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Abstract—The transmission of time-harmonic and transient signals
through a complex cylindrical cavity is investigated by methods akin
to microwave circuit techniques. The cavity may consist of multiple
overlapping cascaded coaxial and circular cylindrical sections whose
walls are perfect electric conductors. The sections may have different
axial and radial dimensions and may be filled with material having
different magnetic and electric properties. The first and last sections
of the cavity are coaxial regions where only TEM modes exist, which
allows measurements to be performed with proper excitation and
termination. The cavity sections may support both a TEM mode
and additional higher order modes or may support one or the other.
If two sections have a common junction and each supports only one
mode, then the junction is modeled by a simple two-port network.
When additional modes are present, they are modeled by addition
ports at the network junction. Corresponding equivalent transmission
lines are associated with each mode at a physical junction. At each
junction, scattering parameters are calculated and used to model the
interaction of the various modes that exist. The S-parameters at
each junction are determined separately by solving a simple integral
equation that accounts for the structure of the junction and adjoining
sections of coaxial and/or cylindrical guide. The cavity fields are, thus,
associated with equivalent currents and voltages on transmission lines.
A transmission line network is developed from which the input fields,
fields at the cavity termination, and junction fields can be found by
microwave circuit techniques or by the BLT transmission line analysis.
The results from the transmission line method are compared with
results calculated from a coupled integral equation analysis which has
been carefully validated experimentally and with measured values on
laboratory models.
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1. INTRODUCTION

Cavity problems have piqued the interest of many since the early
days of electromagnetic wave propagation study. Solutions and
solution techniques to solve many different cavity problems have
been developed. In particular, cavities containing cascaded and
overlapping cylindrical and coaxial sections have been solved by
integral equation techniques [2,13]. The objective of this paper is
to use transmission line techniques to analyze transmission of a signal
through a complex cylindrical/coaxial cavity. Utilizing transmission
line theory, one can analyze the propagation and coupling of electric
and magnetic fields in a cavity structure. The electric and magnetic
fields in a cavity are represented as equivalent voltages and currents
on transmission lines and cavity apertures are represented by junctions
with corresponding scattering parameter matrices. This technique
allows for the development of a library of scattering parameter matrices
for isolated junctions which can be called upon to facilitate very
efficient determination of fields in complex cavities comprising various
configurations of the junctions and sections whose properties are
available from the library.

Electric and magnetic fields in waveguides can be defined as
quantities analogous to voltages and currents on transmission lines
as shown by Montgomery, Dicke, and Purcell in [12] and by Kerns in
[7]. They demonstrate that, if the normalizations are chosen such that
the complex power flow on the transmission line is equal to that in a
guide, then the waveguide can be represented as a microwave circuit
of equivalent transmission lines. Kerns extends the method to create
a discrete mode model of the coupling of two antennas [8].

Haskal [5] expanded the normalization method of Montgomery
et al. and Kerns to include evanescent modes, which are needed
to accurately model waveguides when discontinuities are in close
proximity. A generalized scattering matrix approach for solving
waveguide problems is found in [3,11]. Ling [10] determines the radar
cross section of a cavity with uniform waveguide sections connected
by arbitrary discontinuity regions with a method that characterizes
each discontinuity by a scattering matrix. In addition to waveguide
problems, scattering matrices and equivalent microwave circuits have
been used to analyze scattering from antennas and to analyze multi-
layered periodic structures. Examples are found in the work of Kahn
[6], Lee [9], and Hall, Mittra, and Mitzner [4].

The objective of this paper is to provide an alternate highly-
efficient and versatile approach for solving cavity problems. In
particular, cavities consisting of multiple cascaded or overlapping
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circular-cylindrical and coaxial sections are examined. A technique
for computing these fields by transmission line methods is presented.
The dimensions of a given cavity section are fixed but from one
section to another the dimensions may vary both in the radial and
axial directions. The electric and magnetic fields in the cavity are
represented as equivalent voltages and currents on a transmission line
via a normalization technique that conserves complex power, and
cavity apertures are represented as transmission line junctions with
equivalent scattering parameter matrices. A transmission line matrix
equation for the voltages and currents at transmission line junctions
is developed and solved numerically by means of the BLT method [1].
Results from the transmission line model method are compared with
integral equation solutions, whose accuracy has been previously verified
in [2, 13], and with measured values. The transmission line model data
compare favorably with the integral equation and measured results.

2. OVERVIEW OF TRANSMISSION LINE MODEL

In the transmission line model, cavity apertures are represented as
junctions. These junctions are connected by equivalent transmission
lines which represent a cavity section. In Figure 1, a cavity
aperture with adjacent coaxial guide sections is shown along with its
transmission line model representation. The transmission line model
representation for a circular-cylindrical section is the same as that for a
coaxial section but with different propagation constants. The fields in
a cavity section are represented as equivalent voltages and currents on
equivalent transmission lines. Depending on the cavity geometry and
excitation, higher order modes may be excited at a particular aperture
and may propagate through a guide section. The effect of these higher
order modes also must be included in the transmission line model.
Additional equivalent transmission lines are added at the junction to
account for the higher order modes that are present at the aperture
(Figures 1-2) and might couple the field of one aperture to that of
another. In general, cutoff higher order modes are not modeled except
in cases when two apertures are very close, in which case, the mode or
modes must be included.

Coupling between the voltages and currents on different
transmission lines occurs only at transmission line junctions (cavity
apertures) and is governed by scattering parameters. A scattering
parameter matrix is calculated for each junction. For the junctions
shown in Figure 1b and Figure 1c, the scattering parameter matrices
are of the forms
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Figure 1. Simple cavity aperture (or junction) joining two coaxial
cavity sections (shown in (a)) and representation of the cavity junction
with equivalent transmission line model for TEM modes only at the
aperture (shown in (b)) and for TEM modes in both sections and two
higher order modes in the section z9 < z < z3 (shown in (c)).
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respectively. The scattering parameters are calculated from a solution
of simple integral equations (See Appendix) [2,13].

Physical voltages and currents in a cavity cannot be explicitly
associated with higher order modes. Because the electric field is no
longer transverse to the direction of propagation, a potential difference
cannot be explicitly determined from the mode electric field. A
normalization scheme based on conservation of complex power is used
[5,8]. The transverse electric and magnetic field of a mode (denoted
by subscript) in a cavity section may be represented as

E, - ﬁ = Enp(p7 Z) = An—i-enpeijknz + An_enpejknz (3)
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Figure 2. Representation of a cavity aperture (or junction) joining
three coaxial sections (shown in (a)) and an equivalent transmission
line model for TEM modes only at the junction (shown in (b)) and for
TEM modes and two higher order modes at the aperture (shown in

(©):
and
H,  ¢= Hpng(p, 2) = Ay hinge 5% — Ay hyppedtm?) (4)

where e,, and h,,s are normal mode functions and are related by
hmg = Y henp. Conservation of complex power flow is enforced. In
terms of (3) and (4), the complex power in a cavity section is

]. * A ]- £
: // (B B - 2ds = 5\A,ﬁy?// enphlisds (5)
b b
for the modes traveling in the positive z direction and

1 — — X ~ 1 *
5 // (En X Hm ) - zds = 7§|ATL7|2 // enphn¢ ds (6)
% 2
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for the negative z traveling modes. The equivalent relation
/ / enphlingds = Y / / enp€inls = Y7 Cobnm (7)
b X

is a consequence of the orthogonality of the modes. Letting C, =
I enper,,ds, with Cy, arbitrary, reduces the above expressions in (5)
b

and (6) to
1 + +*) .3 1 2y*
—// (B < B - 2ds = 5] A PYCy (8)
2 2
b
for the modes traveling in the positive direction and
g

1 _ P 1 «
5// (Bn x H,,') - 2ds = —5 A PY;Cy (9)
P

for the negative traveling modes. X is the cross-section area while A,
and A,_ are defined in (3) and (4).

The equivalent voltages and currents for a given transmission line
mode are represented as

Up = n+€_’ynz + Vn—efynz = AAn—i-e_’ynz =+ AAn—e’ynz (10)
and
in = Inpe ™ + I,_e"* = BAp e "% — BA,_e", (11)

where A and B are undetermined coefficients. The characteristic
impedance of the transmission line in our transmission line model is
arbitrary. For simplicity, it is chosen to be 1, fixing the relationship

% = 1. The complex power of a given transmission line mode is

1 N 1. .
EVTMLITH— - §AB |An+|2 (12)

for the positive traveling waves, and
1 * 1 * 2
VoI, =——AB*|A,_| (13)
2 2

for the negative. To conserve complex power, the power “carried” by a

transmission line must equal that carried by the corresponding cavity
mode. KEquating the complex power in the cavity with that for the
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equivalent transmission lines as given in (12) and (13), one obtains the
relationships

1 . 1 . 1
SAB ‘An+|2 = _’An-i-‘QYn Cn = _‘An—i—lz (14)
2 2 2
and
1 * 2 _1 2\ * _ _1 2
SAB| Ay = = An- Y Cp = 5| An| (15)

where C,, is chosen to be C,, = 5. From (14) and (15) and the choice

for transmission line impedance, the coefficients A and B are both
determined to be of magnitude 1. From the telegraphers equations for
a source free region, ‘%ﬁl = jk,Chpin and CZ—; =7 ’C“,—Zvn where k,, is the
propagation constant of the given cavity mode, and the propagation
constant 7, for the transmission line model is ascertained to be

%=¢@Mmmm(ﬁ%)=ﬂw (16)

n

The S-parameter matrices are determined subject to the above
constraints and normalizations (See Appendix).

The transmission line model of a complex cavity is created
by assembling the individual junctions with associated transmission
lines into a transmission line network. An example cavity and its
corresponding transmission line network model are shown in Figure 3.
The voltages and currents at transmission line junctions are found
by the BLT method [1], which is outlined here. The outward going
voltages and currents of one junction become the inward going voltages
and currents of the connecting or adjacent junction. For the cavity in
Figure 3, if we let Voj,ﬂ denote a line voltage, where v = ref /inc is the

reflected /incident voltage on transmission line segment « at junction
0, then the reflected voltages can be related to the incident voltages

Figure 3. A simple two aperture cavity and its corresponding
transmission line model representation with only TEM modes modeled.
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(17)
or
el =p)- [vre!] - v, (18)

in which the matrix [P] and column vector [V;] are readily identifiable
from (17). The column vector [Vy] is a source vector of traveling
voltages where the total differential voltage of the voltage source at
z = 0 is given by Vs. For the particular case shown in Figure 3, the
value of the voltage source is the generator voltage, Vy, that appears
at z = 0. Matrix equation (17) or (18) relates the voltages on a given
transmission line segment to one another other. The voltages at the
junctions are related by the junction S-parameters as in

iy fps 00 0 0 o0 [WVE]
vy 0 S, S, 0o 0 o0 ||V
V”f 0S4, s, 0o 0 0 Vine
v?"ef o 0 0 S3 SEL oo || v (19)
Vref 0 0 0 S3 S3, O Vise
V?:eLf [0 0 0 0 0 ]| v
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or
[vref] = (8] [vim] (20)
with
[ps 0 O 0 0 0]

0 Si, St 0 0 0

0 Sy S o 0 o0
SI=10 o 0 S3 s34, 0 |’ (21)

0 0 0 82 52 0

0 0 O 0 0 pL
where S5 is the given S-parameter at junction 8 and ps/pr is the

reflection coefficient at the source/load. The total voltages at a
junction are defined by the sum of the incident and reflected voltage
waves there:

r nc [ ref ]
[ Vis | LS Vlr’ff
Vii Ve Vil
inc ref
Vo Vai Vau
V] = ’ = i,nc + r’e 22
V] Va2 V3 V272f (22)
he |||y
3, Vine re
L S R B A ef ]
From (18) and (20) the incident voltages are found to be
[vine] = [[P] - [S)] " V], (23)
and then (22) and (18) are employed to obtain
V] = (1) + [s)) [vie], (24)

in which [I] is the identity matrix. Equation (24) relates the total
junction voltages to the incident voltages, which, in view of (23) allows
one to obtain the following expression for the total junction voltages

V] =[]+ ST [[P] — S]] [Vi] (25)

in terms of the network parameters and the known column vector [Vj].
BLT analysis always results in an expression for the junction voltages
in the form of (25).
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3. VALIDATION

Figure 4 shows section views of the cavity configurations chosen
in the data comparison. The cavity walls are assumed to perfect
electric conductors and the cavities are filled with material having the
properties of free space. To facilitate measurements [13, 2], parameters
are selected so that the higher order modes in the first and last sections
of each cavity are ‘cutoff’ and therefore decay rapidly as a function
of displacement from apertures, loads, and sources. Photographs of
the measurement apparatus are found in Figure 5. Cavity shells are

7.225 my

[

T T T T T T T
2y 2, /J \ 2, 2 2 Zo S
0 1 g 23 4 5 A [

Figure 4. Section view of a (a) two aperture cavity, a (b) three
aperture cavity, and a (c¢) multi-partitioned cavity with dimensions
labeled.

Figure 5. Cavity shells, cavity center conductors and loads, and
external side view of the measurement apparatus.
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assembled in different arrangements to construct the different cavity
configurations. An input TEM wave is applied at z = zy (Figure 4),
and the voltage at the first cavity aperture (z = z;) and that at the
load are calculated.

Figures 6-9 display results obtained from the integral equation
solution method and from the transmission line method. The real part
of the total voltage observed at the first aperture/junction and at the
load for three different transmission line models are given in Figures 6
and 7. The TEM-only-model incorporates only one transmission line
to model the wave propagation in the middle cavity section identified
by 21 < z < 22 and 21 < z < z3, respectively, in Figures 4a and
4b. The additional models include additional transmission line s to
model the 1st higher and 2nd higher order modes in the middle cavity
section as denoted in the Figures 6 and 7. Figures 7 and 8 and display
calculated results for a more complex cavity with coplanar apertures
at z = z5 as shown in Figure 4c. An appropriate number of modes
are incorporated in each section to obtain an accurate solution over
the chosen frequency range. For time domain measurements, an input
pulse (Figure 10) of 0.415V with a rise time of 50 ps or 100 ps where
indicated in the figure caption and an on-time of 40 ns is applied by the
generator (of 50 Ohm output impedance) to the input section of the
cavity. The chosen 40 ns on-time is sufficiently long that the transients
decay to zero before the pulse turns off, allowing one to interpret the
data as that resulting from a step function stimulus as is typical for
TDR data. In Figure 11-15, one finds the time domain responses of
cavities due to a step input. The time domain responses are calculated
by applying the FFT to frequency domain data. They are compared
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Figure 6. Real voltage observed at the (a) input (z = z;) and the
(b) load (z = z3) for Cavity of Fig. 4a with z; = 2009 (2; = 0.1021,
z9 = 0.20378, z3 = 0.30588, p = 0.06475).
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Figure 7. Real voltage observed at the (a) input (z = z;) and the
(b) load (z = z4) for Cavity of Fig. 4b with z;, = 100Q (z; = 0.1021,
= 0.20378, 23 = 0.30588, 24 = 0.40588, p1 = 0.06475, ps = 0.03943).
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Figure 8. Input voltage observed at z = z; for Cavity of Fig. 4c with
zr, = short (z; = 0.1021, zo = 0.12052, z3 = 0.12689, z4 = 0.16205,

25 = 0.21404, 25 = 0.22216, 27
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Real voltage observed at the (a) input (z = z;) and the
= zg) for Cavity of Fig. 4c with z, = 2009 (z; = 0.1021,

2o = 0.12052, 23 = 0.12689, 24 = 0.16205, 25 = 0.21404, z5 = 0.22216,
27 = 0.25553, zg = 0.41770).
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Figure 10. Input voltage waveform (z = zg) for Figs. 11-15.

with measured values. The TDR pulse shown in Figure 10 and the
measured data in Figures 11-15 are shifted in time so that the time at
which the input wave reaches the cavity input (z = zy) and returns to
the TDR is aligned with the corresponding time for the calculated data.
It is also important to note that in Figures 11-15, the 50 Ohm cable
connecting the TDR to the cavity acts as a voltage divider until the
propagating waveform reaches the cavity and returns, thereby resulting
in an early time voltage step that appears in the measured data that
does not appear in the calculated data. More details of the time domain
calculations and measurements are given in [2].
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Figure 11. Voltage observed at the (a) generator (z = zp) and the (b)
load (z = z3) due to a step with 50 ps rise time for Cavity of Fig. 4a
with z;, = 50Q (21 = 0.1021, 29 = 0.2555, 23 = 0.3576, p = 0.06475).



46 Bopp, III and Butler

0.35
[ AA
03 F [ .
[ |
025
|y
— [
; 02 L—-*«A.—-J \\‘
] [ \
i [ ‘ Measured
\‘;/ 0.15 ‘{"\/L Transm ission Line Me thod
M
01 | W\/
[ it i
[ o,
005 | Ef/ V
F V /‘w"/\’n
0 [ L A ﬁ‘\"/‘\/“I\,\“*v-l"\/\'dx‘\.A»/‘M'”"
4 6 8 10 12 14 16 18
Time (ns)

Figure 12. Voltage observed at the generator (z = 29) due to a step
with 50 ps rise time for Cavity of Fig. 4a with z7, = short (z; = 0.1021,
z9 = 0.2555, z3 = 0.3816, p = 0.06475).
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Figure 13. Voltage observed at the generator (z = zg) for a (a) short
load with zg = 0.3797 and (b) 502 load due to a step with 100 ps rise
time with zg = 0.3877 for cavity of Fig. 4c (23 = 0.1021, 2o = 0.12052,
z3 = 0.12689, z4 = 0.18197, z5 = 0.21404, zg = 0.24208, z7 = 0.25530).
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Figure 14. Voltage observed at the generator (z = zp) for a (a) 200 Q2
with zg = 0.4097 and (b) 502 load due to a step with 100 ps rise time
with zg = 0.3877 for cavity of Fig. 4c (23 = 0.1021, 22 = 0.11532,
z3 = 0.12169, z4 = 0.16205,25 = 0.20884, zg = 0.22216, z7 = 0.25530).
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Figure 15. Voltage observed at the generator (z = zg) for a 100 Q2 load
due to a step with 100 ps rise time for cavity of Fig. 4c (21 = 0.1021,
2o = 0.12050, z3 = 0.12687, z4 = 0.16205,2z5 = 0.21404, zg = 0.22216,
z7 = 0.25530, zg = 0.4097).
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4. CONCLUSIONS

An efficient transmission line method for finding fields in cavities
containing multiple cascaded and overlapping coaxial and circular
cylindrical sections is presented. Cavity sections are represented by
equivalent transmission lines where each significant mode in a given
section is modeled by a transmission line. Apertures joining two or
more cavity sections are represented by transmission line junctions.
The interactions of the cavity modes at a junction are represented
by a scattering matrix. Junction voltages and currents on equivalent
transmission line networks are determined efficiently by the BLT
method. A carefully assembled equivalent transmission line model is
shown to yield very accurate results. Input and load voltages computed
with the equivalent transmission line model compare very well with
values computed from the coupled integral equation technique whose
accuracy is known. The cavity time domain responses computed by
the equivalent transmission line model method also compare very well
with measured values. Results in both the frequency and time domains
are presented.

The method presented here is very efficient compared with
other known techniques. A library of S-parameter matrices can be
constructed for potential cavity junctions. Armed with this library, one
can solve a wide range of cavity problems with minimal computational
time. With the S-parameter matrices available for all junctions, the
data in Figure 6 were computed in less than a second on a personal
computer.

APPENDIX A.

S-parameter matrix elements are calculated from the solution of an
integral equation developed by Young, Butler, and Bopp [13] and
extended by Bopp and Butler [2]. The equations relate the field in
each cavity section to the electric field at the planar boundaries of
the section. For a simple one-junction cavity (Figure 1a), we let the
cavity extend to infinity in both directions. The field incident upon
the junction comprises only the mode of interest for calculating the S-
parameters parameters. The transverse field components in the cavity
section defined by z < zo in Figure la, which we refer to as region ‘a’,
are of the form

oo
A o d
E,a(p,2z) = Eyy + Z Ba7nejoca,nzd_pq)a7n(p) (A1)
n=0
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for the electric field and

H¢,a(p7 Z) = H”}a? - Z

Na ;= Oaan

d
LIS A2
Lrenle)  (A2)

for the magnetic field. The field components in the cavity section
z9 < z in Figure la, which we refer to as region ‘0’ are of the form

- —Jjoanz d
2) =3 Bipe Mt Byn(p) (A3)
n=0 P
and
ky o1 i d
H ,2) = — — B eI  _ oy (p). A4
6,b(0 %) nbnz::o o Do a2 (p) (A4)

The definitions for k,, n,, and o, are k, = w\/e iy, N, = ,/““ and

yn = \/kZ — 72, with subscript v denoting a particular region with

inner radius a a, and outer radius b,. The BjE are coefficients of the
individual cavity modes and are computed frorn the aperture electric
field. The eigenfunctions are given by

No (’YV,naV) Jo (’Yu,np) —Jo ('Yu,nau) Ny (’Yu,np) ,
®,,(p) = v = coaxial region (A5)

Jo (Yw.np) v = circular cyl. region
forn=1,2,3,.... and by

Inp, v = coaxial region
) = A
v0(p) { 1, v = circular cylindrical region (A6)

for n = 0. The eigenvalue 7, ,, is the nth solution of ®,,(b,) = 0 in
region v.

In each cavity section, the only wave component traveling into
the Junctlon is the 1n61dent mode of interest. For a incident wave of
mode ‘m’ where E¢ = Eince=i%mz d <I>am(p) and from (Al)-(A4),

we obtain the integral equation

koold

—®,
Na =4 Can dp

d
2, (p)d
(p,z)pdp n(p)dp

By o~ 1 d 1 / N d
— E%(p,2)p—Pp.n(p)d
2 om0 g7 | B0 210 Benl0)le

M =4 O dp
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ky 2 d

— Einc _jaa’mziq)am A7
b a2 € ap 2 (p) (AT)
where
In (b—”) , n=>0
ay
Ml/ 2 - bV’YV,n 2 A8
( ,n) % [NO (’Yu,nal/) Jl (’Yl/,nbu) ( )
2
—Jo (’Yy,nau) Ny (’Yy,nbu)]2 - ﬁv n=12---
for a coaxial section and
bl/ rv,n 2
(M) = O g0 b2 =123 (A9)

2

for a circular cylindrical section. g and h, are the inner and outer radii
of the aperture located at zo. With the knowledge of the aperture
electric field E4 found by solving (A7), we are able to compute the
values of the coeflicients Blfn and then calculate the field anywhere in
the cavity.

The S-parameters for a given junction are determined from
knowledge of the coefficients. We define e, in (3) as

y d
hp = d—p(I),,’n(p) (A10)
and hpg as
k, 1 d
o= — —®,.(p). All
o= e (A11)

The S-parameters are then defined as

By (A12)

YA T pince—jca,m?
m

where ‘m’ is the incident mode in region ‘@’ and ‘n’ is the
reflected /transmitted mode in region ‘v.’
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