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Abstract—Fractional curl operator has been utilized to wave
propagation in lossless, isotropic, homogeneous and reciprocal chiral
medium when it contains interfaces. The fractional solutions for the
corresponding standing wave solution and transverse impedance are
determined. Equivalent fractional non-symmetric transmission line has
also been analyzed.

1. INTRODUCTION

Fractional calculus is a branch of mathematics that deals with
operators having non-integer and/or complex order, e.g., fractional
derivative and fractional integral [1]. Tools of fractional calculus have
various applications in different disciplines of science and engineering,
e.g., Optics, Control and Mechanics etc. = Mathematical recipe
to fractionalize a linear operator is available in [2,3]. Recently,
while exploring the roles and applications of fractional calculus in
electromagnetics a new fractional operator has been introduced [2].
The new fractional operator is termed as fractional curl operator.
Fractional curl operator has been utilized to find the new set of
solutions to Maxwell’s equations by fractionalizing the principle of
duality [2]. New set of solutions is named as fractional dual solutions
to the Maxwell equations. In electromagnetics, principle of duality
states that if (E,nH) is one set of solutions (original solutions) to
Maxwell equations, then other set of solutions (dual to the original
solutions) is (nH, —E), where 7 is the impedance of the medium. The
solutions which may be regarded as intermediate step between the
original and dual to the original solutions may be obtained using the
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fOHOWng relaliOnS [2]
E., = ( V X )aE

1 o
nﬂfd = (Zk)a(vx) Uﬁ

where (Vx)® means fractional curl operator and k = w,/pi€ is the
wavenumber of the medium. It may be noted that fd means fractional
dual solutions. Naqvi et al. [4] afterward extended the work [2] and
discussed the behavior of fractional dual solutions in an unbounded
chiral medium. Lakhtakia [5] derived theorem which shows that a
dyadic operator which commutes with curl operator can be used to
find new solutions of the Faraday and Ampere-Maxwell equations.
Veliev and Engheta [6] utilized the fractional curl operator to a fixed
solution and obtained the fractional fields that represent the solution
of reflection problem from an anisotropic surface. Naqvi and Rizvi [7]
determined the sources corresponding to the fractional dual solutions.
Naqvi and Abbas [8,9] extended the work for metamaterial and for
complex and higher order fractional curl operator respectively. In
present work, we have determined the fractional solutions when chiral
medium contains interfaces. Equivalent fractional non-symmetric
transmission line has also been studied.

2. UNBOUNDED CHIRAL MEDIUM

Consider a uniform plane wave propagating along z-axis in an
unbounded, lossless, isotropic and reciprocal chiral medium. According
to field decomposition approach [10], field quantities, £ and H may
be pictured as consisting of two parts, i.e., (E,,H,) and (E_,H_).
Two parts are termed as wavefields. The electric fields corresponding
to two wavefields are

E(z) = E4(0) exp(ik+2) (1)

where ki = k(1 + k,) are wavenumbers of the two wavefields. k =

wy/pe and Kk, = K\/po€o/ue. K is the chirality parameter. Using the
following relation

Nl (2) = +iE4(2) (2)

corresponding magnetic field may be obtained. In above expression

Mt
\/ €+
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This means that each wavefield sees chiral medium as achiral
medium with equivalent constitutive parameters (e, 4 ) and (e_, u—).
Medium parameters of the equivalent isotropic media are related to the
parameters of chiral medium by the following relations

er = €(1 £ Ky), pr = p(l+ k)

Simple expressions for the wavefields can be written as

(E —jnH)

\
e

= - (E+jnH)

1 J
o, - —(H+—E)
-+ 2 n

H - l(ﬂ—lﬁ>
2 n

The total fields in chiral medium are
E(2) = E'.(0)exp(iks2) + E (0) exp(ik_z)
nH(z) = i [EL(0) exp(iky =) — B (0) exp(ik-—2)|

|
\
I\

3)

Fractionalizing the electric fields £, (z) and £_(2)

Efd+(z) = (iki)a (VX)QE"‘(Z)

— ﬁ {(éx)aﬁg(o)} {CZ% exp(z‘k+2)}

= E' (0)exp {Z <k+z + O;_ﬂ-)}
Similarly
Epa () = B Oexp{i (k2 - )

Fractional dual fields corresponding to the original fields given in
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equation (3) may be written as

Epg(z) = E%(0)exp { (;W L or
p

nHq(2) = i |E

It is obvious from equation (4) that for a =0

Epq(2) = E(z),  nHyq(z) =nH(z)

and fora =1

Epy(z) =nH(z),  nHpq(z) = —E(2)

which is consistent with electromagnetics principle of duality. For
0 < a < 1, solutions may be regarded as intermediate between the
original and dual to the original solutions.

3. STANDING WAVES IN CHIRAL MEDIUM

Assume a plane wave hits normally a chiral-chiral interface located at
z = 0. The intrinsic impedance before the interface is 7 while after
the interface is 77. Total electric field of wavefields before the interface
may be written as

E (2) = E'.(0) exp(ik+2) + R¢1E§[(O) exp(—iksz)

where R4 — is the reflection co-efficient for negative incident wavefield
and positive reflected wavefield while R_+ is the reflection coefficient
for positive incident wavefield and negative reflected wave field. For
reciprocal chiral media, the reflection coefficient becomes R+, = R =

m-=n
m+n’

So, we can write
E,(2) = E4(0) exp(ik+2) — REL(0) exp(—ik+2)
= E' (0){exp(ik+z) + Rexp(—ik+z)}
The corresponding magnetic field is

nH, (z) = +iE" (0){exp(ik+z) — Rexp(—ik+z)}



Progress In Electromagnetics Research, PIER 59, 2006 203

Using above expressions, total fields may be written as

E(z) =

nH(z) =

E' (0){exp(ikiz) + Rexp(—ik_z)}

+E' (0){exp(ik_z) + Rexp(—iky 2)}

Ey+ Ey + E3 + Ey (5)
iE' (0){exp(ikyz) — Rexp(—ik_z)}

—iE" (0){exp(ik_z) — Rexp(—ikyz)}

nHy +nHz +nHz +nH, (6)

Let us write fractional dual solution to each of the field

components as

Eipq

—~

1

= (V) EL (0) explik2))

(ik+)°
i)* £ (0) exp(ik. 2)

Similarly other components can be written as

Espq
Espq
Eypq
nH, tq
nHsyq
nHsrq
nH,q

= —(1)*(=1)*E}(0) exp(—ik_z)

= (—i)*E" (0) exp(ik_z)

= —(=i)*(=1)*E"(0) exp(—iky 2)

= (i) E,(0) exp(iky.2)

= i(i)*(=1)*E(0) exp(—ik-z)

= —i(=i)*E"(0) exp(ik-z)
(=) (=1)*EL(0) exp(—ik2)

= —1

Using these values in equation (5) and equation (6), we can write
fractional dual solutions as

Epy(z) = (1)*E}
+(=

~.

nH pq(2) =

—i(=

(0) fexp {i (k4 2)} + R(=1)% exp {—i (k-2)}]

i)*EL(0) [exp {i (k-2)} + R(=1)%exp {~i (k12)}]
(1) B (0) [exp {i (k4 2)} — R(=1)% exp {~i (k-2)}]
i) B (0) [exp {i (k—2)} — R(=1)" exp {—i (k+2)}]

on simplifying, we can write

e

Et4(z) = exp <2)
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{0, o e {i (ke - 5 ) p+Resw {=i (o= ) }]
+(=i)"E"(0) [eXp {z <kz‘ az_ﬂ>}+ReXp{_i <k+z - ?)H}

(7)

) QT
nH rq(2) = iexp (—)

o o)} o (o 9)

{orEL0)
—(=i)“E" (0)[exp{i <k3—2— a;)} _ReXp{_i <k+z_ O;W)H}

It is obvious that for « =0
Epy(z) = E(z)  nHjpy(z) =nH(z)
which is original set of solutions given by equations (5) and (6). For

a=1
Eq(z) =nH(2) nHq(z) = —E(2)

which is dual to the original set of solutions. For 0 < a < 1, solutions
set given by (7) and (8) may be regarded as fractional dual solutions
corresponding to the original solutions set given by (5) and (6).

4. TRANSVERSE WAVE IMPEDANCE

Transverse impedance of fractional dual fields is defined as

L = e = e ©)
where
Efax(2) eXp(mTﬂ)
)
R RO
and
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{(i)aEi(O) [exp{i <k+z— O‘;)} —Rexp{—i <k—z_ O?)H
+ (=) (0) {exp{i(kz_%» _ReXp{_i(kM_%ﬁ)H}

Using relations k. = k + kk, and k_ = k — kk,, above equations take
the following form

Ejan(2) = exp (“‘2‘”> [exp {i(kz—o‘;)}ﬂzexp{—i (k;z—a;> H

{(Z)O‘Ei(()) exp(+ikri2) + (—i)*E(0) exp(—ikmz)}
Hpaqy(2) = %exp <WT7T) [exp {z(kz— O%W }—Rexp {—i (kz—%)ﬂ
{()°BL(0) exp(+ike,z) + (—i)* B (0) exp(—ike,2) |

Substituting the Eyq, and H gy in equation (9), following is obtained

I I RO o))
el ) re{ )

For PEC interface, above yields the following

Zfdey = intan (k‘z - o;w) (10a)
and at z =0
Zfdzy = —intan (O;—W) (10b)
Similarly
Efd
Zgyy = — 1
fdye Hfdx
= intan (k:z - 0427r> (10c)
and at z =0
Zfdyy = —intan (%) (10d)

From equation (10b) and (10d), it is obvious that for o = 0, value of
transverse wave impedance at z = 0 is Zy4 = 0, which describes the
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situation as if a PEC interface is placed at z = 0. For o = 1, the
transverse wave impedance is Zy4 = oo, which describes a situation as
if a PMC interface is placed at z = (0. Hence for 0 < a < 1, equation
(10b) and (10d) describe a surface located at z = 0 whose impedance
may be regarded intermediate step of the impedance of a PEC interface
and PMC interface.

It is of interest to extend the above results for the case of multiple
boundary mediums. For this purpose, geometry with two interfaces are
considered. Similarly geometries having more than two interfaces may
be treated. Consider a chiral slab which is sandwiched between two
different chiral media. The width and intrinsic impedance of the chiral
slab are L and n3 respectively. Intrinsic impedance of the medium
before the slab is n; while after the slab is 72. Front end of the slab
is located at z = 0 while back end is located at z = —L. Transverse
impedance, for the fractional dual solution corresponding to present
case, before the slab may be written as

s [exp {z (klz - %)} + Ry exp {—i (kzlz - %) H
el o o)

(11)

where
Z2fdxy — N
Z2fdxy +m

e {exp {z (kgz - %)} + Ryexp {—2‘ (kgz . O‘_27T> H
o el o)

Ry =

Ry = n3 — 12

13 + 12
It is obvious from above expression that for value of fractional
parameter o = %, the situation behaves as if there is no chiral

slab.
Above result may be easily extended for the case of chiral slab
backed by PEC interface and the result is given by

o [ ) el =)
g S (e e e e

(11a)
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where
R, = Z2fdmy —
Z2fd;ry +m
. am
Zafdey = in2tan (kgL — 7)

It may be noted that for o = 0, equation (11a) deals with situation of
a slab backed by PEC interface while for a = 1, equation (11a) deals
with situation of a slab backed by PMC interface. For 0 < a < 1,
equation (11a), deals with fractional dual situation.

5. NON-SYMMETRIC TRANSMISSION LINE

When an electromagnetic wave of any polarization propagates through
a bi-isotropic medium, solution of Maxwell equations in bi-isotropic
medium gives rise to two circularly polarized waves. One of the
waves is right circularly polarized (RCP) while the other one is left
circularly polarized (LCP). These RCP and LCP components move
with different phase velocities and may be represented in terms of wave
numbers ky and k_ respectively. A plane wave propagating through
a plane-parallel structure of bi-isotropic medium can be analyzed in
terms of two non-interacting scalar transmission lines with two eigen
waves much in the same way as simple isotropic medium. The main
difference is that in case of bi-isotropic medium re ected wave has
wave number different than the incident wave. This means that a left
circularly polarized wave will become right circularly polarized upon
re ection from the interface and vice versa. Thus incident and re ected
components of the wave will see different effective media and hence the
corresponding transmission line becomes non symmetric with different
parameters for the waves propagating in the opposite directions. For
the two circularly polarized TEM eigen waves depending only upon
z-coordinate, the source free Maxwell equations can be written as

u, X B’ (2) = —iwp+ H, (2), u, X H', (2) =iwer E(2) (12)

where the primes denote differentiation with respect to z. In terms of
circular polarization (CP) unit vectors uy satisfying u, X uy = +iuy
we can write

Et=utEy  and  HE=uiHy.
Using these values, we may write the scalar form of equation (12) as

E'L(2) = —iwp{FiHi(2)}, FiH'1(2) = —iwer B (2)
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They resemble the transmission line equations
V'(2) = —iwLI(z), I'(z) = —iwCV (2) (13)

If we identify electric field with voltage Vi = Fy, the current must be
recognized as [+ = FiH..

6. FRACTIONAL NON-SYMMETRIC TRANSMISSION
LINE

The positive and negative wave-fields are represented by their
respective voltage and current components. These components are
added to get total voltage and current. For a boundary with reflection
coefficient I';-, , we can write wave fields as

Vi(2z) = Vi(0) exp(ik+z) + '+ Vi (0) exp(—ik+2)

ZIi(z) = Vi (0)exp(ikyiz) — FHEVi(O) exp(—iksz)

—Z So, we can write

For a reciprocal chiral medium I'r, = 1" = Z 7

Vi(z) = Vi(0){exp(ik+z) + I exp(—ik+2)}
Z14(z) = Vi(0){exp(ik+z) — Texp(—iks2)}

Now total voltage and current equations can be written as

V(z) = V4(0){exp(ikyz) + Texp(—ik_z)}
V_(0){exp(ik_z) + I"exp(—ikyz)}
=Vi+W+V3+V, (14a)
ZI1(z) = Vi (0){exp(ik+z) — T'exp(—ik_z2)}
+V_(0){exp(ik_z) — I'exp(—ik;z)}
= ZIL + ZIy+ 215+ Z1 (14b)

Let us write fractional dual solution to each component of
equation(14a) and equation (14b) as

1 2c
Vifa = WV (0 >d 5 exp(iky 2)
= exp(iam)V4(0) exp{i(kyz — am)}
Similarly other components can be written as

Vaora = exp(iam)Vi(0)exp{—i(k_z — am)}
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Vsta = exp(iam)V_(0) exp{i(k—z — am)}
Vira = exp(iam)V_(0)T exp{—i(kyz — am)}
ZItq = exp(iam)V,i(0) exp{i(kyz —am)}
ZIrpq = exp(iam)Vi(0) exp{—i(k_z — am)}
ZI3¢q = exp(iam)V_(0) exp{i(k—z — am)}
Zlypq = exp(iam)V_(0)I"exp{—i(kyz — am)}
Using these values in equation (14a) and equation (14b) we have

Via(z) = exp(tam)Vi(0)[exp{i(k+z — am)} + Texp{—i(k_z — ar)}]
+exp(iam)V_(0)[exp{i(kyz—am)}+Texp{—i(kyz—anm)}] (15a)

ZItq(z) = exp(iam)Vy(0)[exp{i(kz — am)} — Texp{—i(k—z — an)}]
+exp(iam)V_(0)[exp{i(k_z—am)} —T exp{—i(k+z—am)}]
(15b)

For a =0

Vfd(z) = V(Z) ZIfd(Z) = ZI(Z)
and a = %
Via(z) = Z1(z) Zltq(z) =V (2)

which is original and dual to the original set of solutions for a
transmission line. For 0 < «a < 1/2, solutions set (Viq,ZItq)
may be regarded as intermediate step between the original and dual
to the original solutions of a transmission line. Transmission line
corresponding to solutions set (Vig, ZIzq) may be termed as fractional
dual transmission line.

7. INPUT IMPEDANCE OF TERMINATED
FRACTIONAL NON-SYMMETRIC LINE

Input impedance of the fractional dual transmission line is defined as

Via(2)
Ita(2)

Zpa = (16)

Using the following relations

by =k + ke, ko =k— ke,
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We can write

exp(ik4z) = exp(ikz) x exp(ikk,)
exp(ik_z) = exp(ikz) X exp(—ikk,)

Using these values in equation (15a) and equation (15b), it is obtained

Via(z) = (ZLi{i—Z) exp(iam){Vy(0) exp(ikk,z)+V_(0) exp(—ikk,z)}
2cos(kz — am){Zy +iZ tan(kz — am)}
Zlsq(z) = ﬁ exp(iam){Vy(0) exp(ikr,z)+V_(0) exp(—ikr,z)}

2cos(kz — am){iZ tan(kz — am) + Z}
Putting these values of Vy4(2) and It4(2) in equation (16), we get

_ Zp+iZtan(kz — am)

= 17
Z +iZyp tan(kz — an) (17)

Zfd

For a =0
Zr, +iZ tan(kz)

Z 4 1Zy, tan(kz)
which is the relation for input impedance at any point for a

transmission line having characteristic impedance Z. We consider it
as original transmission line. Now for a = % equation (17) gives

(17a)

Zpqg =

Z1, +iZ cot(kz)

Leg=2
fd Z +iZy, cot(kz)

(17b)

which is the relation for input impedance at any point for dual to
the original transmission line. It may be noted that at a particular
point along the original transmission line input admittance becomes
the corresponding input impedance of the dual transmission line.
So, for « = 0, equation (17) represents input impedance of the

original transmission line and a = % represents the dual to the

original transmission line, while 0 < a < %, equation (17) represents
input impedance of the fractional dual transmission line. It may
also be noted that variation in the value of fractional parameter «
along the fractional transmission line corresponds to variation in the
observation point along the original transmission line. So behavior
along a transmission line may be studied by changing the fractional
parameter along the corresponding fractional transmission line while
keeping the observation point constant.
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Setting observation point at z = 0, that is at the load, equation
(17) yields following
Z1, —iZ tan(am)
Z —iZp tan(am)

Ztg =7

It is obvious from above equation that

ZZ
or X
Zdlaco =71 Zgilacy = 5~ =V

This means if original transmission line, that is a = 0, deals with
transmission line which is terminated by a load Zj, then o = 1/2 deals
with transmission line which is terminated by a load having impedance
Y. For0 < a< % represents new line terminated by load, which may
be regarded as intermediate step between the loads Z;, and Y7.

Now consider the following two special cases

If Z; =0, then Zfd’azozo, Zfd|a:%:OO

and
If Z; =00, then Zfd|a:0:OO, Zfd|a—l:0

-2
Which shows that if the original transmission line is a short-circuited
line then dual to the original line will be an open-circuited transmission
line and vice versa. For 0 < a < %, represents a line terminated by
an inductive type load if the original line is a short circuited line. For
I<a< %, represents a line terminated by capacitive type load if the
original line is open circuited line.

8. INPUT IMPEDANCE OF MULTIPLE-SECTIONS
FRACTIONAL NON-SYMMETRIC LINE

Consider a transmission line having characteristic impedance Z;. The
transmission line is connected to another transmission line having
characteristic impedance Zs. The length of line having characteristic
impedance Zs is L and the line is terminated by a load Zy. It is
assumed that load is located at z = 0. Zy;, is the input impedance
just before the junction of two lines, that is at z = —L. We can
write input impedance Zj, along the transmission line having intrinsic
impedance Z; as

Zoin + 177 tan(k12)
VA Y tan(klz) ’

Zin = 71 z<—L (18a)
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where .

71, +iZytan(ka L)
Zy + iy, tan(kgL)
Using the same treatment as done in previous section we can write the
input impedance of two sections fractional dual transmission line as

Zain = 22

(18b)

Zointd + 1271 tan(k1z — am)

Lintd = 2 19
infd ! Z1 + i Zoingq tan(k1z — am) (192)
where P . (koL )
1, + 140 tan(ko L — am
Zointd = - 19b
2infd 2 Zy +iZyp tan(ko L — ) (19b)
For ao = 0, equation (19) gives
Zoj 1 71 tan(k
Zintiloo = 21 21nfd!a:0 +iZy tan(kyz) (200)
Z1 + i Z%intd| o tan(k12)
where P P (kL)
1 + 122 tan(ke
Z; =7 20b
2ntdla—o = 2277 = tan (koL (20b)
which is given in equation (18). Similarly, for o = %
p Zaintd|a—1 + 121 cot(k12) .
mfd‘a:% - Z1 + Z'Zginfd|a:% cot (ki z) (212)
where P P (kL)
I + 1245 cot(ko
T =7 21b
nidla=t = 227 = cot(kL) (21b)

which is dual to the input impedance given in (18) or (20). For
0 < a < 1/2, input impedance Zj,¢q may be regarded as intermediate
step of the two input impedances given by (20) and (21).

Condition for impedance matching of transmission line network

described by (19) is

A 1 Zo tan (koL —
Zointd = 21 = Z: L+ iZ tan(ky ar)

22
*Zy +iZy tan(ko L — o) (22)

The value of fractional parameter «, in terms of the impedances,
required for the impedance matching is given below

oot (BE)) e
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It may be noted that for o = %, equation (19) yields input impedance
as if in the circuit there is no transmission line having characteristic

impedance Z,. From equation (23) if Z; = Zp, then
koL

™

a

is the condition for impedance matching.
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