn(kiρρ
′)] as f11 and

f22. For clear understanding and complete, the expressions of f12, f21

and f22 are listed below:

f12 =
{[
H(1)

n (kiρρ) + Jn(kiρρ)Ri,i+1(1, 1)
]
Mi(1, 1)

+Jn(kiρρ)Ri,i+1(1, 2)Mi(2, 1)
}
H(1)

n (kiρρ
′)Ri,i−1(1, 2)
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+
{[
H(1)

n (kiρρ) + Jn(kiρρ)Ri,i+1(1, 1)
]
Mi(1, 2)

+Jn(kiρρ)Ri,i+1(1, 2)Mi(2, 2)
}

·
[
Jn(kiρρ

′) +H(1)
n (kiρρ

′)Ri,i−1(2, 2)
]

(25b)

f21 =
{
Jn(kiρρ)Ri,i+1(2, 1)Mi(1, 1)

+
[
H(1)

n (kiρρ) + Jn(kiρρ)Ri,i+1(2, 2)
]
Mi(2, 1)

}
·
[
Jn(kiρρ

′) +H(1)
n (kiρρ

′)Ri,i−1(1, 1)
]

+
{
Jn(kiρρ)Ri,i+1(2, 1)Mi(1, 2)

+
[
H(1)

n (kiρρ) + Jn(kiρρ)Ri,i+1(2, 2)
]
Mi(2, 2)

}
·H(1)

n (kiρρ
′)Ri,i−1(2, 1) (25c)

f22 =
{
Jn(kiρρ)Ri,i+1(2, 1)Mi(1, 1)

+
[
H(1)

n (kiρρ) + Jn(kiρρ)Ri,i+1(2, 2)
]
Mi(2, 1)

}
·H(1)

n (kiρρ
′)Ri,i−1(2, 1) +

{
Jn(kiρρ)Ri,i+1(2, 1)Mi(1, 2)

+
[
H(1)

n (kiρρ) + Jn(kiρρ)Ri,i+1(2, 2)
]
Mi(2, 2)

}
·
[
Jn(kiρρ

′) +H(1)
n (kiρρ

′)Ri,i−1(2, 2)
]

−H(1)
n (kiρρ

′)Jn(kiρρ
′) +H(1)

n (kiρρ)Jn(kiρρ
′)

= f ′22 +H(1)
n (kiρρ)Jn(kiρρ

′). (25d)

After the spectral domain mixed potential Green’s function is
calculated accurately, the DCIM and GPOF technique are used to
yield the mixed potential spatial domain Green’s function in fast
computational form. Details will be discussed in the next section.

3. NUMERICAL RESULTS AND DISCUSSION

In order to verify the proposed procedure, a multilayered cylindrical
structure shown in Fig. 3 is investigated. The source and observation
points are located at ρ = ρ′ = 51 mm and φ−φ′ = 0.5236, respectively.
For the deformed Sommerfeld integral path (SIP) parameters, we
choose T1 = 0.1, T2 = 3.0, and T3 = 23.5. The spectral domain Green’s
function is sampled uniformly along the deformed SIP described by
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Figure 3. Dielectric-coated conducting cylinder with a superstrate
where the shaded area denotes a patch located on the interface between
region 1 and region 2. Parameters used are a1 = 48 mm, a2 = 51 mm,
a3 = 54 mm, µr1 = µr2 = µr3 = 1, εr1 = 2.3, εr2 = 5.8, εr3 = 1, f =
6.8 GHz, ρ = ρ′ = 51 mm, and φ− φ′ = 0.5236.

following equations similar to that in [14]

kz = ks(1− jT1)
t1
T1
, for Γ1;

kz = ks

[
1− jT1 +

(√
1 + T 2

2 − 1 + jT1

)
t2

T2 − T1

]
, for Γ2;

kz = ks

√
1 + (t3 + T2)2, for Γ3;

where 0 ≤ t1 < T1, 0 ≤ t2 < T2 − T1, 0 ≤ t3 < T3 − T2, and ks

represents the wavenumber of the sampling region that is chosen as the
source layer. The above three equations correspond to paths Γ1, Γ2

and Γ3, respectively. The parameters T2 and T3 must be chosen to be
large enough to enable the large argument approximation of the zero
order Hankel functions to be valid. The deformed path can be neither
too close to nor too far away from the real axis in kz complex plane, the
appropriate value of T1 can range from 0.05 to 0.5. The complex images



194 Sun et al.

-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

log
10

(|k
0
(z-z )|)

lo
g

10
|G

φ | (
d

B
)

DCIM
Numerical Integration

Figure 4. Magnitude of spatial domain Green’s function Gφ for the
structure shown in Fig. 3.

in each segment are chosen as 5 for the segment 0 ≤ t1 < T1, 5 for the
segment 0 ≤ t2 < T2 − T1, and 2 for the segment 0 ≤ t3 < T3 − T2,
respectively. The sampling points in each segment of the paths are:
100 points for path Γ1, 100 points for path Γ2, and 100 points for the
remaining path, correspondingly.

After subtractions of [H(1)
n (kiρρ)Jn(kiρρ

′)] from f11 and f22, we
perform the summation of cylindrical harmonics in (19), (20a) and
(20b) with the help of Shank’s transform [21]. Good convergent results
can be obtained for summation up to 200 harmonics. The choice
of 200 is made for the robust consideration of the program. After
the summation of the cylindrical harmonics is convergently achieved,
we perform the DCIM or the two step GPOF method [14] to carry
out the Sommerfeld integral. By making use of cylindrical coordinate
Sommerfeld identity, the [H(1)

n (kiρρ)Jn(kiρρ
′)] subtracted in spectral

domain Green’s function can be transformed to spatial domain in
closed form.

In this paper, spatial domain mixed potential Green’s functions
are calculated using the fore-mentioned numerical technique. It costs
3.9 seconds per angle for computing all the necessary mixed potential
Green’s functions as shown in Figs. 4–6 on a Pentium-III 800 PC (the
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φφ

Figure 5. Magnitude of spatial domain Green’s function GA
φφ for the

structure shown in Fig. 3.

Figure 6. Magnitude of spatial domain Green’s function GA
zz for the

structure shown in Fig. 3.
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convergence accuracy for the spatial domain Green’s functions is set
to be 10−3). Figures 5 and 6 depict two components of the vector
potential Green’s functions, and Figure 4 shows the scalar potential
Green’s function. Approximate Green’s functions are computed and
compared with the exact Green’s functions obtained by the direct
numerical integrals, and they are in a good agreement. For very small
(φ− φ′) (i.e., φ− φ′ < 0.05), however, we find that a large number of
harmonics is needed for achieving the convergence of the summation.

4. CONCLUSION

Different from the previous work, the present paper derived
theoretically and obtained numerically the mixed potential Green’s
functions for cylindrically multilayered media in spatial domain. The
magnetic vector potential and scalar potential Green’s function are
derived by decomposing the electric field Green’s functions into a
suitable form. After [H(1)

n (kiρρ)Jn(kiρρ
′)] is subtracted from the

Green’s functions, the remaining part is summed up with the help
of Shank’s transform and integrated with the help of GPOF method.
The subtracted term is transformed into the spatial domain in closed
form by using the Sommerfeld identity. Numerical results show that
the procedure for fast computation of spatial domain mixed potential
Green’s functions for cylindrically multilayered media is applicable and
reliable.
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